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Abstract This paper proposes an efficient and dis-
tributed deployment strategy to optimally distribute
teams of robots in environments that can be repre-
sented by topological maps. Among the several appli-
cations of our solution are sensing and coverage of
large corridor-based buildings, such as hospitals and
schools, and the optimal placement of service vehi-
cles in the streets of a big city. The representation
of the environment as a topological map transforms
the original two or three-dimensional problem into a
one-dimensional, simplified problem, thus reducing
the computational cost of the solution. Moreover, each
robot can reach its final position by simply following
a sequence of intuitive, human-like commands, with-
out the need for global metric localization, which also
simplifies robot control. Besides presenting conver-
gence proofs for our method, the paper also presents
simulated and real world experiments that illustrate
and validate our approach.
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1 Introduction

Among the different research topics in the area of
cooperative and distributed robotic systems, the multi-
robot deployment problem appears as one of the most
studied ones [5]. In fact, distributing a team of mobile
robots in a known workspace is one of the fundamen-
tal tasks in multi-robot systems. Applications for robot
deployment include sensing and coverage, where the
robots are distributed in an environment and respond
to the events that occur in their associated region. An
example of deploying two robots by using the method
proposed in this work is shown in Fig. 1. Our method
does not require a precise map of the environment nor
a metric localization system. Robots are distributed
based on a topological representation of the input map.
In Fig. 1, the different colors and patterns indicate
their associated regions.

A well known distributed technique for multi-robot
deployment is the one proposed by Cortes et al. [8]
based on Lloyd’s framework [17]. In that work, robots
were deployed over a convex environment based on
a continuous control law that minimized a functional
representing the quality of the deployment. A den-
sity function represented the priority of points inside
a region, so that higher priority points must be better
covered. Coverage in the sense of [8] is illustrated
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Fig. 1 An example of proposed methodology on a non-precise
drawn map with an obstacle (hatched area) at the center; its
topological representation, where arrows indicate the possi-
ble direction of movement; and the result of partitioning the
workspace based on the proposed method is also illustrated

in Fig. 2. In this figure four robots are deployed
in a convex environment. The density function in
this case is uniform, so all points of the environ-
ment have identical priorities. At the beginning, the
environment is divided in four Voronoi regions,1 one
for each robot. The technique proposed in [8] gener-
ates velocity vectors for each robot so that they contin-
uously move towards the centroids of their respective
Voronoi regions, which, as a consequence, change the
region itself, as shown in Fig. 2. As the time evolves,
it can be proved that the multi-robot system converges
to a configuration where the environment is equally
distributed among the robots or, in the case of non-
uniform density functions, is distributed according to
this function. It is important to notice that, even in con-
vex workspaces, real world implementations of this
methodology require global and precise metric local-
ization for the robots and non-linear control strategies
to follow the velocity vectors.

Different extensions for this strategy were devel-
oped by several authors. These extensions can be
classified according to different aspects. As shown in
Table 1, several previous solutions encountered in the

1A Voronoi region for a robot is composed of all points closer
to that robot than to any other robot.

literature can work in convex or non-convex environ-
ment, be distributed or centralized, work in continuous
or discrete setup, and finally, be based on geometric or
grid maps.

The main contribution of this work is the develop-
ment of a novel, efficient and decentralized framework
with mathematical guaranteed convergence to allow
the deployment of multi-robot systems without the
need of precise metric maps and precise localiza-
tion. Our method can be used when the environment
model is given by partially known or even manually
sketched maps. To the best of the authors knowl-
edge, the proposed framework is the only one with
all these features. Our work is based on the use of
graph based topological maps to model the robot’s
workspace. Independently of the dimension of the
original workspace, this strategy transforms the prob-
lem into a one dimensional problem, what highly
increases the computational efficiency of the method,
thus allowing for the deployment of large teams of
robots in very extensive workspaces. Due to the use of
a topological map, in our approach the robots may be
controlled using a sequence of human like commands,
such as “turn right”, “turn left” and “move straight”.
Furthermore, no global metric localization is required.
Our approach was designed to be applied in structured,
usually non-convex workspaces, that are suitable
for topological mapping. These include metropolitan
regions composed of streets and intersections, pipe-
lines and energy distribution systems with several
connections and bifurcations, and large buildings with
intersecting corridors. Since in many applications the
robotic group cannot be controlled by a centralized
system, our method is fully distributed in a way each
robot needs to communicate only with its neighbors.
Moreover, as we will make it clear in the rest of
the paper, our method is more efficient in terms of
computational complexity and also in terms of the
required communication bandwidth when compared
to the most similar strategies found in the litera-
ture [12, 30]. Also, the proposed strategy is provably
correct in the sense that it is guaranteed that the robot
positions converge to the optimal locations in the topo-
logical map. This is also an important characteristic
of this work since some of the other works found in
the literature, for example [2, 3], and [14], do not pro-
vide such a guarantee for discrete algorithms. As a
drawback, it is important to mention that, the loca-
tions in topological map for where the robots converge
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(a) Time 1. (b) Time 4. (c) Final.

Fig. 2 Deployment of 4 robots in a convex environment using
the approach proposed by [8]. In (a) and (b) the “+” sign
indicates the center of the Voronoi regions, which represent

the current goal position for each robot. Voronoi regions are
highlighted with different colors

do not necessarily correspond to optimal positions in
the real workspace, which makes the quality of the
deployment dependent on the map discretization.

Before we present our methodology, next section
will present a brief review of the multi-robot deploy-
ment area. The rest of the paper is divided as follows:
problem statement is in Section 3; Section 4 is ded-
icated to present the proposed methodology, includ-
ing the discretization technique, the topological map
model, the methodology itself and the convergence
proofs; Simulations and actual robot experiments are
in Section 5; Finally, in Section 6 we conclude the
paper and present some ideas for future research.

Table 1 Different classes of deployment approaches (abbre-
viation are used for convex “Conv.” (non-convex, “n-Conv. ”),
discrete, “Dis.” continuous “Cont.” and heterogeneous, “Hetr.” )

Methodology workspace setup Hetr. map

2004, [8] Conv. Con. - geometric

2008, [22] n-Conv. Con. Hetr. geometric

2009, [25] Conv. Con. - geometric

2010, [4] n-Conv. Con. - geometric

2011, [29] Conv. Con. Hetr. geometric

2012, [18] n-Conv. Con. - geometric

2012, [12] n-Conv. Dis. Hetr.* grid

2013, [2, 3] n-Conv. Con.* - geometric

2014, [30] n-Conv. Dis. - grid

2014, [14] n-Conv. Con.* - grid

2014, [27] Conv. Con. Hetr. geometric

2015, [21, 28] Conv. Con. Hetr. geometric

This paper n-Conv. Dis. Hetr. topologic

Con.* : A continuous setup with discrete approximation
Hetr.* : The method has the potential to work in Heterogeneous
systems.

2 Literature Review

This section will survey the main works in the area of
multi-robot deployment. Table 1 shows the works in a
chronological order and also shows some of the main
features of the discussed methods.

After the initial work by Cortes et al. [8] in the
application of a locational optimization based frame-
work in multi-robot deployment considering convex
and static environments, several other works pro-
posed different modifications of the framework to
tackle different scenarios. The problem of considering
time-varying distribution density function was stud-
ied in [23] and [16]. The authors of [25] developed
an adaptive controller, such that the robots learn the
distribution of sensory information (density function)
during the deployment. Adaptive controllers were
also proposed in [20] and [21] to consider heteroge-
neous sensing performance and actuator performance,
respectively.

Multi-robot deployment with the use of multiplica-
tive weighted Voronoi (MW-Voronoi) diagram in an
obstacle free environment is discussed in [18]. In
this work, the authors consider different weights for
each robot in the process of constructing the Voronoi
tessellation. Moreover, in the presence of obstacles,
the tessellation is done by applying a visibility-aware
multiplicatively weighted Voronoi (VMW-Voronoi)
diagram. Therefore, it is possible to have an uncov-
ered region, where it is not only invisible from the
robots viewpoint, but also will not be considered in the
Voronoi tessellation. Communication delay and sen-
sors effectiveness variation is addressed in [27]. In
this work a new partitioning technique is developed in
order to address variation in sensors behavior, which
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is called Guaranteed Multiplicative Weighted (GMW)
Voronoi. Agents with different types of dynamics are
taken into account by the same authors in [28]. They
also used MW-Voronoi partitioning approach to find
the corresponding region for each robot.

Pimenta et al. [22] used geodesic metric for deploy-
ing a team of heterogeneous robots in non-convex
environments. Authors in [6] and [7] considered non-
convex environments by constructing a diffeomor-
phism to convex regions with isolated obstacles in
its interior, in which regular Voronoi coverage can
be applied. As they mentioned, besides significant
computational challenges, the generated solution may
differ from the corresponding optimal coverage solu-
tion in the original space. They addressed these short-
ages in [6] by characterizing a set of stationary points
for the Lloyd’s algorithm in general regions. Another
approach for deploying multiple robots in non-convex
environments was presented in [4]. In order to avoid
collisions with obstacles, the authors combined the
deployment control law with a local planner (Tangent
Bug).

While the approaches cited above focused on envi-
ronments with two or three dimensions represented
by geometric maps, in this paper a discrete, one-
dimensional topological map is used to represent the
robot’s workspace. As it is usual, the topological map
is represented by a graph, in our case a directed graph.
Previous works have already considered multi-robot
deployment in discrete spaces. For instance, in [12]
the authors represent the environment using grid cells
and a discrete coverage optimization algorithm is
applied on robots with short-range communication.
In [2] and [3] Bhattacharya et al. tried to approx-
imate the continuous control setup with a discrete
version. They discretized a non-convex environment
and represented it as a graph. A standard graph search
algorithm was employed in order to compute the con-
trol law. A safe deployment problem was considered
by Javanmard and Pimenta in [14], where a new
metric based on Generalized Voronoi Diagrams
(GVD) (called Geodesic GVD) yields a safe motion
for a team of robots. In their implementation, a dis-
crete approximation with graph representation is also
used.

Among all previous approaches surveyed, the most
similar to the one presented in this paper is [30].
The authors computed the Voronoi partitions upon
an undirected graph that topologically encodes the

environment. However, the authors still use the orig-
inal 2D metric map to control the robots, what, simi-
larly to all other previous strategies, makes the method
dependent on precise distance and localization. The
approach proposed in the present paper improves on
that point once all steps of the method execute on
the topological map. This highly simplifies the actual
robot implementation, as will be clear in the rest of the
text. Moreover, as we are going to clarify in Section 4,
in comparison to other similar methods, [30] and [12],
the proposed algorithm is more efficient in terms of
running time (computational complexity) and also in
the amount of data exchanged by the robots. Finally, in
contrast to other works such as [2, 3], and [14] we do
show convergence guarantees valid for the presented
discrete setup.

The main idea behind our methodology was
inspired by [1], where a robot uses human-like com-
mands to move in structured environments. In fact,
humans do not need to have a precise metric local-
ization to reach a destination. A simple sequence of
directions such as “turn right”, “turn left”, and “go
straight” may be enough for a person to reach its des-
tination in an urban environment or office building.
Our methodology uses graph search strategies to gen-
erate such sequences of commands and deploy the
robot team in the environment. This can be consid-
ered as a milestone in the literature of deployment. In
such a way, we do not need a specific metric for the
computation (as for the humans, metric localization is
also not necessary). Given a robot that is able to move
without the need of localization (by following walls
or driveways, for example), high speed motion and
fast response can be achievable. Arguably, this method
is suitable for emergency responses like chasing an
evader or responding to accidents. It is important to
remark that the proposed technique does not need a
complete and precise map as input, since it can even be
applied on partially known or even manually sketched
maps (see Fig. 1). In the next section we precisely
define the problem considered in this paper.

3 Problem Statements

Given an environment and a team of mobile robots
we want to distribute this team in the environment in
such a way that events of interest over the environment
can be efficiently handled by the robots. We assume
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that the environment is partially known and may be
roughly represented by a non-proportional drawing, a
sketch without metric information or even a photo (an
example is shown in Fig. 3). Thus, the objective of this
work is to present solutions to the two problems given
below:

Problem 1 (Discrete topological map representation)
Let E ⊂ R

n be an environment composed of cor-
ridors or driveways connected through intersections,
which are the regions where the corridors or driveways
cross each other (see for example Fig. 3). Assume a
team of n mobile robots equipped with very simple
sensors and reactive controllers so that they are only
able to identify intersections, to move along corridors
or driveways, and to perform turning motions. Pro-
vide an efficient discrete data structure G to encode
the environment without the use of any type of metric
information so that this limited group of robots can
use it to navigate.

Problem 2 (Optimal distribution of robots)
Consider the team of n mobile robots as described
in Problem 1 with access to the data structure pro-
vided by the solution of Problem 1. Consider also that
the robots have knowledge of a density function φ :
E → R

+ that defines the relative importance of loca-
tions defined in the environment. Regions with higher
values of density function are more likely to have
events of interest in its interior. Provide a deployment
strategy, with guaranteed convergence, that is able to
optimally distribute the team without the need of met-
ric information and precise sensors for localization.

Fig. 3 A sketched map of a building containing rooms (hatched
polygons) corridors and intersections, where robots can move
(white spaces). Our methodology can make use of simple,
non-scaled drawing like this to deploy the robots over the
environment

In the next section we present solutions to the stated
problems.

4 Methodology

In this section, we present a map representation that
solves Problem 1 and a new distributed deployment
algorithm, along with a proof of convergence, that
solves Problem 2.

4.1 Topological Map Representation

In this paper, a Graph is used as the data structure to
represent the environment as a topological, one dimen-
sional map without the need of metric information.
Thus, we obtain a topological representation of an ele-
mentary representation (i.e. sketch, drawing, or photo)
of a bounded environment E by defining a mapping
E → G, that converts the environment into a graph
space. In particular, for the sake of simpler presenta-
tion and easier implementation, this work focuses on
block shaped environments, such as the floors of an
office building or neighborhoods of a city. Although
this kind of environment cover several applications,
our theoretical methodology can be easily generalized
and used in other types of environments that can be
represented by a topological map, specially the ones
composed of corridors and intersections. For environ-
ments different from the ones illustrated in this paper,
the main modifications that must be made are related
to the robot command set and the robot perception
system, as will become clear along the rest of the text.

Our weighted directed graph G(V, E, C, I) is
defined by a set of m nodes V , connected by directed
edges E with specific costs C, and robot commands I.
In this way, an edge e ∈ E denotes the link between
two nodes, e = −→

xy (x, y ∈ V) and, c(e) ∈ C indi-
cates the cost of robot motion given by I (e) ∈ I
between x and y. Furthermore, NG(x) indicates the
set of the neighbor nodes of x: NG(x) = {y ∈ V

∣
∣

−→
xy ∈ E}.

To construct the graph G, differently from previous
methods ([12, 30]) that discretized the environment
into grid cells, we model a full specific region, for
example, a corridor or street, as a cell. Since we do
not consider a precise metric, the size of those cells
are not necessarily equal, although we assume in this
paper that the cells are about the same size. Figure 4a
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illustrates the division of the sketched map of Fig. 3 in
several cells.

To map real world problems where the direction of
movements in some regions are constrained, such as
one-way and two-way streets in the big cities, we asso-
ciate to each cell of our map a direction of movement.
Regions that allow two-way movements are subdi-
vided into two new regions. Each of these regions is
then associated to a node in V . Figure 4b shows an
example of this process. In this case, all regions of the
graph are bi-directional. Therefore, each region has
been separated into two regions, thus generating two
nodes in the graph. The corresponding graph for this
example is shown in Fig. 5. Notice that the edges of
this graph represent possible movements among the
nodes. If a robot can move from a node to another,
we assume that these nodes are neighbors and add a
corresponding edge to E .

Given the graph G, a cost between two neigh-
bor nodes c(x, y) ∈ C, x, y ∈ V and a command
I (x, y) ∈ I are assigned to the edge connecting x and

y (−→xy). This means that, to go from node x to y, a
robot must execute a command I (x, y) that will result
in a cost c(x, y), where c : V × V → R

+. Below are
some properties assumed for c:

– c(x, x) = 0,
– c(x, y) ≥ 0,
– c(x, y) ≤ c(x, z) + c(z, y),
– The graph might be asymmetric, i.e., c(x, y) �=

c(y, x).

Given this, “Path”, “Commands” and cost “d”
between two arbitrary nodes (x and z) are described
respectively as:

Path(x, z) = {x, · · · , y, · · · , z}, x, y, z ∈ V,

Commands(x, z)={I (x, p),· · ·, I (y, q),· · ·, I (w, z)}
x, p, y, q, w, z ∈ V, and −→

xp,
−→
yq,

−→
wz ∈ E

d(x, z) = c(x, p) + · · · + c(y, q) + · · · + c(w, z).

Fig. 4 Discretization and
definition of directions on
the sketch map of Fig. 3

(a) Map discretization. Each region between two intersections is consid-
ered to be a cell.

(b) Depending on the allowed direction of movement, each original cell may
be divided into two other cells. The arrows indicate the allowed motion in each
region.
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Fig. 5 The corresponding
graph of the map in Fig. 4
and two possible paths from
node 1 to 5 with different
colors

The command set is induced based on real
world vehicle or human motions. An example of
human-like command set is {Turn left, Turn right,
Go Straight, Turn Back}, with costs c(x, y) ∈
{4, 4, 2, 8}. In this example, the cost of making a turn
to right or left is higher than the cost of going straight,
which is realistic for several robots. Moreover, the
command “turn back” costs the maximum value for
a robot. Function d(x, z) is then a cost function that
denotes the sum of the costs over the path from node
x to y.

As an example, in Fig. 5 at least two paths between
the left uppermost region (node 1) and the right upper-
most region (node 5) exist. As is highlighted in this

figure using blue and green, these paths are: {1, 3, 5}
and {1, 24, 17, 15, 5}. Figure 6 presents the corre-
sponding values of commands and costs for the two
paths shown in Fig. 5. By relying on this weighting
technique, the path with the smallest cost between two
nodes can be found using the Dijkstra algorithm [10].

A density function might be defined over our topo-
logical map indicating cells that have priority to be
serviced. Assuming a continuous density function
over the original environment, this is done by assign-
ing a higher number to the node corresponding to the
center of the density function, and decreasing this
value as we get far from this node (in terms of number
of nodes). This function can be also defined based on

Fig. 6 Moving from a node
to another one in our new
representation scheme. And
computing the distance
between nodes

(a) A path between nodes 1 and 5.

(b) An alternative path between the same nodes.
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the frequency of events of interest for each region or a
global probability function. Since the density function
states the priority of a region (node) to be serviced,
regions with lower events of interest will receive a
lower number. If we consider the map in Fig. 4 as an
office, and the number of users as the density function,
Fig. 7 indicates a function where the middle corri-
dor has more priority. In practical applications, we can
assume that an automatic system monitors the traffic
of users in order to obtain the density function. In this
way, the values in the nodes denote the density of users
in the corridors (see Fig. 7).

Next section will show our decentralized solution
for deploying robots in the environment modeled as a
graph G with density function defined over it.

4.2 Multi-robot Deployment

Now, we show our solution to Problem 2. As previ-
ously stated, we assume a team of n mobile robots,
R = {r1, · · · , rn}, with access to the graph G and full
knowledge of the density function φ : V → R

+. The
graph node in which robot i is currently located is
given by pi ∈ V , and P = {p1, · · · , pn}.

Our strategy is based on the partition of the graph in
such a way that, after the deployment, each robot will
be responsible to respond only to the events that hap-
pen at the graph nodes assigned to that robot. Before
showing our algorithm we first need to define the
specific graph partitioning used in this work:

Definition 1 (Voronoi subgraph) : The Voronoi sub-
graph gi in G is given by:

gi = {x ∈ V | d(pi, x) ≤ d(pj , x), ∀i �= j}, (1)

where, d(x, y) is a function d : V × V → R
+ that

denotes the cost of the shortest path between nodes x

and y. If d(pi, x) = d(pj , x), the node x is assigned
to the robot with smaller index number as in [30].

The set of Voronoi subgraphs defines a Voronoi par-
titioning of the graph G. In the partition every node
will be assigned to a robot. Also the union of all sub-
graphs is equal to V and the intersection between two
different subgraphs is empty.

Our approach builds upon the work in [30] in which
the problem of optimally deploying the team of robots
on a graph is treated as a locational optimization
problem.

As in [30], we reformulate our general deployment
problem as the one of minimizing the cost function:

H(P,G) =
n

∑

i=1

Hi (pi, gi) , (2)

where,

Hi (pi, gi) =
∑

q∈gi

d(pi, q)φ(q). (3)

The discrete formulation given above is exactly
the same formulation of the well known p-median
problem [24], which is a NP-hard problem with sev-
eral centralized previously proposed solutions. In this
work we present a novel distributed solution which is
used for multi-robot deployment in the same spirit of
[30].

The main idea of our solution is to generate suc-
cessive iterations in which the robots are relocated to
different nodes in such a way H decreases until reach-
ing convergence. In fact, these iterations consists of
choosing a special node inside the robot subgraph and
then moving the robot to this node.

Our solution is presented in the form of a dis-
tributed control algorithm in Algorithm 1, same to
what is shown as Algorithm 1 in [30]. In fact, an

Fig. 7 The density function
in this map represents the
fact that the middle corridor
deserves priority to be
serviced. The numbers in
the nodes indicate the
density of users of the
multi-robot system



J Intell Robot Syst

important contribution of our work is the proposi-
tion of a more efficient algorithm (Algorithm 2) to
find the next best node, where the robot should be

relocated. Thus, our Algorithm 2 is used in the place of
the one (Algorithm 2) defined in [30] for multi-robot
deployment.

In Algorithm 1, the robot is always in one of the
two states; Compute: to compute the next best node
(p∗

i ); and Moving: to move to the node p∗
i . Before

computing the next node, robot i must receive the
current information from other robots called neigh-
bors. A set of neighbors is defined by Ri = {rj ∈
R | ∃−→

xy ∈ E, x ∈ gi, y ∈ gj , i �= j} (Ri ⊆ R),
which means robot rj is a neighbor of robot ri if they
have vertices that are neighbors in graph G; it should
be noticed that, in contrast to the continuous setup,
here we do not have a common boundary between two
Voronoi regions. Instead, the vertices on the boundary
of Voronoi region gi are the neighbors of the corre-
sponding vertices in Voronoi region gj . We assume
that robot ri and its neighbor robots can communicate

to each other whenever they need to exchange infor-
mation. Most works based on the locational optimiza-
tion framework rely on the same assumption. The
information shared between the robots is the next best
location and not the current location of the robots.

In Compute state, after obtaining P∗
i (next best

neighbor robots’ location of robot i), and computing
the corresponding Voronoi subgraph (gi), the next best
node (p∗

i ) is found by calling Algorithm 2. The state
will be switched to Moving if the new best node dif-
fers from the current one. Robot i moves toward p∗

i

and reaches this node in finite time (assuming absence
of failure in the low level controller of the robot) and
changes the state to Compute again. Note that accord-
ing to Algorithm 1, function Find next best node()

is only called when pi = p∗
i .
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In Algorithm 2, the next best node is selected based
on the possibility of decreasing H by decreasing the
component of this function related to robot ri , Hi . The
next node is chosen to be the directed graph neigh-
bor node which allows for the maximum decreasing
of H considering the current Voronoi subgraph as the
partition associated to robot ri .

As an example, in Fig. 8, by assuming that the robot
is located at node 15, according to lines 1 and 2 in
Algorithm 2, Hi will be computed for the current node
and its neighbors (4 and 5). Later in line 3, the node
with smaller Hi will be selected. It should be noticed
from the figure that for computing Hi for nodes 4
and 5, the same Voronoi subgraph that was applied to
compute Hi for node 15, is used.

Next section presents the proof of convergence
for the proposed algorithm along with its computa-
tional complexity analysis and comparison with other
methods.

4.3 Analysis

The proposed algorithm works upon the following
assumptions:
i) The graph G containing weights and commands
which is created as explained in Section 4.1 to repre-
sent the environment is given to all the robots in the
beginning of the task.
ii) Robots have access to the next best node of their
neighbors. Whenever a robot needs to compute its next
best node, the latest updated information of neighbor
robots is available by means of communications.

Given these assumptions, we can now prove the
convergence of the proposed multi-robot system.

4.3.1 System Convergence

We start by presenting some lemmas and definitions.

Lemma 1 Let H∗(P,G, W) = ∑n
i=1 H∗

i (pi, wi),
where H∗

i (pi, wi) = ∑

q∈wi
d(pi, q)φ(q), wi is an

arbitrary partition of G which is different from the
Voronoi partition defined in (1), and φ : V �→ R

+.
The following inequality holds:

H ≤ H∗,

where H is computed according to Eq. (2) using a
Voronoi partition of the nodes of G.

Proof The proof follows the same arguments used in
the proof of Proposition 3.1 in [11]. According to
Eqs. (2) and (3) we have that:

H =
n

∑

i=1

∑

q∈gi

d(pi, q)φ(q),

and

H∗ =
n

∑

i=1

∑

q∈wi

d(pi, q)φ(q).

According to Definition 1 we have that
d(pi, q)φ(q) ≤ d(pj , q)φ(q) if q is in the Voronoi
subgraph of ri , gi . Thus, as wi is not the associated
Voronoi subgraph the inequality holds:

H =
n

∑

i=1

∑

q∈gi

d(pi, q)φ(q) ≤
n

∑

i=1

∑

q∈wi

d(pi, q)φ(q),

Thus:

H ≤ H∗.

Definition 2 (Decreasing lower bounded sequence)
A sequence {xn} is called decreasing and lower
bounded, if:

i) xi ≤ xi−1 ∀i ≥ 1
ii) ∃B0 ∈ R such that ∀n xn ≥ B0

Fig. 8 Robot is placed on
node 15. Based on
Algorithm 2, Hi will be
computed for nodes 15, 4
and 5, over the same
Voronoi subgraph (nodes
with brown color)
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Lemma 2 Every decreasing lower bounded sequence
{xn} converges to the greatest lower bound of the set
{xn : n ∈ N}.
Proof This is a version of a well known result in real
analysis.

Definition 3 Let S be the set of state vectors of
the multi-robot system described in Section 4.2 with
robots executing Algorithms 1 and 2, where a state
vector S is a vector of the next best nodes:

S =
⎡

⎢
⎣

p∗
1

...

p∗
n

⎤

⎥
⎦ .

Definition 4 A state vector S is called a local mini-
mum state of the H function in Eq. (2) if :

H(S,G) =
n

∑

i=1

Hi (p
∗
i , gi) ≤ H(S′,G), ∀S′,

where, S′ is any state vector which differs from S in
only one of its entries j , where the current next best
node is replaced by a node which is a neighbor of
p∗

j . The computation of H(S′,G) is performed using
the same Voronoi subgraph defined for H(S,G) as the
associated graph partition.

Theorem 1 Given a multi-robot system as described
in Section 4.2 with robots executing algorithms 1 and
2, its associated state vector converges to a local mini-
mum state ofH in Eq. (2) in finite time if the following
assumptions are verified: (i) the robots have access to
the graph G; and (ii) the robots have access to the next
best nodes of their neighbors whenever they need.

Proof The value of H can only change due to two rea-
sons: 1) the computation of a new Voronoi tessellation
(line 3 in Algorithm 1); and 2) the computation of a
next best value (line 5 in Algorithm 2).

If the assumptions are verified then, according to
Lemma 1, the computation of the new Voronoi tes-
sellation cannot increase the value of H. Also by
inspection of Algorithm 2 we can say that if there
exists a state vector S′ obtained by the replacement
of the entry associated with the current p∗

i with a
graph neighbor of p∗

i such that H(S′,G) < H(S,G),
where S is the current state vector, then the system
will evolve to a new state vector in finite time and this
new state vector is so that H will decrease. Moreover,

if such a vector S′ does not exist then the system does
not change the state vector.

Given these facts and also the fact that H ≥ 0, we
can guarantee that H evolves according to a decreas-
ing lower bounded sequence {Ht }. Thus, according to
Lemma 2, H converges to the greatest lower bound of
the set {Ht : t ∈ N}. Since the number of state vectors
in S is finite, this convergence happens in finite time.

When H reaches convergence, the state vector will
have converged to a local minimum state as given by
Definition 4, since this vector does not change when
no feasible S′ capable of decreasing the value of H
can be found.

4.3.2 Computational Complexity

We consider the bottleneck of our algorithm: com-
puting the Voronoi tessellation and the cost func-
tion Hi in each time step. Considering our weighted
directed graph, similarly to [3] our algorithm can
be implemented as a modified Dijkstra algorithm
with complexity O(|V| log |V|) when an efficient data
structure such as a heap is used, where |V| is the
number of nodes in the graph. In fact, all the com-
putations can be done over a single run of Dijkstra
algorithm.

To compute the complexity of the algorithm pre-
cisely, we may consider its two main parts. In the
first part, the cost function (also the Voronoi tes-
sellation) is computed for p∗

i (line 1 in Algorithm
2). The second part denotes the time related to the
computation of the Hi for the graph neighbor nodes
of p∗

i (line 2 in Algorithm 2). As we mentioned,
the complexity of computing Hi is O(|V| log |V|).
For the types of environments that are tackled by
the proposed methodology (those composed of corri-
dors and intersections) the maximum number of graph
neighbor nodes is finite. For instance, given our sim-
plification to block-shaped environments we do not
need to consider more than 4 graph neighbor nodes,
|NG(p∗

i )| ≤ 4. Thus, the complexity for all the neigh-
bor nodes is 4 · O(|V| log |V|). However we can con-
sider it as O(|V| log |V|). It should be mentioned that
to compute the Hi for neighbor nodes, the Voronoi
tessellation that was computed for p∗

i is used. Thus,
the Voronoi tessellation is computed only once in
each step.

Thus, we can write that the total complexity of our
algorithm is O(|V| log |V|).
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4.3.3 Comparison

In this section, we compare the complexity of our
method with the most similar works in the literature,
[12] and [30]. In [30], the method looks, in the set
formed by the nodes of the Voronoi subgraph gi , for
the next best node to be reached by robot i. This
requires O(|V|2) operations since it is necessary to
access pairs of nodes to quantify the impact of a given
motion in the global cost function. In [12], as only
short-range communication is allowed, robots move to
a random destination in their associated subgraph in
order to meet other robots and then be able to commu-
nicate with these other robots to compute a new opti-
mized graph partition. When the robots meet neighbor
robots, they exchange information about their current
partitions and run a pairwise partitioning rule which
demands O(|V|3) operations.

The methods in [12] and [30] also require some
time to compute the shortest path from the robot’s
current position to the next aimed point. This can be
done by running BFS (Breast-First Search) algorithm
with O(|V|) or Dijkstra algorithm with complex-
ity O(|V| log |V|). In both cases, the computation of
shortest path does not change the original complexity
of O(|V|3) and O(|V|2), respectively.

In contrast, as show in Section 4.3.2, the complex-
ity of our approach is O(|V| log |V|). Also, instead of
searching for a path in the graph, as required by [12]
and [30], we simply compute Eq. (3) k times, where k

is a constant that defines the number of graph neigh-
bor nodes (k ≤ 4 for the block-shaped environments
considered in this paper,) to find the next possible
movement. Hence, robots are ready to move to one of
their neighbor nodes in each iteration after this com-
putation. This procedure which is applicable to any
kind of graph representation, decreases substantially
the computational time, and also makes the algorithm
provable in the sense of convergence.

Another shortage of works [12] and [30] is the fact
that they demand a network with high data transfer-
ring capacity, which is not necessary in our method.
In [12], authors use short-range “gossip”2 communi-
cation networks. Robots ri and rj need to transfer
O(|Vi | + |Vj |) data (where Vi is the Voronoi par-
tition of robot i) through the channel when they

2A short-range communication with asynchronous and unreli-
able communication between nearby robots

meet each other and want to compute their pairwise
Voronoi partitions. In [30] a two-hop communica-
tion is needed, since the information of neighbor
robots and neighbors of neighbors are needed. Our
methodology assumes a reliable network communica-
tion between neighbor robots only and we do not need
high bandwidth network, since only the robots’ loca-
tional information (a single integer node number) is
transmitted.

Finally, in contrast to previous works, our method
works without the need for a precise map. This
increases the robustness of the implementation and
reduces the need for on-board computation.

4.4 Robot Control

The solution for the multi-robot deployment problem
shown in the previous section gives, for each robot
at each time interval, the node of graph G where the
robot must go after leaving the current node. Based
on the way G was defined, remember that each node
represents a portion of the environment, which could
be a corridor or a street block, for example. Also,
to each edge of the graph, there was associated a
command for the robot, whose cost of execution was
used in our algorithm to help deciding the best path.
Therefore, assuming that the robot is currently at node
x ∈ V and the next node computed by the algo-
rithm is y ∈ V , a controller needs to be designed
so the robot follows edge −→

xy by executing command
I (x, y). As mentioned before, the set of commands
used in this work contains “human-like” instructions
which are executed when the robot leaves the current
node. If a robot is in an indoor environment, for exam-
ple, a command will be executed when an intersection
of corridors is found. Thus, two controllers are nec-
essary: one to drive the robots inside the node and
another to follow the command associated to the edge.

For the first controller, remember that the
workspaces considered in this work are defined by
regions similar to corridors or street blocks. These
regions are usually defined by constrained areas sur-
rounded by some sort of structure, for example, walls
in a building, or the sidewalks on the streets. These
structures will be a constant reference for the robot
inside a node and can be used to aid its guidance and
control. In this paper, we use such structures to define
a vector field to guide the robot. Without loss of gen-
erality and to facilitate the explanation of our vector
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field generation method, we will call the structure that
delimits the node region by wall in the rest of the
section.

To compute the vector field, we create a reference
frame on the closest point from the robot to the wall
on its right side, as shown in Fig. 9. In this frame, the
X axis is tangent to the wall, pointing in the forward
direction, and the Y axis is orthogonal to it, pointing to
the left wall. It is assumed that the robot is always in
coordinate X = 0, so the frame moves with the robot.

To make the robot move along the corridor by
keeping itself parallel to the corridor’s right wall at
a distance d0 from it, a planar velocity vector field
u = [uX, uY]T is created. While the field component
along the corridor, uX, have a constant value, the com-
ponent along Y -axis, uY, is proportional to the error
between the robot current distance to the wall, d, and
the desired distance d0. The vector is then normalized
and scaled to the desired velocity of the robot. In prac-
tical implementations, to localize itself in relation to
the wall by computing distance d and orientation θ

(see Fig. 9), a robot could use, among other sensors,
a planar laser range sensor (LADAR). With such a
sensor, this can be done by simply detecting and com-
puting the parameters of the straight line found in the
sensor data, as shown in [1].

To avoid possible obstacles in the corridor, such as
people and other robots, vector field u can be summed
with a repulsion vector field designed to avoid obsta-
cles. Although this approach seems to be simple, it
can easily create local minima in the field, which
would stop the robot. Since the authors believe that
the definition of obstacle avoidance vector fields and

Fig. 9 Geometry involved in the vector field generation and
robot control. From the reference frame, distance d0 is the
expected distance while d is the current distance of the robot. θ

indicates the robot’s relative orientation and l, the distance from
the center of the robot to its control point

the solution to the problems related to it are out of
the scope of this paper, the reader is refereed to [15],
which presents a vector field that allows the robot
to present human-friendly behaviors in the presence
of people and [1], which adds an obstacle/people
avoidance solution to our vector field.

To track the vector field with a nonholonomic
robot, we transform each vector into the inputs of
the robot using a static feedback linearization con-
troller [19]. Assuming that the robot inputs are linear
velocity v and angular velocity ω we have:
[

v

ω

]

=
[

cos(θ) sin(θ)

− sin(θ)/ l cos(θ)/ l

] [

uX

uY

]

(4)

where l is the distance from the center of the robot to
its control point and θ is the angle between the robot
and the reference frame, as shown in Fig. 9.

This previous controller drives the robot inside
the nodes of the topological map until it finds itself
in an intersection,3 which represents a node change.
Because of the block-shaped regions of the map, it is
possible to perceive that the robot is approximating
an intersection by detecting that the structures of the
corridor are shaping up to the opening of an intersec-
tion. If the robot is using a laser to follow the wall,
for example, it is possible to detect that the segment
that represents the wall in the laser scan is decreas-
ing in length. When an intersection is detected, the
robot must follow the command associated to the edge
that connects the current node with the next one com-
puted by the planner. Since the number of possible
instructions is small, one simple controller can be
developed for each instruction. For example, a “Turn
Left” instruction would lead to the activation of a pro-
portional controller that would turn the robot by 90
degrees to the left, so it can move forward and enter
the region of the new node, after the intersection. Once
the controller finishes its task, the corridor follower,
vector field based controller is switched back to move
the robot inside the new node.

5 Implementation Results

In this section, the efficiency of the proposed method
is investigated in both simulated and real robot exper-
iments. Before showing the result, we will explain the

3The place where two or more corridors cross each other
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Fig. 10 The high-level
system of robot i, and the
relation between three main
modules in a high-level
description. In order to
communicate between
modules (Interface and
Deployment), time
difference �t should be less
than thresholds (α1 or α2)

Send other robots´ best node 

if ∆ < 1

Send current best node

if ∆ < 2

• Compute next best 
node

• Send it to interface 
module

• Receive other 
robots´ best node

• Move the robot
• Obstacle avoidance 
• Request new best node

• Receive other 
robots´ best 
node through 
network 

• Send it to robot 

Control
module

Deployment
module

Interface
module

Fig. 11 The map of a
neighborhood in New York
grabbed from Google maps

(a) Sattelite view.

(b) Extracted streets with directions. Numbers indicate the nodes of the cor-
responding graph. Some of the streets have two numbers which means they
are bidirectional, i.e. they have two nodes associated with them. Different di-
rections of movement are painted in different colors: right and left are red and
blue, as well as up and down with black and green color, respectively.
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Table 2 Set of commands and costs in the simulation

Command# type Cost

1 Turn Left 1.5

2 Turn Right 1.5

3 Straight 1

4 Turn Back 2

developed distributed architecture. The high-level sys-
tem of the robots is shown in Fig. 10, where Control,
Deployment and Interface modules are our three main
entities. While the control module captures data and
interacts with the environment, deployment module
compute the next best node by relying on data received
from the control module. To keep robots communica-
tion, the interface module send/receive pose informa-
tion to robot ri to/from other robots through a wire-
less connection. The deployment module receives and
sends the best node information from/to the interface
module periodically. Thus α1 and α2 are thresholds
for receiving and sending information from/to other
robots. Also �t refers to the time difference: �t =
|t i+1 − t i |, t > 0.

In our implementations, we used C++ program-
ming, ROS and Matlab for the different modules.
In Fig.10, the Deployment module was implemented
in Matlab, and Interface and Control modules were

developed in ROS. We used ROS toolbox in Matlab to
exchange information between robots.

5.1 Simulation Results

For the simulation, we selected a real outdoor map of
a neighborhood in New York City from Google Maps
(See Fig. 11). In this map, streets and blocks have a
symmetric shape, which is important for metropoli-
tan cities in order to facilitate distributing services
and urban management i. e. transportation, pipeline,
electricity and so on. Furthermore, this block-shape
property gives us the ability to run our deployment
algorithm without the need of precise localization.
Thus, regardless the scale of the input map, first of
all we find a topological representation of the map
by extracting its streets as in Fig. 11b. This is done
by applying morphological operators in the image
i.e. thresholding, erosion and dilation. We simulated
6 differential drive robots able to move along the
required streets, using, for example, a curb detection
and following algorithm [13]. We also assume that
the robots have access to perfect communication with
their immediate neighbor robots.

Since the direction of the streets is available in
Google Maps, a directed graph G may be constructed
(the method was explained in section 4.1). The com-
mand set I and its corresponding cost C used in this

Fig. 12 The density function defined in this scenario. The center of this function is defined at (387,152) where node 114 is placed
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(b) Global solution by solving p-median problem; independent from the initial posi-
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Fig. 13 Partitioning obtained by the proposed method and solving the MILP model of the p-median problem

simulation is shown in Table 2. We defined the center
of density function on the node 114, such that Fig. 12
represents the density function on this map.

After constructing graph G, we distribute the 6
robots randomly over the environment. After apply-
ing Algorithm 1, robots’ final locations, correspond-
ing assigned regions and traversed paths are depicted
in Fig. 13a with different colors. The video of
this simulation is available in the following link,
https://www.youtu.be/yAyio1--viA.

In order to investigate the performance of our
on-line method, we performed an off-line p-median

Table 3 Comparison of H and computation time in different
methods

Methodology Cost(∗105) Computation Time

Global Solution 1.12686 more than a hour

Proposed algorithm 1.18786 0.6797 sec

https://www.youtu.be/yAyio1- -viA
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Fig. 14 Result of simulating the proposed method 100 times
on New York scenario. Each column contains mean (red line),
max and min of the deployment cost function

solution [9] which is applicable for similar purpose
on graphs. In this problem, by considering a graph
with n × m nodes, the objective is to assign n facil-
ities to m customers. One of the methods to solve
this NP-hard problem is the Mixed Integer Linear Pro-
gramming (MILP) which yields the global optimum
solution [26].

In this simulation, robots start their movement from
the same initial locations that were used in the pro-
posed method. After applying a solver on the MILP
model which takes hours for the graph with |V| = 347
we find a result which is shown in Fig. 13b. Moreover,
the value of the H function and computation time of
proposed technique and MILP methods are shown in
Table 3.

In our algorithm, function H decreases over time.
The result of 100 trial runs of the proposed method on

Fig. 15 The map used in
real robot experiment

(a) Map is captured from Google map.

(b) Representing the input map as a graph.
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Fig. 16 Deployment of 3
robots in a real scenario

(a) Initial position with corresponding Voronoi subgraph with different color

(b) Final Deployment

the New York map scenario is illustrated in Fig. 14.
In each trial the robots are distributed randomly at ini-
tial positions, and after executing about 15 iterations,
they converged to the final positions. It is important to
remark that in order to move in such a big map, only
a few human-like commands are enough to get from a
point (or street) to another.

5.2 Real Robot Experiments

After validating the performance of the proposed
method through simulations, we performed a real

world experiment to verify its applicability. Three
robots were chosen to cooperate in a distributed setup.

Two of the robots are based on the Pioneer P3-AT
mobile base. They are non-holonomic robots with four

Table 4 Commands applied on robots in the real experiment

Robot# command

1 Turn Left

2 Turn Right

3 Turn Left
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wheels, used in conjunction with a laser range sen-
sor and odometric sensors. The first Pioneer, which
we will call Robot 1, has indoors wheels and a SICK
LMS100 laser range sensor, while the second robot,
to be called Robot 2, has outdoor wheels and a SICK
LMS291 laser range sensor. The third robot, Robot 3
is a small iRobot Create mobile base. It has also odo-
metric sensors and a Hokuyo URG laser range sensor.

The experiments were executed in the second floor
of the School of Engineering building at the Fed-
eral University of Minas Gerais. It is a symmetrical
building, and is composed of many corridors and inter-
sections (See Fig. 15a). To build the corresponding
graph, the corridors were represented as nodes of the
graph, one node for each direction of movement, while
edges model the intersections. Each edge received a
label with the direction to which the robot had to turn
to reach the new corridor in the intersection.

Figure 15b shows the topological map of the envi-
ronment, with 24 nodes. The corridor at the middle
(nodes 4, 5, 6 and 7) is defined as the center of the
density function, so the robots are expected to move
toward this corridor.

The initial nodes, and the final deployment loca-
tions are depicted in Fig. 16. Robots 1, 2, and 3 started
from nodes 1 to 3 (see Fig. 16a), and ended on nodes
21, 13 and 17 (see Fig. 16b), respectively. In the entire
execution each robot runs a single command (See
Table 4).

As we mentioned, the experiment was imple-
mented in a decentralized fashion, so that each
robot moves and decides individually. The com-
plete video of this experiment can be found in
https://youtu.be/3BUPjRI-x04.

6 Conclusions

In this work, we proposed a distributed multi-robot
deployment method based on a topological represen-
tation of the environment. A practical technique was
applied in order to simplify a multi-dimensional map
into a single dimensional one. This technique can be
used with very large maps decreasing the dimension
and computation cost relatively. Once the topologi-
cal model of the input map is obtained, robots use
a wall following control to move , hence no precise
localization is needed. This is done by using a natural
scheme of navigation, such that robots move to a

location by following a sequence of human like com-
mands. We derived our strategy upon the topological
framework proposed by [1]. In comparison with dif-
ferent techniques found in the literature, our method
has a good performance in real applications because
of the low computation, no need of precise localiza-
tion, and no need of high bandwidth communication.
These remarkable properties make our method fast
enough to be executed in real world scenarios. In
comparison to two similar discrete deployment meth-
ods found in the literature ([12, 30]), the proposed
approach declines the computational complexity, and
requires lower-bandwidth network to exchange loca-
tional information (next best node) with neighbor
robots, which is usually a challenge in real experi-
ments. As future work, we would like to perform real
experiments in multi-floor maps, combining aerial and
ground based robots in the same mission. Notice that
even in this complex situation the problem can be
considered a 1D problem.
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