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“The beauty of electromagnetism lies in its fundamental simplicity, yet the complexity of its

consequences.“ — Richard P. Feynman



Resumo

O método de Galerkin Descontínuo no domínio do tempo (DGTD, do inglês Discontinuous

Galerkin Time-Domain) é uma técnica promissora para resolver problemas eletromagnéticos,
particularmente em espalhamento de ondas eletromagnéticas. Esta abordagem discretiza o
domínio em elementos não sobrepostos. Dentro de cada elemento, a solução utiliza funções de
base polinomiais de alta ordem, contínuas internamente, mas descontínuas nas fronteiras dos
elementos. O sistema resultante de equações diferenciais ordinárias semi-discretas é avançado
no tempo usando um esquema explícito passo a passo. Uma característica chave deste processo
é que cada passo de tempo envolve a resolução de problemas apenas locais dentro de cada
elemento, contribuindo significativamente para a eficiência do método. Esta metodologia oferece
várias vantagens distintas, incluindo a sua flexibilidade inerente para lidar com geometrias
complexas e a sua adaptabilidade direta a malhas não uniformes com refinamento local. A
alta precisão é alcançada através do uso de funções de base de alta ordem. Além disso, o
método de Galerkin descontínuo é computacionalmente eficiente, exigindo frequentemente
menos memória em comparação com outras técnicas de discretização, como os métodos de
elementos finitos tradicionais. A eficácia do método DGTD foi validada numa vasta gama
de aplicações, abrangendo análise de espalhamento por objetos simples e complexos, estudos
de propagação de ondas e modelagem de antenas. A estrutura também se mostrou adaptável,
incorporando com sucesso várias condições de contorno essenciais, como camadas perfeitamente
casadas (PMLs, do inglês Perfectly Matched Layers) e outros tratamentos de contorno absorventes
para truncamento do domínio. Esta pesquisa concentra-se especificamente em avançar a aplicação
do método de DGTD para a análise de meios complexos, com ênfase principal em materiais
dependentes da frequência (dispersivos) e em PMLs. Ambos são incorporados à formulação
DGTD por meio do uso de equações diferenciais auxiliares. O objetivo central é ampliar a
utilidade do método DGTD em simulações eletromagnéticas que envolvem esses tipos de
materiais desafiadores. A principal contribuição desta tese reside na extensão das PMLs uniaxiais
convencionais para novas PMLs uniaxiais dispersivas. Nessa formulação avançada, tanto a
dispersão do material quanto a dependência em frequência no interior da própria PML são
representadas utilizando o modelo de polos e resíduos complexos conjugados. Essa abordagem
de modelagem unificada e modular — potencialmente apoiada em técnicas eficientes de extração
de parâmetros, como o ajuste vetorial — facilita a integração e permite simulações DGTD mais
precisas e robustas de interações de ondas em meios complexos, anisotrópicos e dispersivos.

Palavras-chave: eletromagnetismo; material dispersivo; Galerkin descontínuo.



Abstract

The discontinuous Galerkin time-domain (DGTD) method is a promising technique for solv-
ing electromagnetic problems, particularly electromagnetic wave scattering. This approach
discretizes the domain into non-overlapping elements. Within each element, the solution uses
high-order polynomial basis functions, continuous internally but discontinuous across element
boundaries. The resulting system of semi-discrete ordinary differential equations is advanced
in time using an explicit step-by-step scheme. A key feature of this process is that each time
step involves solving only local problems within each element, contributing significantly to the
method’s efficiency. This methodology offers several distinct advantages, including its inherent
flexibility for handling complex geometries and its straightforward adaptability to non-uniform
grids with local refinement. High accuracy is achieved through the use of high-order basis
functions. Furthermore, the discontinuous Galerkin method is computationally efficient, often
requiring less memory compared to other discretization techniques like traditional finite element
methods. The efficacy of the DGTD method has been validated across a wide range of applica-
tions, encompassing scattering analysis for both simple and complex objects, wave propagation
studies, and antenna modeling. The framework has also proven adaptable, successfully incor-
porating various essential boundary conditions, such as perfectly matched layers (PMLs) and
other absorbing boundary treatments for domain truncation. This research specifically focuses
on advancing the application of the DGTD method to the analysis of complex media, with a
primary emphasis on frequency-dependent (dispersive) materials and PMLs. Both of these are
incorporated into the DGTD formulation through the use of auxiliary differential equations. The
main goal is to enhance the DGTD method’s utility for electromagnetic simulations involving
these challenging material types. The central contribution of this thesis lies in the extension of
conventional uniaxial PMLs to novel dispersive uniaxial PMLs. In this advanced formulation,
both the material dispersion and the frequency dependence within the PML itself are represented
using the complex conjugate pole-residue model. This unified and modular modeling approach,
potentially leveraging efficient parameter extraction techniques like vector fitting, facilitates
easier integration and enables more accurate and robust DGTD of wave interactions in complex,
anisotropic, dispersive environments.

Keywords: electromagnetism; dispersive material; discontinuous Galerkin.
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CHAPTER 1

Introduction

1.1 Introduction

The unyielding march of technological progress necessitates ever more sophisticated
computational tools capable of unraveling the intricate interactions between electromagnetic
waves and the physical world. Computational Electrodynamics (CEM) stands at the forefront of
this pursuit, providing indispensable insights that drive innovation across a diverse spectrum of
fields, from antenna design and radar systems to medical imaging, nanophotonics, high-speed
electronics, and beyond [1, 2, 3, 4]. As operating frequencies climb ever higher and geometrical
complexities escalate, conventional numerical methods frequently encounter limitations in their
ability to effectively balance the competing demands of accuracy, computational efficiency, and
geometric flexibility [5]. This inherent challenge has stimulated the exploration of alternative
methodologies, resulting in the development of the Discontinuous Galerkin time-domain (DGTD)
method as a powerful and exceptionally versatile approach for simulating electromagnetic wave
propagation phenomena [6].

The DGTD method distinguishes itself through a compelling synthesis of three promi-
nent numerical techniques: the Finite-Difference Time-Domain (FDTD) method [5], the Finite-
Volume Method (FVM) [7], and the Finite-Element Method (FEM) [8]. By inheriting and
amplifying the strengths of each, DGTD offers a unique set of advantages. From the FVM, it
borrows the concept of numerical fluxes across element interfaces. This crucial feature enables
the accurate representation of discontinuities in electromagnetic fields, ensuring the conservation
of physical quantities such as energy and momentum. This capability proves particularly valuable
when simulating wave propagation across material interfaces, handling abrupt changes in electro-
magnetic properties, and modeling complex geometrical features. Simultaneously, it embraces
the FEM’s ability to utilize high-order basis functions within each element, enabling accurate
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spatial discretization over unstructured meshes. This allows for a highly accurate representation
of the spatial variation of electromagnetic fields, enabling the attainment of high-fidelity solu-
tions even with relatively coarse meshes. From the FDTD method, DGTD inherits its explicit
time-marching scheme, allowing for efficient time-domain simulations without the need for
global matrix inversion and maintaining temporal locality. This synergistic combination of FVM,
FEM, and FDTD principles not only reduces computational burden but also provides geometric
flexibility, numerical stability, and scalability. As a result, the DGTD method emerges as an
exceptionally promising candidate for simulating wave propagation in complex structures and
heterogeneous media, pushing the boundaries of CEM.

Realistic electromagnetic simulations often involve two major challenges: accurately
representing materials whose properties vary with frequency, and effectively truncating un-
bounded spatial domains without introducing reflections. Addressing both dispersion and domain
truncation is essential for capturing wave–matter interactions in advanced applications. These
challenges motivate the development of efficient time-domain methods that support frequency-
dependent materials and robust absorbing boundaries, setting the stage for the discussions that
follow.

One of the central challenges is dispersion—the phenomenon where material proper-
ties like permittivity and permeability vary with frequency. Dispersion plays a crucial role in
determining how electromagnetic waves interact with matter and is fundamental in a wide
range of applications, from metamaterials and photonic crystals to plasmonic structures and
even biological tissues [9, 10, 11, 12]. Accurately modeling this frequency dependence within
numerical simulations is essential for realistic predictions and insightful analyses.

In time-domain methods such as the FDTD method, modeling dispersive materials
poses particular difficulties. The constitutive relations, which link electric and magnetic fields
to material properties, become convolutions in the time domain due to frequency dependence.
Direct evaluation of these convolutions is computationally expensive. To overcome this, several
techniques have been developed within the FDTD framework, including the recursive convolution
method, Z-transform techniques, and the Auxiliary Differential Equation (ADE) method [13, 14,
15], all aiming to make these convolutions more tractable for numerical implementation.

Another key aspect of realistic simulations is the treatment of open-domain problems,
where waves should exit the computational domain without artificial reflections. Absorbing
Boundary Conditions (ABCs) are essential tools for this purpose. Early approaches, such as the
Silver–Müller boundary condition, impose approximate radiation conditions but often perform
poorly for oblique or evanescent waves. A more effective solution is the PML [16], which
surrounds the computational domain with an artificial absorbing layer that attenuates outgoing
waves across a wide range of incidence angles and frequencies. Despite its robustness, ongoing
research seeks to improve PML performance, especially for evanescent and grazing-incidence
waves [5].
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Within this context, the DGTD method has emerged as a powerful and versatile frame-
work for simulating open-domain electromagnetic problems. It naturally accommodates complex
geometries and is well suited for time-domain simulations involving dispersive materials. In
particular, it supports the ADE approach for modeling frequency-dependent media and has been
shown to effectively integrate uniaxial PML formulations [17].

Furthermore, the versatility of DGTD extends beyond its ability to handle dispersive ma-
terials. The method readily accommodates non-conformal meshes and curved elements, allowing
for accurate representation of intricate geometrical details and complex material interfaces [6].
Moreover, DGTD’s inherent localized nature makes it exceptionally well-suited for parallel com-
puting, enabling the efficient simulation of large-scale problems by distributing the computational
load across multiple processors or Graphics Processing Unit (GPU)’s [18]. Advanced techniques
such as hp-adaptivity, which dynamically adjusts the polynomial order (p) and element size
(h) based on the local solution characteristics, further enhance the efficiency and accuracy of
DGTD simulations [19]. Local time stepping schemes, which permit different time steps to be
used in different regions of the computational domain, offer additional computational savings
by adapting to local variations in mesh resolution and material properties [20]. In addition, the
use of implicit-explicit (IMEX) time integration schemes provides a robust and efficient strategy
for handling the stiff source terms that often arise in the modeling of complex dispersive or
multiscale phenomena, by treating non-stiff terms explicitly while addressing stiff components
implicitly, thus ensuring stability without compromising performance [21].

1.2 Motivation

Accurate and efficient simulation of electromagnetic wave propagation is essential
for a wide range of applications, including antenna design, radar systems, medical imaging,
and nanophotonics. As devices become more sophisticated and operate at higher frequencies,
numerical methods must be capable of handling complex geometries, frequency-dependent
material properties, and unbounded spatial domains. Among existing approaches, the DGTD
method offers a compelling combination of geometric flexibility, high-order accuracy, and parallel
scalability. Despite these advantages, accurately modeling wave interactions with dispersive
materials in open domains continues to present challenges within the DGTD framework.

Incorporating dispersive PMLs often relies on the Complex-Frequency Shifted (CFS)
formulation, which requires modifications to numerical fluxes at element interfaces. While this
strategy improves absorption, it introduces implementation complexity and may hinder computa-
tional performance, particularly in high-order settings. Additionally, the seamless integration of
general dispersive materials into a modular and efficient DGTD formulation remains an open
problem.
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To overcome these limitations, a modular DGTD framework is developed that supports
general dispersive materials directly terminated by a tailored uniaxial PML. Building on the
formulation introduced in [22], the proposed approach maintains a fully local structure, avoiding
any modification to numerical fluxes. This design simplifies implementation and enhances
parallel efficiency, especially in wideband scenarios [23, 24, 25].

The method incorporates the Complex-Conjugate Pole-Residue (CCPR) model [26] to
represent general dispersion, enabling direct use of materials characterized via vector fitting
techniques [27]. The ADE formulation provides a modular mechanism for representing both dis-
persive materials and the uniaxial PML. This structure supports selective activation of extensions
only in relevant regions, optimizing resource utilization. The uniaxial PML [16] is adapted to
match the surrounding dispersive media [28], ensuring efficient absorption of outgoing waves.

1.3 Objectives and Contributions

The primary objective of this work is to develop a modular and efficient DGTD framework
capable of accurately modeling electromagnetic wave propagation in general dispersive media
bounded by a tailored PML. This formulation aims to address key limitations of existing
approaches by enabling direct truncation of dispersive materials without requiring additional
free space or complex flux modifications.

The main contributions of this work are summarized as follows:

• A generalized DGTD formulation is presented that supports a broad class of dielectric
dispersive materials modeled using the CCPR approach. This enables direct integration of
frequency-dependent materials characterized via vector fitting.

• A dispersive uniaxial PML is incorporated in a modular fashion through the ADE method,
allowing seamless termination of dispersive regions without modifying numerical fluxes at
element interfaces.

• The proposed method maintains a fully local structure. This design choice enhances com-
putational efficiency and scalability, particularly in high-order and wideband simulations.

• A unified framework is established in which both material dispersion and absorbing
boundaries are treated through region-specific auxiliary equations. This plug-and-play
architecture enables selective activation of model components, optimizing memory usage
and processing costs.

• Numerical results are provided for canonical two-dimensional and three-dimensional
scattering problems to validate the proposed approach. Comparisons with analytical
solutions demonstrate the accuracy and effectiveness of the formulation.
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• The outcomes of this research have been disseminated through peer-reviewed journals [29,
30], as well as presented at national [31] and international [32] conferences.

1.4 Text Structure

The notation and mathematical framework adopted throughout this thesis are introduced
in Chapter 2, which outlines Maxwell’s equations as they are applied in the subsequent develop-
ments. Rather than focusing on detailed derivations, this chapter emphasizes the formal definition
and use of these equations within the context of the work.

Building on this foundation, Chapter 3 presents the core concepts of the DGTD method.
It introduces the underlying theoretical principles, including element construction, spatial dis-
cretization, and time integration strategies, forming the basis for the numerical approach adopted.

The application of DGTD to computational electromagnetics is detailed in Chapter 4,
which bridges the previous chapters and illustrates the practical implementation of the method.
This includes the treatment of sources, enforcement of boundary conditions, and other relevant
modeling aspects.

The extension of DGTD to handle general dielectric dispersive materials, modeled using
the CCPR approach, is presented in Chapter 5. This chapter introduces a key contribution: a
modular formulation incorporating dispersive PMLs via the ADE framework, allowing direct
truncation of dispersive domains without extra free space. The advantages of this unified, plug-
and-play approach for handling material dispersion and domain truncation are highlighted, and
the implementation is validated against analytical solutions for canonical problems.

Further advancements are presented in Chapter 6, where the modular DGTD framework
is extended to simulate doubly dispersive media (exhibiting both electric and magnetic disper-
sion) and to incorporate curvilinear elements for accurate geometric modeling. The chapter
details the extension of the uniaxial PML to handle these general doubly dispersive materials,
thereby enhancing the method’s capability to tackle a wider range of complex electromagnetic
problems involving intricate materials and shapes. The robustness of the extended algorithm is
demonstrated through validation examples.

Recognizing the computational challenges posed by numerical stiffness, particularly in
simulations involving the auxiliary equations for dispersive media and PMLs, Chapter 7 explores
advanced time integration strategies. This chapter details the application of IMEX Runge-Kutta
(RK) schemes to the semi-discrete DGTD system derived in previous chapters. By treating the
stiff components implicitly and non-stiff components explicitly, this approach aims to achieve
stable and efficient simulations for doubly dispersive problems, overcoming the strict time-step
limitations of purely explicit methods.

Finally, Chapter 8 summarizes the main contributions of this thesis, reviews the key
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findings regarding the developed modular DGTD framework for dispersive and doubly dispersive
media with associated PMLs and IMEX schemes, and discusses potential avenues for future
research.
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CHAPTER 2

Electromagnetic Foundation

The present chapter establishes the fundamental electromagnetic field concepts that
underlie this study. Additionally, it presents the notation, definitions, and nomenclature employed
throughout this thesis.

2.1 Notation and Assumptions

In this thesis, variables with three components in a coordinate system are denoted using
bold fonts in equations, while scalar variables are represented using non-bold fonts. For example,
the position in the Cartesian coordinate system is denoted by x, whereas time is represented by
t. The vector fields are denoted using uppercase and mathematical font as E for time-domain
relationships and only uppercase as E for frequency-domain relationships. Furthermore, a
general vector with an arbitrary number of elements is indicated using variables with vector
notation as #»v , while matrices are represented by non-bold uppercase letters such as A. Unless
otherwise specified, it is assumed that all vectors are in column format. A comprehensive
overview of the notation employed can be found in Table 1.

2.2 Maxwell’s Equations

Considering an open surface S bounded by a closed contour C. The first two Maxwell’s
equations can be written as ˛

C

E(x, t) · dl = − d

dt

¨
S

B(x, t) · ds, (2.1)

˛
C

H(x, t) · dl = d

dt

‹
S

D(x, t) · ds+

¨
S

J total(x, t) · ds, (2.2)
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Table 1 – Variable notation in the thesis

Variable Type Notation Example
Scalar variable t 5 seconds

Coordinate point x (x0, y0, z0)
Coordinate vector v [vx, vy, vz]

⊺

Coordinate vector (unit length) v̂ ∥[vx, vy, vz]⊺∥ = 1
Time-domain vector field E [Ex(t), Ey(t), Ez(t)]⊺

Frequency-domain vector field E [Ex(ω), Ey(ω), Ez(ω)]
⊺

Arbitrary length vector #»v #»v = [v1, v2, . . . , vn]
⊺

Coordinate vector of arbitrary length vectors #»v #»v = [ #»v x,
#»v y,

#»v z]
⊺

Matrix (non-bold uppercase) A

[
a11 a12
a21 a22

]
Rank-2 Tensor (e.g., permittivity) ¯̄ϵ

ϵxx ϵxy ϵxz
ϵyx ϵyy ϵyz
ϵzx ϵzy ϵzz


and considering a volume V bounded by a closed surface S, the remaining two equations can be
written as ‹

S

B(x, t) · ds = 0, (2.3)

‹
S

D(x, t) · ds =

˚
V

qv(x, t)dv, (2.4)

where E is the electric intensity (volt per meter), B is the magnetic flux density (weber per
square meter), H is the magnetic intensity (ampere per meter), D is the electric flux density
(coulomb per square meter), J total is the electric current density (ampere per square meter), and
qv is the electric charge density (coulomb per cubic meter) [33]. The position x and time variable
t indicate that the associated fields may have spatial and temporal dependencies.

If the fields are assumed to be well-behaved, continuous and with continuous derivatives,
the above quantities cah also be expressed as [33]

∇× E(x, t) = − ∂

∂t
B(x, t), (2.5)

∇×H(x, t) =
∂

∂t
D(x, t) +J total(x, t), (2.6)

∇ ·B(x, t) = 0, (2.7)

∇ ·D(x, t) = qv(x, t). (2.8)
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2.3 Constitutive Relations

The constitutive relations are forms of expressing the quantities B, D and J as functions
of the electromagnetic fields E and H. Considering vacuum, these can be written as

D(x, t) = ϵ0 E(x, t), (2.9)

B(x, t) = µ0H(x, t), (2.10)

J (x, t) = 0, (2.11)

where ϵ0 is the permittivity of free space (farad per meter), and µ0 is the permeability of free
space (henry per meter). The numerical values of these quantities are [33]

ϵ0 ≈ 8.854× 10−12 F/m ≈ 1

36π
× 10−9 F/m, (2.12)

µ0 = 4π × 10−7 H/m. (2.13)

In a simple medium, the constitutive relations may become simple proportionalities.
Thus

D(x, t) = ϵE(x, t), (2.14)

B(x, t) = µH(x, t), (2.15)

J (x, t) = σ E(x, t) (2.16)

where, as in the vacuum case, ϵ is the permittivity of the medium, µ is the permeability of
the medium and σ is the conductivity of the medium. These parameters can be expressed
as proportionalities of the vacuum permittivity and permeability, denoted by ϵrϵ0 and µrµ0,
respectively, where the subscript r indicates the relative dimensionless variable.

In an anisotropic medium, Equations (2.14) and (2.15) become

D(x, t) = ¯̄ϵE(x, t), (2.17)

B(x, t) = ¯̄µH(x, t), (2.18)

where ¯̄ϵ and ¯̄µ are the permittivity and permeability tensors, respectively.

2.4 Dispersive Materials

To account for electric and magnetic dipoles induced in the media, considering isotropic
media for simplicity without loss of generality, Equations (2.14) and (2.15) can be extended to

D(x, t) = ϵ∞ϵ0 E(x, t) +P(x, t), (2.19)



Chapter 2. Electromagnetic Foundation 28

B(x, t) = µ∞µ0H(x, t) + µ0M(x, t), (2.20)

where P is the polarization vector (coulomb per square meter) and M is the magnetization
vector (ampere per meter). The subscript∞ indicates the relative quantity at high frequencies.

In the frequency domain considering a linear and isotropic medium, the electric and
magnetic fields can be associated with the polarization vectors through the utilization of either
an electric susceptibility χe or a magnetic susceptibility χm [34]

P (x, ω) = ϵ0χe(ω)E(x, ω), (2.21)

M(x, ω) = χm(ω)H(x, ω). (2.22)

Hence, the constitutive relations Equations (2.14) and (2.15) can be reformulated in the
frequency domain as follows

D(x, ω) = ϵ∞ϵ0E(x, ω) + ϵ0χe(ω)E(x, ω), (2.23)

B(x, ω) = µ∞µ0H(x, ω) + µ0χm(ω)H(x, ω). (2.24)

Considering that the permittivity can be defined as

ϵ(ω) = ϵ0ϵr(ω) = ϵ0 [ϵ∞ + χe(ω)] , (2.25)

where ϵr is the relative permittivity. Assuming that the fields are considered to be zero at t = 0,
the inverse Fourier transform of Equation (2.23) yields

D(x, t) = ϵ∞ϵ0E(x, t) + ϵ0

ˆ t

0

χe(t− τ)E(x, τ)dτ, (2.26)

where
χe(t) =

1

2π

ˆ ∞

−∞
χe(ω)e

jωtdω. (2.27)

The same analysis can be performed for the magnetic field considering

µ(ω) = µ0µr(ω) = µ0 [µ∞ + χm(ω)] , (2.28)

leading to

B(x, t) = µ∞µ0H(x, t) + µ0

ˆ t

0

χm(t− τ)H(x, τ)dτ, (2.29)

where
χm(t) =

1

2π

ˆ ∞

−∞
χm(ω)e

jωtdω. (2.30)

Dispersion in dielectric materials is commonly modeled using the electric parameters
ϵ∞ and χe. Linear and isotropic dielectric dispersion models, including the Debye, Lorentz,
and Drude media are among the most important classes of such models [5]. In the following
subsections, these models will be discussed as well as a more general model known as CCPR.
While not explicitly mentioned, it should be noted that doubly dispersive materials can also be
modeled by considering magnetic quantities such as µ∞ and χm.
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2.4.1 Debye Media

Debye media exhibit a frequency-domain complex-valued susceptibility function denoted
by χe(ω). This function is characterized by one or more real poles that are located at distinct
frequencies. Specifically, for a Debye medium with a single pole, the susceptibility function can
be expressed as [35]

χe(ω) =
ϵs − ϵ∞
1 + jωτ

=
∆ϵ

1 + jωτ
, (2.31)

where ϵs is the static, also known as zero-frequency, relative permittivity, ϵ∞ is the relative
permittivity at infinite frequency, ∆ϵ is the change in relative permittivity due to the Debye pole,
and τ is the pole relaxation time.

For a Debye medium with P poles, the relative permittivity can be expressed as

ϵr(ω) = ϵ∞ +
P∑

p=1

∆ϵp
1 + jωτp

, (2.32)

where ∆ϵp and τp are parameters that describe the frequency-dependent permittivity behavior of
each Debye pole.

2.4.2 Lorentz Media

The Lorentz medium is defined by a susceptibility function χe(ω) in the frequency
domain, which is a complex-valued function. This function is characterized by having one or
more pairs of complex-conjugate poles. In the case of a Lorentz medium with a single pole pair,
the susceptibility function is given by [36]

χe(ω) =
∆ϵ ω2

l

ω2
l + 2jωδl − ω2

, (2.33)

where ∆ϵ = ϵs − ϵ∞ is the change in relative permittivity due to the Lorentz pole pair, ωl is the
frequency of the Lorentz pole pair (the undamped resonant frequency of the medium), and δl is
the damping coefficient.

For a Lorentz medium with P poles, the relative permittivity can be expressed as

ϵr(ω) = ϵ∞ +
P∑

p=1

∆ϵpω
2
p

ω2
p + 2jωδp − ω2

, (2.34)

where ∆ϵp, ωp and δp are parameters that describe the frequency-dependent permittivity behavior
of each Lorentz pole.

2.4.3 Drude Media

In the study of electromagnetic wave interactions with metals at optical wavelengths, it
is often necessary to adopt a dispersive formulation to accurately capture the underlying physics
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of internal electron motion. At the macroscopic scale, the Drude model has emerged as a popular
choice for such modeling purposes. Its complex-valued susceptibility function χe(ω) considering
a single pole can be expressed as [36]

χe(ω) = −
ω2
d

ω2 + jωγd
, (2.35)

where ωd is the Drude pole frequency and γd is the inverse of the relaxation time.

For a Drude medium having P poles, the extended relative permittivity is

ϵr(ω) = ϵ∞ −
P∑

p=1

ω2
p

ω2 + jωγp
, (2.36)

where ωp and γp are parameters that describe the frequency-dependent permittivity behavior of
each Drude pole.

2.4.4 Complex-Conjugate Pole-Residue Model for General Media

One effective method for developing a more comprehensive and accurate model for
dispersive media is through the use of the CCPR model. This model provides a flexible approach
for representing the frequency-dependent permittivity of a wide variety of materials. The CCPR
model achieves this by separating the permittivity into two components, expressed as

ϵ(ω) = ϵ0ϵ∞ + ϵ0χe(ω), (2.37)

where the first term ϵ0ϵ∞ represents the high-frequency permittivity of the medium, and the
second term, ϵ0χe(ω), accounts for the dispersive effects. The frequency-dependent susceptibility
χe(ω) is further expressed as

χe(ω) =
R∑

r=1

(
cr

jω + αr

+
c∗r

jω + α∗
r

)
, (2.38)

with R representing the number of conjugate poles used in the model. The parameters cr and αr

correspond to each individual pole and residue pair, respectively. These parameters capture the
resonant and damping behaviors that characterize the dispersive nature of the material.

The CCPR model is particularly versatile, as it can represent several well-known dis-
persive media models as specific cases. For example, a purely conductive medium can be
modeled using a single pole-residue pair, where the parameters are chosen such that α0 = 0 and
c0 = σ/(2ϵ0), with σ representing the material’s conductivity. Similarly, the poles of Debye’s
model, which describes relaxation processes in dielectrics, are obtained with cr = ∆ϵr/2τr and
αr = 1/τr, where ∆ϵr and τr are the material’s permittivity change and relaxation time, respec-
tively. For Lorentz media, which describe resonance phenomena, the poles can be expressed as
cr = j∆ϵrω

2
r/(2

√
ω2
r − δ2r) and αr = −δr − j

√
ω2
r − δ2r , where ωr is the resonant frequency
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and δr is the damping factor [17]. Table 2 provides a summary of the coefficients for different
well-known dispersive media models, showing how they are parameterized in the CCPR model.

Table 2 – Summary of coefficients for different dispersive media models

Media Model Parameter Coefficient cr Pole αr

Conductive Media σ: conductivity σ
2ϵ0

0

Debye Model
∆ϵr: permittivity change,

τr: relaxation time
∆ϵr
2τr

1
τr

Lorentz Media
∆ϵr: permittivity change,
ωr: resonant frequency,
δr: damping factor

j ∆ϵrω2
r

2
√

ω2
r−δ2r

−δr − j
√
ω2
r − δ2r

An important advantage of the CCPR model is its ability to fit real material data. By
employing vector-fitting algorithms, one can determine the values of cr and αr directly from
experimentally measured permittivity data for a specific material. This fitting process enables
the CCPR model to capture the intricate dispersive behavior of complex materials with high
accuracy. It should be noted that the optimal number of pole-residue pairs, R, required for an
accurate approximation depends on the characteristics of the material’s permittivity function
ϵ(ω). The more complex the material’s dispersive behavior, the higher the number of poles R
that may be needed to achieve a satisfactory representation.
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CHAPTER 3

Mathematical Foundation

This chapter presents a comprehensive discussion of the classical framework of the
nodal DGTD [6]. The discussion encompasses both weak and strong forms of the conservation
law, employing the Galerkin approach. Moreover, it elucidates the procedure for constructing
nodal high-order elements in one, two, and three dimensions. Furthermore, it illustrates how the
resulting semi-discrete equations can be integrated over time.

3.1 Notation and Assumptions

The present formulation focuses on problems posed on the physical domain Ω, with a
boundary represented by ∂Ω. It is assumed that this domain can be effectively approximated by
a computational domain Ωh, comprising K non-overlapping, geometry-conforming elements
represented as Ωk

h. It should be noted that while the shape of these elements may vary, the
analysis presented herein solely examines d-dimensional simplices.

Henceforth, the following definitions shall be employed throughout this thesis. In these
definitions, u is the unknown solution function to be approximated, and v is a test function used
in the variational formulation of the problem.

(u, v)Ωk
h
=

ˆ
Ωk

h

uv dΩ, ∥u∥2Ωk
h
= (u, u)Ωk

h
,

as well as the global broken inner product and norm

(u, v)Ωh
=

K∑
k=1

(u, v)Ωk
h
, ∥u∥2Ωh

= (u, u)Ωh
,
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where Ωh refers to Ω being approximated by the union of Ωk
h, that is

Ω ≈ Ωh =
K⋃
k=1

Ωk
h. (3.1)

A visual representation of this approximation is given in Figure 1, illustrating how the
physical domain Ω is discretized into the computational domain Ωh, which is composed of K
non-overlapping elements Ωk

h.

Ω

∂Ω
∂Ωh

Ωk
h

Figure 1 – Approximation of the physical domain by the computational domain.

3.2 Solving Conservation Laws

As the DGTD method has found widespread application in the solution of conservation
laws, it is essential to consider its formulation in this context. In light of this, this section
concentrates on the derivation of the DGTD method concerning a general conservation law of
the form

∂u(x, t)

∂t
+∇ · f (u(x, t),x, t) = 0, (3.2)

where the solution u(x, t) is a fundamental quantity that represents the conserved property in the
system under consideration. The flux f(u(x, t),x, t) represents the flow of u(x, t) in space and
time, and x and t denote the spatial position and time, respectively. It is noteworthy that u(x, t)
is kept as a scalar for simplicity in the conservation law formulation without loss of generality.

In numerical simulations of physical systems, it is often necessary to approximate the
physical solution u(x, t) by a numerical solution uh(x, t). This numerical solution is typically
constructed as the sum of local numerical solutions ukh(x, t) that are associated with each of the
K elements Ωk

h. The numerical solution uh(x, t) is chosen to reside in a vector space Vh that
is spanned by a set of basis functions defined within each element Ωk

h. Each local numerical
solution ukh(x, t) is then constructed as a linear combination of Np basis functions. That is

u(x, t) ≈ uh(x, t) =
K⊕
k=1

ukh(x, t) ∈ Vh =
K⊕
k=1

{ψn(x)}Np

n=1 x ∈ Ωk
h, (3.3)
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where ψn(x) such that x ∈ Ωk
h is the nth basis function associated with the kth element Ωk

h. The
aforementioned expression is commonly referred to as the modal form [6].

The local numerical solution can also be expressed in terms of nodal values, as in

ukh(x, t) =

Np∑
i=1

ukh(xi, t)l
k
i (x) x ∈ Ωk

h,

where lki (x) is the ith Lagrange polynomial associated with the kth element Ωk
h. It should be

noted that the expression discussed above is commonly known as the nodal form [6].

This chapter will primarily analyze the nodal form for solving mathematical problems,
despite the fact that both forms yield the same solution. The nodal form is chosen due to its
simpler computational implementation [6]. Moreover, to simplify the notation, hereafter, the
approximate local flux fk

h (uh(x, t),x, t) and approximate local solution ukh(x, t) will be denoted
as fk

h and ukh, respectively. It is important to observe that x is still regarded as being within the
local approximated domain Ωk

h.

In the Galerkin approach, where both the solution and test functions belong to the same

vector space, it is required to ensure that the residual Rk
h(x, t) =

∂ukh
∂t

+∇ · fk
h is orthogonal to

a test function like vkh(x, t) ∈ Vh. This implies thatˆ
Ωk

h

(
∂ukh
∂t

+∇ · fk
h

)
lki (x) dΩ = 0 i = 1, 2, . . . , Np. (3.4)

The vector identity ∇ · (ϕA) = ϕ∇ ·A+A · ∇ϕ can then be applied as

∇ · f k
h l

k
i (x) = ∇ ·

(
fk
h l

k
i (x)

)
− fk

h (uh,x, t) · ∇lki (x). (3.5)

Therefore, replacing Equation (3.5) in Equation (3.4), leads toˆ
Ωk

h

(
∂ukh
∂t

lki (x)− f k
h · ∇lki (x)

)
dΩ = −

ˆ
Ωk

h

∇ ·
(
fk
h l

k
i (x)

)
dΩ i = 1, 2, . . . , Np. (3.6)

Applying the divergence theorem to the above equation leads to the weak form [6]ˆ
Ωk

h

(
∂ukh
∂t

lki (x)− f k
h · ∇lki (x)

)
dΩ = −

ˆ
∂Ωk

h

n̂ · f ∗k
h lki (x) dΩ i = 1, 2, . . . , Np. (3.7)

where f ∗ is the numerical flux yet to be ascertained.

Reapplying Equation (3.5) to Equation (3.7), leads toˆ
Ωk

h

[
∂ukh
∂t

lki (x) +
(
∇ · f k

h

)
lki (x)−∇ ·

(
fk
h l

k
i (x)

)]
dΩ = −

ˆ
∂Ωk

h

n̂·f ∗k
h lki (x) dΩ i = 1, 2, . . . , Np.

(3.8)

Finally, applying the divergence theorem to the previous equation leads to the strong
form [6]ˆ

Ωk
h

(
∂ukh
∂t

+∇ · fk
h

)
lki (x) dΩ =

ˆ
∂Ωk

h

n̂ ·
(
fk
h − f ∗k

h

)
lki (x) dΩ i = 1, 2, . . . , Np. (3.9)
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3.3 The Nodal Element

The following subsections provide a mathematical framework that addresses the con-
struction of the nodal element in one, two, and three dimensions.

3.3.1 One Dimension

This section discusses the construction of a one-dimensional high-order nodal element.

3.3.1.1 Modes and Nodes

Assuming that the solution for each element can be expressed as

ukh(x, t) =

Np∑
i=1

ukh(xi, t)l
k
i (x) =

Np∑
n=1

ûkn(t)ψn(x) x ∈ Ωk
h, (3.10)

where the Lagrange polynomial is denoted as lki (x), the interpolation locations are represented
by xi, and the set of polynomials {ψn(x)}Np

n=1 serves as a genuine one-dimensional polynomial
basis of order N . In the case of a one-dimensional simplex, the number of basis functions Np is
related to the element order N through the equation Np = N + 1.

3.3.1.2 Reference Element Mapping

Introducing a mapping Ψ connecting the global segment with vertices v1 and v2 such
that x ∈ Ωk

h, with the reference segment where r ∈ I such that −1 ≤ r ≤ 1 as seen in Figure 2.

v1 v2 (-1) (1)

Ωh I

x r

r = Ψ−1(x)

x = Ψ(r)

Figure 2 – Notation for the mapping between two one-dimensional simplices.

The direct mapping is given by

x =
−r + 1

2
v1 +

r + 1

2
v2 = Ψ(r). (3.11)

Given the linearity in r, the transformation is affine and the Jacobian is constant. It can
be shown that

dx

dr
=
v2 − v1

2
, (3.12)
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leading to
dr

dx
=

1

J
, (3.13)

where the Jacobian is given by

J =
dx

dr
. (3.14)

3.3.1.3 Choosing the Basis Functions and Interpolating Positions

Since there is a direct correspondence between the global and reference elements, it is
possible to conduct further analysis solely focusing on the reference element. As a result, the
solution can be represented in the reference domain as

u(r, t) =

Np∑
n=1

ûn(t)ψn(r) =

Np∑
i=1

u(ri, t)li(r), (3.15)

where modal coefficients ûn(t) and nodal coefficients u(ri, t) can be connected through the Van-
dermonde matrix V such that V û = u where û =

[
û1(t), . . . , ûNp(t)

]⊺, u =
[
u(r1, t), . . . , u(rNp , t)

]⊺
and the elements of V are Vij = ψj(ri).

As observed, the utilization of high-order nodal basis functions presents two challenges.
The first challenge involves selecting a suitable set of basis functions, denoted as ψn, which will
span the vector space that contains the solution. The second challenge involves finding good
positions for the nodal values ri to minimize interpolation error.

Both of these challenges are relatively straightforward when considering the one-dimensional
case. The commonly employed basis functions are orthonormal polynomials derived from Leg-
endre polynomials, resulting in

ψn(r) =

√
2n− 1

2
Pn−1(r), (3.16)

where Pn(r) are the classic Legendre polynomials of order n which can be computed through
recurrence.

The second concern pertains to the identification of suitable positions for the nodal values.
This objective can be accomplished by determining the positions that minimize the Lebesgue
constant, which is defined as follows

Λ = max
r

Np∑
i=1

|li(r)|. (3.17)

Fortunately, it is well-established that the Legendre-Gauss-Lobatto quadrature points
offer near-minimal Lebesgue constant values for the one-dimensional simplex [6]. Hence, by
the careful selection of the orthonormal Legendre basis and usage of Legendre-Gauss-Lobatto
nodal quadrature points, it is possible to guarantee that the Vandermonde matrix V possesses
good conditioning and that the resultant interpolation is well-behaved.
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3.3.1.4 Elementwise Operations

The global mass matrix Mk and reference mass matrix M can be defined as

Mk
ij =

ˆ
Ωk

h

lki (x)l
k
j (x) dΩ = Jk

ˆ
I

li(r)lj(r)dr = JkMij (3.18)

where Jk is constant for the one-dimensional simplex. Given that V is constructed using an
orthonormal basis, it follows that Mk = Jk(V V ⊺)−1.

Likewise, the global stiffness matrix Sk and reference stiffness matrix S can be defined
as

Sk
ij =

ˆ
Ωk

h

lki (x)
dlkj (x)

dx
dΩ =

ˆ
I

li(r)
dlj(r)

dr
dr = Sij. (3.19)

Defining the differentiation matrix Dr such that

∂u

∂r
≈

Np∑
j=1

∂lj(r)

∂r

∣∣∣∣
r=ri

u(rj, t) = (Dru)i, (3.20)

it follows that
DrV = Vr, (3.21)

where
Vr,(i,j) =

∂ψj(r)

∂r

∣∣∣∣
r=ri

. (3.22)

Therefore, the corresponding reference stiffness matrix is given by

S =MDr. (3.23)

Finally, the right-hand side of the scheme requires the computation of the surface integral

ˆ
∂Ωk

h

n̂ · ghl
k
i (x) dΩ =

Nfp∑
j=1

n̂ · gj

ˆ
∂Ωk

h

lkj (x)l
k
i (x) dΩ (3.24)

where Nfp = 2 represents the number of nodes on the vertices of the element and gh denotes the
flux or jump in flux. This calculation is straightforward as there are only two vertices involved. In
order to generalize this notation to the one-dimensional case, it is necessary to define the values
of n̂, which take on a value of +1 at the right vertex of the element and −1 at the left vertex of
the element.

3.3.2 Two Dimensions

This section discusses the construction of a two-dimensional high-order nodal element.



Chapter 3. Mathematical Foundation 38

3.3.2.1 Modes and Nodes

Assuming that the solution for each element can be expressed as

ukh(x, t) =

Np∑
i=1

ukh(xi, t)l
k
i (x) =

Np∑
n=1

ûkn(t)ψn(x) x ∈ Ωk
h, (3.25)

where the multidimensional Lagrange polynomial is denoted as lki (x), the interpolation lo-
cations are represented by xi, and the set of polynomials {ψn(x)}Np

n=1 serves as a genuine
two-dimensional polynomial basis of order N . In the case of a two-dimensional simplex,
the number of basis functions Np is related to the element order N through the equation
Np = (N + 1)(N + 2)/2.

3.3.2.2 Reference Element Mapping

Introducing a mapping Ψ connecting the global triangle with vertices v1, v2 and v3 such
that x ∈ Ωk

h, with the reference triangle where r ∈ I such that r = (r, s)|(r, s) ≥ −1; r+ s ≤ 0

as seen in Figure 3.

v1 v2

v3

(-1,1)

(-1,-1) (1,-1)

∇r +∇s−∇r

−∇s

Ωh I

y

x

s

r

r = Ψ−1(x)

x = Ψ(r)

Figure 3 – Notation for the mapping between two two-dimensional simplices.

Defining the barycentric coordinates (λ1, λ2, λ3) with the following properties: 0 ≤ λi ≤
1 and λ1 + λ2 + λ3 = 1. The direct mapping can be obtained as

x = λ1v1 + λ2v2 + λ3v3 = Ψ(r), (3.26)

where
λ1 = −

r + s

2
λ2 =

r + 1

2
λ3 =

s+ 1

2
.

Given that the mapping is linear in r, both triangles are connected through an affine
mapping resulting in a constant transformation Jacobian. It can be shown that

∂x

∂r
=

v2 − v1

2

∂x

∂s
=

v3 − v1

2
, (3.27)
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leading to
∂r

∂x
=

1

J

∂y

∂s

∂r

∂y
= − 1

J

∂x

∂s

∂s

∂x
= − 1

J

∂y

∂r

∂s

∂y
=

1

J

∂x

∂r
(3.28)

where the Jacobian is given by

J =
∂x

∂r

∂y

∂s
− ∂x

∂s

∂y

∂r
. (3.29)

3.3.2.3 Choosing the Basis Functions and Interpolating Positions

Given the presence of a mapping that allows for the transition between reference and
global elements, all subsequent analysis can be conducted on the reference element. This allows
for a more efficient implementation. As a result, the solution can be represented as

u(r, t) =

Np∑
n=1

ûn(t)ψn(r) =

Np∑
i=1

u(ri, t)li(r), (3.30)

and modal coefficients ûn(t) and nodal coefficients u(ri, t) can be connected through the Vander-
monde matrix V such that V û = u where û =

[
û1(t), . . . , ûNp(t)

]⊺, u =
[
u(r1, t), . . . , u(rNp , t)

]⊺
and the coefficients of V are Vij = ψj(ri).

As previously observed, the utilization of high-order nodal basis functions presents two
challenges. The first challenge involves selecting a suitable set of functions, denoted as ψn, which
will span the vector space that contains the solution. The second challenge involves finding good
positions for the nodal values in order to minimize interpolation error.

One possible solution to overcome the initial challenge is by selecting orthonormal
monomials [6], leading to the following basis functions

ψm(r) =
√
2P

(0,0)
i (a)P

(2i+1,0)
j (b)(1− b)i, (3.31)

where P (α,β)
n (x) is the nth order Jacobi polynomial with parameters α and β. Additionally, the

remaining indices are defined as

m = j + (N + 1)i+ 1− i

2
(i− 1), (i, j) ≥ 0; i+ j ≤ N, (3.32)

a = 2
1 + r

1− s
− 1 b = s. (3.33)

The second issue, which presents a greater challenge, involves the selection of nodal
value positions with the aim of minimizing the interpolation error. One approach to achieve
this is to begin with an equidistant distribution and through a mapping obtain a distribution
resembling Legendre-Gauss-Lobatto, as the Warp&Blend method suggests [6]. These nodal sets
can be connected by

ω(r) =

Np∑
i=1

(rLGL
i − rei )lei (r), (3.34)
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where lei (r) are the Lagrange polynomials based on the equidistant points rei . Therefore, w(r) is
an N -order transformation mapping equidistant points to the Legendre-Gauss-Lobatto points.
The correction w(λ1, λ2, λ3) vector can be defined as

w(λ1, λ2, λ3) =
3∑

i=1

(
1 + (αλi)

2) biwi, (3.35)

where

b1(λ1, λ2, λ3) = 4λ2λ3 b2(λ1, λ2, λ3) = 4λ1λ3 b3(λ1, λ2, λ3) = 4λ1λ2, (3.36)

where

w1(λ1, λ2, λ3) = w̃(λ3 − λ2)

[
1

0

]
, (3.37)

w2(λ1, λ2, λ3) = w̃(λ1 − λ3)
1

2

[
−1√
3

]
, (3.38)

w3(λ1, λ2, λ3) = w̃(λ2 − λ1)
1

2

[
−1
−
√
3

]
, (3.39)

considering

w̃(r) =
ω(r)

1− r2
. (3.40)

The parameter α can be utilized to minimize the Lebesgue constant. A simulation of
these values is provided in Table 3. It is evident that, particularly at higher orders, the application
of the Warp&Blend method can result in a Vandermonde matrix that exhibits better conditioning.

3.3.2.4 Elementwise Operations

The global mass matrix Mk and reference mass matrix M can be defined as

Mk
ij =

ˆ
Ωk

h

lki (x)l
k
j (x) dΩ = Jk

ˆ
I

li(r)lj(r)dr = JkMij (3.41)

where Jk is constant for the two-dimensional simplex. Given that V is constructed using an
orthonormal basis, it follows that Mk = Jk(V V ⊺)−1.

From the chain rule, it can be shown that

∂

∂x
=
∂r

∂x
Dr +

∂s

∂x
Ds, (3.42)

∂

∂y
=
∂r

∂y
Dr +

∂s

∂y
Ds, (3.43)

where Dr and Ds represent differentiation operators with respect to r and s. We have the
derivative Vandermonde matrices

Vr,(i,j) =
∂ψj

∂r

∣∣∣∣
ri

Vs,(i,j) =
∂ψj

∂s

∣∣∣∣
ri

, (3.44)



Chapter 3. Mathematical Foundation 41

Table 3 – Optimization of the parameter α – Two-dimensional

N α Λ(α = 0) Λ(α-optimized) Λ (equidistant)
1 0.0000 1.0000 1.0000 1.0000
2 0.0000 1.6664 1.6664 1.6664
3 0.0000 2.1125 2.1125 2.2692
4 0.0000 2.6606 2.6606 3.4704
5 0.2623 3.1183 3.1164 5.4518
6 0.9851 3.8094 3.6969 8.7356
7 1.0941 4.5447 4.2698 14.3350
8 1.2791 5.6925 4.9451 23.8929
9 1.3668 7.0090 5.7252 40.7845

10 1.4562 9.0752 6.6416 70.5278
11 1.4979 11.8344 7.8848 124.4166
12 1.5454 16.0619 9.2698 217.6584
13 1.5514 21.2122 11.3191 391.0552
14 1.6136 28.8329 13.8568 718.5429
15 1.6270 40.6689 17.6017 1315.4392
16 1.6630 59.2122 21.5660 2399.0527
17 1.8941 87.1553 27.5340 4358.4757
18 1.7185 128.2434 34.6365 7887.6292
19 1.9168 189.0977 47.0611 14226.4582

where the derivatives of the basis functions are computed using the chain rule involving a and b:

∂ψj

∂r
=
∂a

∂r

∂ψj

∂a
,

∂ψj

∂s
=
∂a

∂s

∂ψj

∂a
+
∂b

∂s

∂ψj

∂b
. (3.45)

Defining the reference differentiation matrices

Dr = VrV
−1 Ds = VsV

−1, (3.46)

the corresponding reference stiffness matrices are given by

Sr =MDr Ss =MDs. (3.47)

Finally, the right-hand side of the scheme requires the computation of the surface integral

ˆ
∂Ωk

h

n̂ · ghl
k
i (x) dΩ =

Nfp∑
j=1

n̂ · gj

ˆ
∂Ωk

h

lkj (x)l
k
i (x) dΩ (3.48)

where Nfp is the number of nodes on the edges of the element and gh is the flux or jump in flux.

Fortunately, this refers to the mass matrix of the edges, specifically it is the mass matrix
already developed in the one-dimensional case.
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3.3.3 Three Dimensions

3.3.3.1 Modes and Nodes

Assuming that the solution for each element can be expressed as

ukh(x, t) =

Np∑
i=1

ukh(xi, t)l
k
i (x) =

Np∑
n=1

ûkn(t)ψn(x) x ∈ Ωk
h, (3.49)

where lki (x) is the multidimensional Lagrange polynomial, xi are the interpolation locations, and
{ψn(x)}Np

n=1 is a genuine three-dimensional polynomial basis of order N . In a three-dimensional
simplex, the order of the element N and the number of basis functions Np are related by
Np = (N + 1)(N + 2)(N + 3)/6.

3.3.3.2 Reference Element Mapping

Introducing a mapping Ψ connecting the global tetrahedron, x ∈ Ωk
h, with the reference

tetrahedron defined as I = {r = (r, s, t)|(r, s, t) ≥ −1; r + s+ t ≤ −1}.

Defining the barycentric coordinates (λ1, λ2, λ3, λ4) with vertices v1,v2,v3,v4 and the
properties: 0 ≤ λi ≤ 1 and λ1 + λ2 + λ3 + λ4 = 1. The direct mapping can be obtained as

x = λ1v1 + λ2v2 + λ3v3 + λ4v4 = Ψ(r), (3.50)

where
λ1 = −

r + s+ t+ 1

2
λ2 =

r + 1

2
λ3 =

s+ 1

2
λ4 =

t+ 1

2
. (3.51)

Noticing that the mapping is linear in r with a constant Jacobian given the affine
transformation, the inverse mapping derivatives can be obtained as

∂r

∂x

∂r

∂y

∂r

∂z
∂s

∂x

∂s

∂y

∂s

∂z
∂t

∂x

∂t

∂y

∂t

∂z

 =
1

J


∂y

∂s

∂z

∂t
− ∂z

∂s

∂y

∂t
−∂x
∂s

∂z

∂t
+
∂z

∂s

∂x

∂t

∂x

∂s

∂y

∂t
− ∂y

∂s

∂x

∂t

−∂y
∂r

∂z

∂t
+
∂z

∂r

∂y

∂t

∂x

∂r

∂z

∂t
− ∂z

∂r

∂x

∂t
−∂x
∂r

∂y

∂t
+
∂y

∂r

∂x

∂t
∂y

∂r

∂z

∂s
− ∂z

∂r

∂y

∂s
−∂x
∂r

∂z

∂s
+
∂z

∂r

∂x

∂s

∂x

∂r

∂y

∂s
− ∂y

∂r

∂x

∂s

 , (3.52)

where the Jacobian determinant J is

J = det


∂x

∂r

∂x

∂s

∂x

∂t
∂y

∂r

∂y

∂s

∂y

∂t
∂z

∂r

∂z

∂s

∂z

∂t

 . (3.53)
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3.3.3.3 Choosing the Basis Functions and Interpolating Positions

Since the reasoning is identical to that demonstrated in the two-dimensional scenario,
this section will present the basis function and the correction vector w(λ1, λ2, λ3, λ4) employed
to achieve a distribution resembling Legendre-Gauss-Lobatto.

The basis function is

ψm(r) =
√
8P

(0,0)
i (a)P

(2i+1,0)
j (b)(1− b)iP (2i+2j+2,0)

k (c)(1− c)i+j

where the multi-index m is defined for 0 ≤ i, j, k; i+ j + k ≤ N as

m = 1 + k +

i+j−1∑
p=0

(N + 1− p) +
i−1∑
p=0

(N − p)(N − p+ 1)

2
, (3.54)

and where
a = −2(1 + r)

s+ t
− 1 b = 2

(1 + s)

1− t
− 1 c = t. (3.55)

The correction vector w for the Warp&Blend nodes is given by

w(λ1, λ2, λ3, λ4) =
4∑

i=1

(1 + (αλi)
2)biwi, (3.56)

where wi are face-based warpings and bi are blend functions. The warpings wi are based on the
2D warp functions g1, g2 applied to the barycentric coordinates of the faces, projected by vectors
ti,j [6].

w1 = g1(λ2, λ3, λ4)t1,1 + g2(λ2, λ3, λ4)t1,2, (3.57)

w2 = g1(λ1, λ3, λ4)t2,1 + g2(λ1, λ3, λ4)t2,2, (3.58)

w3 = g1(λ1, λ4, λ2)t3,1 + g2(λ1, λ4, λ2)t3,2, (3.59)

w4 = g1(λ1, λ3, λ2)t4,1 + g2(λ1, λ3, λ2)t4,2. (3.60)

The projection vectors ti,j are:

t1,1 =

10
0

 t1,2 =

01
0

 t2,1 =

10
0

 t2,2 =

 0

1/3√
8/3

 (3.61)

t3,1 =

−1/2√
3/2

0

 t3,2 =

−
√

1/12

1/6√
8/3

 t4,1 =

 −1/2−
√
3/2

0

 t4,2 =


√

1/12

−1/6√
8/3

 (3.62)

The blend functions bi are:

b1(λ1, λ2, λ3, λ4) =
8λ2λ3λ4

(2λ2 + λ1)(2λ3 + λ1)(2λ4 + λ1)
(3.63)
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b2(λ1, λ2, λ3, λ4) =
8λ1λ3λ4

(2λ1 + λ2)(2λ3 + λ2)(2λ4 + λ2)
(3.64)

b3(λ1, λ2, λ3, λ4) =
8λ1λ2λ4

(2λ1 + λ3)(2λ2 + λ3)(2λ4 + λ3)
(3.65)

b4(λ1, λ2, λ3, λ4) =
8λ1λ2λ3

(2λ1 + λ4)(2λ2 + λ4)(2λ3 + λ4)
(3.66)

The parameter α can be utilized to minimize the Lebesgue constant. A simulation of
these values is provided in Table 4. It is evident that, particularly at higher orders, the application
of the Warp&Blend method can result in a Vandermonde matrix that exhibits better conditioning.

Table 4 – Optimization of the parameter α – Three-dimensional

N α Λ(α-optimized) Λ (equidistant)
1 0.0000 1.00 1.00
2 0.0000 2.00 2.00
3 0.0000 2.93 3.00
4 0.1002 4.07 4.88
5 1.1332 5.32 8.09
6 1.5608 7.01 13.66
7 1.3413 9.21 23.38
8 1.2577 12.54 40.55
9 1.1603 17.02 71.15

10 1.0153 24.36 126.20
11 0.6080 36.35 225.99
12 0.4523 54.18 409.15
13 0.8856 84.62 742.69
14 0.8717 135.75 1360.49
15 0.9655 217.70 2506.95

3.3.3.4 Elementwise Operations

The global mass matrix Mk and reference mass matrix M can be defined as

Mk
ij =

ˆ
Ωk

h

lki (x)l
k
j (x) dΩ = Jk

ˆ
I

li(r)lj(r)dr = JkMij (3.67)

where Jk is constant for the three-dimensional simplex. Given that V is constructed using an
orthonormal basis, it follows that Mk = Jk(V V ⊺)−1.

From the chain rule, it can be shown that

∂

∂x
=
∂r

∂x
Dr +

∂s

∂x
Ds +

∂t

∂x
Dt (3.68)
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∂

∂y
=
∂r

∂y
Dr +

∂s

∂y
Ds +

∂t

∂y
Dt (3.69)

∂

∂z
=
∂r

∂z
Dr +

∂s

∂z
Ds +

∂t

∂z
Dt (3.70)

where Dr,Ds,Dt are differentiation operators. The derivative Vandermonde matrices are

Vr,(i,j) =
∂ψj

∂r

∣∣∣∣
ri

Vs,(i,j) =
∂ψj

∂s

∣∣∣∣
ri

Vt,(i,j) =
∂ψj

∂t

∣∣∣∣
ri

(3.71)

where the derivatives of the basis functions involve the chain rule with a, b, c:

∂ψj

∂r
=
∂a

∂r

∂ψj

∂a
,

∂ψj

∂s
=
∂a

∂s

∂ψj

∂a
+
∂b

∂s

∂ψj

∂b
,

∂ψj

∂t
=
∂a

∂t

∂ψj

∂a
+
∂b

∂t

∂ψj

∂b
+
∂c

∂t

∂ψj

∂c
. (3.72)

Defining the reference differentiation matrices

Dr = VrV
−1 Ds = VsV

−1 Dt = VtV
−1 (3.73)

the corresponding reference stiffness matrices are given by

Sr =MDr Ss =MDs St =MDt. (3.74)

Finally the right-hand side of the scheme requires the computation of the surface integral

ˆ
∂Ωk

h

n̂ · ghl
k
i (x) dΩ =

Nfp∑
j=1

n̂ · gj

ˆ
∂Ωk

h

lkj (x)l
k
i (x) dΩ (3.75)

where Nfp is the number of nodes on the faces of the element and gh is the flux or jump in flux.

Fortunately, this refers to the mass matrix of the faces, specifically it is the mass matrix
already developed in the two-dimensional case.

3.4 Curvilinear Elements

While the previous sections focused on discretizing the domain using straight-sided
simplices (lines, triangles, tetrahedra), accurately representing domains with curved boundaries
often necessitates the use of curvilinear elements.

These elements deform the standard straight-sided reference element I into a curved
element Ωk

h in the physical domain Ωh. These are generated by a non-linear mapping x = Ψ(r)

from the reference element I to the physical element Ωk
h. Often, this mapping Ψ is isoparametric,

using the same high-order basis functions li(r) as the solution approximation.

A key difference from straight-sided elements is that the Jacobian matrix of the transfor-
mation, Jmn = ∂xm/∂rn, and its determinant |J | = det(J) are no longer constant within the
element; they are functions of the reference coordinates r.
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This spatial variation affects calculations involving derivatives, which transform using
the inverse Jacobian J−1, and integrals, where the volume element transforms as dΩ = |J(r)|dr.
Consequently, element matrices, such as the mass matrix

Mk
ij =

ˆ
I

li(r)lj(r)|J(r)| dr, (3.76)

contain non-constant Jacobian terms within the integral.

Due to the presence of these spatially varying Jacobian terms, integrals required for
constructing the discrete system cannot usually be computed analytically. Instead, they must
be evaluated numerically, typically using Gauss quadrature rules or cubature rules defined on
the reference element I . While increasing computational complexity, this approach allows for
accurate geometric representation, crucial for many applications.

3.5 Handling Time Discretization

The choice of a time integration scheme is critical when solving time-dependent partial
differential equations using the DGTD method. This scheme dictates how the solution evolves
over time, directly impacting the fidelity and stability of the simulation. Its fundamental purpose
is to discretize the continuous temporal domain into steps, allowing for a step-by-step approxima-
tion of how physical phenomena change over a given period. An appropriately chosen integrator
ensures that the numerical solution remains stable and accurately reflects the true dynamics of
the system, including how waves propagate and maintain their shape.

When selecting an integration scheme for DGTD simulations, a balance must be struck
between several key factors:

• Accuracy: The scheme must ensure that the numerical approximation remains close to the
true solution. This involves minimizing errors introduced by the temporal discretization,
often measured by the formal order of accuracy.

• Stability: The numerical method must converge towards the expected behavior without
spurious oscillations or divergence. The stability region of a scheme determines the
maximum allowable time step size (∆t), particularly for explicit methods governed by
conditions like the Courant-Friedrichs-Lewy (CFL) limit [5].

• Computational Efficiency: This refers to the effective use of computational resources
(Central Processing Unit (CPU) time, memory per time step). An efficient scheme min-
imizes these costs while maintaining the desired levels of accuracy, stability, and wave
fidelity. This includes factors like the number of stages or function evaluations per step
and memory footprint (e.g., standard vs. low-storage schemes).
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• Dissipation and Dispersion: These relate to how well the scheme preserves wave charac-
teristics.

- Numerical Dissipation refers to the tendency of a scheme to artificially dampen the
amplitude of waves, particularly high-frequency components. While some dissipation
can be beneficial for suppressing noise, excessive dissipation can remove physically
important features.

- Numerical Dispersion refers to phase errors, where waves of different frequencies
propagate at incorrect speeds relative to each other. This can cause wave packets to
spread out or distort unrealistically.

Minimizing unwanted numerical dissipation and dispersion is crucial for simulations
where accurate wave propagation over long durations is required.

Commonly employed integration schemes include the RK family and the leapfrog method.
For DGTD applications, fourth-order RK (RK4) schemes are often favored over the second-
order leapfrog scheme. While leapfrog is non-dissipative, its dispersive errors and stability
properties can be less favorable compared to RK4, which generally offers a better balance of
accuracy, stability, and manageable (though non-zero) dissipation and dispersion for many wave
propagation problems.

Considering these factors, this work focuses on explicit RK methods for the temporal
integration. We specifically address the semi-discrete problem arising after spatial discretization

∂qh(x, t)

∂t
= Lh(qh(x, t), t) (3.77)

where qh(x, t) represents the spatially discretized solution vector, and Lh is the corresponding
semi-discrete operator.

A well-known and widely used example is the classic explicit fourth-order, four-stage
RK method, depicted in Algorithm 1. Its popularity stems from its simplicity and good balance
between accuracy and computational effort for many problems.
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Algorithm 1: Classic Runge-Kutta 4th Order Method (RK4)

1 Input: Initial condition qh(x, t0), time step ∆t, number of steps Nsteps;

2 Output: Final solution qh(x, tfinal);

3 Initialize q ← qh(x, t0);

4 for n← 1 to Nsteps do
5 tn ← t0 + n ·∆t;

6 Compute stage derivatives:;

7 k1 ← Lh(q, tn);

8 k2 ← Lh(q +
∆t
2
k1, tn +

∆t
2
);

9 k3 ← Lh(q +
∆t
2
k2, tn +

∆t
2
);

10 k4 ← Lh(q +∆tk3, tn +∆t);

11 Update solution for next step:;

12 q ← q + ∆t
6
(k1 + 2k2 + 2k3 + k4);

13 Return q;

However, a drawback of the standard RK4 algorithm (Algorithm 1) is its memory
requirement, as it necessitates storing four stage derivatives (k1 to k4) or intermediate solutions
simultaneously. For large-scale problems, this can be significant. A more memory-efficient
alternative is the low-storage, fourth-order, five-stage RK method presented in Algorithm 2.
Algorithm 2 [37]. This class of methods cleverly reuses intermediate results to achieve the
desired order of accuracy with minimal storage overhead (typically requiring storage only for
the solution vector qh and one or two auxiliary vectors like p and k). The specific coefficients for
one such popular scheme are listed in Table 5.
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Algorithm 2: Low-Storage Runge-Kutta 4th Order Method (5 Stages)

1 Input: Initial condition qh(x, t0), time step ∆t, number of steps Nsteps, coefficients
ai, bi, ci (from Table 5);

2 Output: Final solution qh(x, tfinal);

3 Initialize q ← qh(x, t0);

4 for n← 1 to Nsteps do
5 tn ← t0 + n ·∆t;

6 p← q;

7 k ← 0;

8 Compute stages:;

9 for i← 0 to 4 do
10 k ← ai · k +∆t · Lh(p, tn + ci∆t);

11 p← p+ bi · k;

12 Update solution:;
13 q ← p;

14 Return q;

Table 5 – Coefficients for a low-storage Runge-Kutta 4th Order, 5 stage method

i ai bi ci

0 0
1432997174477

9575080441755
0

1 − 567301805773

1357537059087

5161836677717

13612068292357

1432997174477

9575080441755

2 −2404267990393

2016746695238

1720146321549

2090206949498

2526269341429

6820363962896

3 −3550918686646

2091501179385

3134564353537

4481467310338

2006345519317

3224310063776

4 −1275806237668

842570457699

2277821191437

14882151754819

2802321613138

2924317926251

While the explicit RK methods discussed above are widely used due to their efficiency
per time step, they are only conditionally stable, meaning the time step ∆t must be kept below
a certain threshold (dictated by the CFL condition for hyperbolic problems like those often
solved with DGTD) to prevent instability. For problems where this stability constraint is overly
restrictive (e.g., stiff problems or when very fine spatial meshes are used), implicit integration
schemes offer an alternative. Implicit methods often possess better stability properties (sometimes
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unconditional stability), potentially allowing for much larger time steps, but come at the cost of
requiring the solution of a (potentially large and non-linear) system of equations at each stage or
time step, as shown schematically in Algorithm 3. This makes the computational cost per step
significantly higher than for explicit methods.

Algorithm 3: General Implicit Runge-Kutta Method

1 Input: Initial condition qh(x, t0), time step ∆t, number of steps Nsteps, Butcher tableau
(A, b, c) for s-stage method;

2 Output: Final solution qh(x, tfinal);

3 Initialize q ← qh(x, t0);

4 for n← 1 to Nsteps do
5 tn ← t0 + n ·∆t;

6 Solve coupled system:;
7 for i← 1 to s do
8 Solve for Ki in:;

9 Ki = Lh

(
q +∆t

∑s
j=1AijKj, tn + ci∆t

)
;

10 Update solution:;
11 q ← q +∆t

∑s
i=1 biKi;

12 Return q;

A classic example of a high-order implicit scheme is the 2-stage 4th-order Gauss-
Legendre method, whose coefficients are given in the Butcher tableau format in Table 6 [38].
Such methods are particularly useful for problems demanding high accuracy and strong stability
properties, despite their higher computational cost per step.

Table 6 – Butcher tableau for the Gauss-Legendre 2-stage, 4th-order implicit method

c1 a11 a12
c2 a21 a22

b1 b2

→

1

2
−
√
3

6

1

4

1

4
−
√
3

6

1

2
+

√
3

6

1

4
+

√
3

6

1

4

1

2

1

2
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CHAPTER 4

Discontinuous Galerkin Time-Domain Method Applied to
Electromagnetism

This chapter combines the DGTD from Chapter 3 with Maxwell’s equations from Chap-
ter 2, resulting in a powerful approach to solving complex problems in electromagnetism. It
provides insights into the fundamental principles of electromagnetic fields and enables accurate
and efficient solutions to real-world problems in this field. Additionally, several key concepts
used to model electromagnetic problems will be discussed, shedding light on the methods and
strategies necessary for accurate simulations and practical applications in electromagnetics.

4.1 The Discontinuous Galerkin Method

Maxwell’s curl equations for lossless linear media without sources [8] are defined as

¯̄µ(x)
∂H(x, t)

∂t
= −∇× E(x, t), (4.1)

¯̄ϵ(x)
∂E(x, t)

∂t
= ∇×H(x, t), (4.2)

where E and H are the electric and magnetic fields in the time domain, respectively. More-
over, ¯̄ϵ and ¯̄µ are the electric permittivity and the magnetic permeability tensors, respectively.
Furthermore, x and t indicate the spatial position and time, respectively.

In conservation form the aforementioned equations become [39] (derived in Appendix A.1)

Q(x)
∂ #»q (x, t)

∂t
+∇ · #»F( #»q ,x, t) = 0, (4.3)

where
#»q (x, t) =

[
H(x, t)

E(x, t)

]
, Q(x, t) =

[
¯̄µ(x, t) 0

0 ¯̄ϵ(x, t)

]
,
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#»F( #»q ) =
[

#»F 1,
#»F 2,

#»F 3

]⊺
,

#»F i(
#»q ) =

[
ei × E(x, t)
−ei ×H(x, t)

]
,

with
#»F being the flux and ei representing the three Cartesian unit vectors (i = 1, 2, 3). It is

important to note that the symbol F represents the Cartesian vector [Fx,Fy,Fz]
⊺ while

#»F
represents a general vector [F1,F2,F3,F4, . . .]

⊺. Therefore, ∇ · #»F = ∂
#»Fx/∂x + ∂

#»

F y/∂y +

∂
#»

F z/∂z has the same shape as
#»Fx,

#»F y and
#»F z.

Although the previous set of equations can be applied to anisotropic materials using the
tensor notation, the focus of the formulation herein will be on isotropic materials for simplicity.
This simplification is made by assuming scalar values for the permittivity ϵ and permeability µ.

The following section briefly applies the general framework presented in Section 3.2 to
the specific case of Equation (4.3).

4.1.1 The Galerkin Method

Assuming that Ωh is a tessellated finite region (bounded by ∂Ωh) of the physical domain
Ω with K non-overlapping elements (Ωk

h, bounded by ∂Ωk
h) where Equation (4.3) is solved. Thus

Ω ≈ Ωh =
K⋃
k

Ωk
h. (4.4)

Introducing a globally defined vector space Vh to approximate #»q (x, t) given that
Vh = ⊕K

k=1Vk
h where the locally defined vector spaces are defined as Vk

h = span
{
ψn(Ω

k
h)
}Np

n=1
.

Considering that Vh is piecewise smooth over Ωh, a local approximation #»q k
h(x, t) defined in the

local vector space Vh is [6]

#»q k
h(x, t) =

Np∑
n=1

#»

q̂ k
n(t) · ψn(x) =

Np∑
i=1

#»
q̃ k
h(xi, t) · li(x) x ∈ Ωk, (4.5)

where li are the interpolating Lagrange nodal basis functions which possess the Kronecker delta
property [40]. The relation between modal coefficients

#»

q̂ k
n(t) and nodal coefficients

#»
q̃ k
h(xi, t)

is given by the Vandermonde matrix [6]. The modal basis functions are usually chosen to be
normalized monomials, while the interpolating positions xi are spread in a Gauss-Lobatto alike
distribution, usually obtained by the Warp&Blend method [6].

By applying the Galerkin testing and integration by parts over Equation (4.3) locally for
each element, the strong variational formulation of Maxwell’s curl equations [40] can be derived
as
ˆ
Ωk

h

[
Q
∂ #»q k

h

∂t
+∇ · #»Fk

h(
#»q k

h)

]
· li(x) dΩ =

ˆ
∂Ωk

h

n̂ ·
[

#»Fk
h(

#»q k
h)−

#»F∗( #»q k
h)
]
· li(x) dΩ ∀li ∈ Vk

h , (4.6)
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where n̂ is the outward unit vector normal to the boundary surface ∂Ωk
h and Fk

h −F∗ are termed
as the numerical flux difference used for information exchange.

Within each element, the physical fields E(x, t) and H(x, t) are approximated by
Ek

h(x, t) and Hk
h(x, t) using nodal basis functions as

Ek
h(x, t) =

Np∑
i=1

ẽk
h(xi, t) · li(x) x ∈ Ωk

h, (4.7)

Hk
h(x, t) =

Np∑
i=1

h̃k
h(xi, t) · li(x) x ∈ Ωk

h, (4.8)

where ẽ and h̃ are the nodal coefficients.

After replacing Equations (4.7) and (4.8) into Equation (4.6), assuming that Q in Equa-
tion (4.3) is constant within each element for simplicity, the occurring integrals simplify to

Mk
ij =

ˆ
Ωk

h

li(x) · lj(x) dΩ, (4.9)

Sk
ij,s =

ˆ
Ωk

h

li(x) ·
∂lj(x)

∂s
dΩ s = x, y, z, (4.10)

F k
ij,f =

ˆ
∂Ωk

h

li(x) · lj(x) dΩ. (4.11)

where Mk is the mass matrix, Sk
s is the stiffness matrix along the s component and F k

f is the
face mass matrix for face f . Isolating the time derivatives one obtains

ϵk
∂ẽk

∂t
=
(
Mk
)−1 ·

[
Sk × h̃k +

∑
f

F k
f ·
(
n̂ ·
[
Fk

E −F∗
E

])]
, (4.12)

µk ∂h̃
k

∂t
=
(
Mk
)−1 ·

[
−Sk × ẽk +

∑
f

F k
f ·
(
n̂ ·
[
Fk

H −F∗
H

])]
, (4.13)

where Sk =
[
Sk
x , S

k
y , S

k
z

]⊺, and FE and FH are the fluxes related to the electric and magnetic
field, respectively.

4.1.2 Numerical Flux

Analyzing the simplest differential equation in conservation form allows for a better
understanding of the numerical flux. Specifically, examining the one-dimensional advection
equation

∂u(x, t)

∂t
+ λ

∂u(x, t)

∂x
= 0, (4.14)

where λ is its eigenvalue and λu(x, t) is the flux.
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The solution can be described as a waveform represented by the function u(x, 0), which
propagates with a velocity of magnitude |λ|. If λ is positive, the waveform moves towards the
right, while if λ is negative, it moves towards the left.

Examining the discontinuous function with u+ > u− given by

u(x, 0) = u+h(x− x0)− u−h(x− x0), (4.15)

where h(x) is the Heaviside step function generally defined as

h(x) =

0 if x < 0

1 if x > 0
, (4.16)

considering two infinite elements defined by the regions (−∞, x0] and [x0,−∞), the challenge
arises when attempting to calculate the flux at the discontinuity point x0 depicted in Figure 4. It is
not clear whether the value to be used should be u+, u−, or a combination of both. In this context,
the numerical flux λu∗ is defined, assuming that u∗ represents the value at the discontinuity
which may depend on both u+ and u−.

x

u(x, t)

x0

u+

u−

u∗

?

Figure 4 – Analysis of an advection function.

The determination of the numerical flux λu∗ is primarily influenced by the dynamics of
the partial differential equation under consideration. In the case of advection seen in Figure 5,
considering λ > 0, it is observed that after an infinitesimal time step ∆t, the waveform shifts
towards the right. Thus, selecting u∗ = u− would correspond to an upwind scheme, whereas
u∗ = (u− + u+)/2 would indicate a central scheme.

x

u(x, t)

x0

u+

u−

λu−
up wind fluxafter ∆t

λ > 0

λu++u−

2

central flux

Figure 5 – Analysis of an advection function after ∆t.
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Hence, the numerical flux corresponds to the uniquely determined flux at the point of
discontinuity. In this particular case, λu∗ is leaving the region (−∞, x0] and entering [x0,+∞)

given that λ > 0 and u+ > u−.

Other multidimensional problems can use the generalization of this approach since
a system of Partial Differential Equations (PDEs) can be expanded into a set of first order
Ordinary Differential Equations (ODEs) through diagonalization, which results in solving
multiple Riemann problems analytically or numerically.

In the case of the Maxwell’s equations with constant permittivity and permeability
inside each element, the numerical flux for the linear case can be derived analytically by
solving a Riemann’s problem with Rankine-Hugoniot jump conditions [6] along a normal
n̂. The mathematical development of the flux difference is shown in Appendix A.2 for the
one-dimensional case. Therefore, the numerical flux difference for the three-dimensional case
is [6]

n̂ · [ #»F − #»F∗] = n̂ ·

[
#»FH −

#»F∗
H

#»FE −
#    »FE

∗

]
=


1

{{Y }}
n̂× (Y +[E] + αn̂× [H ])

2

− 1

{{Z}}
n̂× (Z+[H ] + αn̂× [E])

2

 , (4.17)

where

[u] = u− − u+, (4.18a)

{{u}} = u− + u+

2
, (4.18b)

JuK = n̂−u− + n̂+u+, (4.18c)

Z± =
1

Y ± =

√
µ±

ϵ±
. (4.18d)

In this notation, “−” represents the local element while “+” represents the neighboring
element, as shown in Figure 6. The upwind parameter α ∈ [0, 1] ensures that the scheme is stable
and convergent. Setting α = 1 represents the pure upwind flux, whereas the central flux can be
recovered with α = 0.

µ−, ϵ−

µ+, ϵ+
#»q −

#»q +

n̂

Figure 6 – Notation used for the definition of numerical fluxes. The blue element color represents
the local element while the orange color represents a neighboring element.
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4.2 Boundary Conditions

In computational electromagnetics, boundary conditions are fundamental for truncating
finite domains while ensuring physical fidelity and numerical stability. Idealized reflective
boundaries include Perfect Electric Conductors (PECs) and Perfect Magnetic Conductors (PMCs),
which enforce strict electromagnetic constraints: PEC boundaries nullify the tangential electric
field (n̂ × E = 0) and the normal magnetic flux density (n̂ · B = 0), modeling perfectly
conductive surfaces. Conversely, PMC boundaries impose n̂×H = 0 on the tangential magnetic
field and n̂ ·D = 0 on the normal electric flux density, serving as idealized magnetic interfaces.
While these conditions are effective for enforcing symmetries or modeling conductors, their
total reflectivity makes them unsuitable for open-region problems where outgoing waves must
propagate indefinitely. To address this, ABCs like the Silver-Müller formulation approximate an
unbounded domain by partially absorbing outgoing radiation. The Silver-Müller ABC link the
tangential electric and magnetic fields through the medium’s impedance Z as

n̂× E = ZH, (4.19)

n̂×H = − 1

Z
E , (4.20)

where n̂ is the outward boundary normal. These conditions ensure that outgoing waves are
absorbed with minimal reflection for normally incident radiation. Though imperfect for oblique
incidence compared to advanced methods like PMLs, the Silver-Müller ABC balances simplicity
and absorption efficiency, mitigating spurious resonances in wave propagation and scattering
problems.

To incorporate boundary conditions into the DGTD method, the concept of virtual

elements is employed as an abstraction. Virtual elements are not physically present in the
computational domain but are conceptually introduced to represent the exterior side of the
boundary. These elements are defined to match the material properties of the adjacent physical
elements, i.e., Y − = Y + and Z− = Z+. In the DGTD framework, boundary conditions are
inherently imposed through the numerical flux, and virtual elements provide a consistent way to
calculate the flux jumps at boundaries as if the exterior region were explicitly represented. This
abstraction ensures that reflective conditions (PEC or PMC) or ABCs (e.g., Silver-Müller) are
naturally embedded into the flux formulation. Since the flux is the only mechanism through which
boundary conditions can be enforced in DGTD, virtual elements are not merely a simplification
but a fundamental requirement for correctly handling wave interactions at domain boundaries.

The treatment of a PEC boundary involves enforcing the condition n̂× E∗ = 0, where
E∗ is the numerical electric field at the boundary. Focusing on the magnetic part of the numerical
flux from Equation (4.17), the expression can be rewritten as

n̂ ·
(

#»FH −
#»F∗

H

)
= n̂×

(
E− − E∗) = n̂× Y +[E ]

2{{Y }}
+

n̂× αn̂× [H]

2{{Y }}
. (4.21)
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Here, [E ] = E− − E+ and [H] = H− −H+ represent the jumps in the electric and magnetic
fields across the boundary, respectively. The terms {{Y }} and α denote the average admittance
and the flux parameter which control the flux behavior, respectively.

To enforce the PEC condition, [H] = 0 is imposed. Since the material properties of the
physical element and the virtual element are considered to be identical (Y − = Y +), the flux
expression simplifies to

n̂×
(
E− − E∗) = n̂× [E ]

2
. (4.22)

Enforcing n̂ × E∗ = 0 at the boundary implies that the jump in the electric field satisfies
[E ] = 2E−. This result can also be interpreted from the perspective of the central flux: setting
[H] = 0 is equivalent to choosing α = 0, which corresponds to the central flux. The central
flux defines the numerical field E∗ as the average of the neighboring elements’ values, i.e.,
E∗ = 1

2
(E− + E+). For E∗ = 0, this implies E+ = −E−, leading to [E ] = E− − E+ = 2E−.

A similar procedure applies to the PMC boundary condition. In this case, the electric
part of the flux is modified to ensure n̂×H∗ = 0. By duality with the PEC case, this leads to
[E ] = 0 and [H] = 2H−, ensuring the correct behavior for the magnetic field at the boundary.

For the Silver-Müller boundary condition, the goal is to absorb outgoing waves as if they
were propagating as plane waves normal to the interface. This requires enforcing the impedance
conditions n̂ × E = ZH or n̂ ×H = −Y E . To achieve this, the jump terms in the flux are
modified such that [E ] = E− and [H] = H− [41]. This ensures that the numerical flux mimics
the behavior of an ABC, allowing outgoing waves to propagate without significant reflections.

All these common boundary conditions that are naturally imposed [40] directly into
Equation (4.17) are summarized in Table 7.

Table 7 – Field differences for commonly used boundary conditions

Boundary Condition [E] [H]

Perfect Electric Conductor (PEC) 2E− 0
Perfect Magnetic Conductor (PMC) 0 2H−

First Order Absorbing (Silver-Müller) E− H−

4.3 Perfect Matched Layers

PMLs have many advantages over ABCs including being independent of frequency, wave
polarization, and angle of incidence. The general time-harmonic Maxwell’s equations within the
frequency domain in the uniaxial PML medium [36] are given by

∇×H(x, ω) = jω ¯̄ΛeϵE(x, ω), (4.23)



Chapter 4. Discontinuous Galerkin Time-Domain Method Applied to Electromagnetism 58

∇×E(x, ω) = −jω ¯̄ΛmµH(x, ω), (4.24)

where

¯̄Λe ≡


sy,esz,e
sx,e

0 0

0
sx,esz,e
sy,e

0

0 0
sx,esy,e
sz,e

 , ¯̄Λm ≡


sy,msz,m
sx,m

0 0

0
sx,msz,m
sy,m

0

0 0
sx,msy,m
sz,m

 , (4.25)

given that the uniaxial PML parameters for i = x, y, z are

si,e = ki +
σi,e
jωϵ0

, si,m = ki +
σi,m
jωµ0

, (4.26)

where the ratio σe/ϵ0 = σm/µ0 must be enforced.

Directly implementing Equations (4.23) and (4.24) leads to a convolution between the
tensor coefficients and the electromagnetic fields which is computationally intensive. A better
approach is to define constitutive relationships to decouple the frequency terms, specifically

D(x, ω) = ¯̄seϵE(x, ω), (4.27)

B(x, ω) = ¯̄smµH(x, ω), (4.28)

with

¯̄se ≡


sz,e
sx,e

0 0

0
sx,e
sy,e

0

0 0
sy,e
sz,e

 ¯̄sm ≡


sz,m
sx,m

0 0

0
sx,m
sy,m

0

0 0
sy,m
sz,m

 . (4.29)

To simplify the notation, the e index will be omitted when considering electric variables.
Starting by replacing Equation (4.25) into Equation (4.23) and expanding the components leads
to 

∂Hz(x, ω)

∂y
− ∂Hy(x, ω)

∂z
∂Hx(x, ω)

∂z
− ∂Hz(x, ω)

∂x
∂Hy(x, ω)

∂x
− ∂Hx(x, ω)

∂y

 = jω

s
−1
x sysz 0 0

0 s−1
y szsx 0

0 0 s−1
z sxsy

 ϵ
Ex(x, ω)

Ey(x, ω)

Ez(x, ω)

 . (4.30)

Replacing Equation (4.29) into Equation (4.27) gives

Dx(x, ω)

Dy(x, ω)

Dz(x, ω)

 =


sz
sx

0 0

0
sx
sy

0

0 0
sy
sz

 ϵ
Ex(x, ω)

Ey(x, ω)

Ez(x, ω)

 . (4.31)
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Therefore, combining Equations (4.30) and (4.31) leads to the intermediate stage

∂Hz(x, ω)

∂y
− ∂Hy(x, ω)

∂z
∂Hx(x, ω)

∂z
− ∂Hz(x, ω)

∂x
∂Hy(x, ω)

∂x
− ∂Hx(x, ω)

∂y

 = jω

sy 0 0

0 sz 0

0 0 sx


Dx(x, ω)

Dy(x, ω)

Dz(x, ω)

 , (4.32)

which can be easily transformed back to the time domain through the inverse Fourier transform,
resulting in the following set of equations

∂Hz(x, t)

∂y
− ∂Hy(x, t)

∂z
= κy

∂Dx(x, t)

∂t
+
σy
ϵ0
Dx(x, t), (4.33)

∂Hx(x, t)

∂z
− ∂Hz(x, t)

∂x
= κz

∂Dy(x, t)

∂t
+
σz
ϵ0
Dy(x, t), (4.34)

∂Hy(x, t)

∂x
− ∂Hx(x, t)

∂y
= κx

∂Dz(x, t)

∂t
+
σx
ϵ0
Dz(x, t), (4.35)

while the electric auxiliary equations are also transformed to the time domain leading to

κx
∂Dx(x, t)

∂t
+
σx
ϵ0
Dx(x, t) = ϵ

[
κz
∂Ex(x, t)

∂t
+
σz
ϵ0
Ex(x, t)

]
, (4.36)

κy
∂Dy(x, t)

∂t
+
σy
ϵ0
Dy(x, t) = ϵ

[
κx
∂Ey(x, t)

∂t
+
σx
ϵ0
Ey(x, t)

]
, (4.37)

κz
∂Dz(x, t)

∂t
+
σz
ϵ0
Dz(x, t) = ϵ

[
κy
∂Ez(x, t)

∂t
+
σy
ϵ0
Ez(x, t)

]
. (4.38)

Applying the same procedure to Equations (4.24) and (4.28), results in

−∂Ez(x, t)
∂y

+
∂Ey(x, t)

∂z
= κy

∂Bx(x, t)
∂t

+
σm,y

µ0

Bx(x, t), (4.39)

−∂Ex(x, t)
∂z

+
∂Ez(x, t)

∂x
= κz

∂By(x, t)
∂t

+
σm,z

µ0

By(x, t), (4.40)

−∂Ey(x, t)
∂x

+
∂Ex(x, t)

∂y
= κx

∂Bz(x, t)
∂t

+
σm,x

µ0

Bz(x, t), (4.41)

and likewise, the magnetic auxiliary equations are given by

κx
∂Bx(x, t)

∂t
+
σm,x

µ0

Bx(x, t) = µ

[
κz
∂Hx(x, t)

∂t
+
σm,z

µ0

Hx(x, t)

]
, (4.42)

κy
∂By(x, t)

∂t
+
σm,y

µ0

By(x, t) = µ

[
κx
∂Hy(x, t)

∂t
+
σm,x

µ0

Hy(x, t)

]
, (4.43)

κz
∂Bz(x, t)

∂t
+
σm,z

µ0

Bz(x, t) = µ

[
κy
∂Hz(x, t)

∂t
+
σm,y

µ0

Hz(x, t)

]
. (4.44)
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To summarize, the direct solution of Equations (4.23) and (4.24) leads to a convolution
integral in the time domain. However, this can be avoided by employing two ADEs: Equa-
tions (4.27) and (4.28). Therefore, instead of calculating the next step of E(x, t) directly from
H(x, t), now the next step of E(x, t) is calculated from D(x, t) which is calculated from
H(x, t) as seen in Equations (4.33) to (4.35) and Equations (4.36) to (4.38), respectively. The
same happens for the next step of the magnetic field H(x, t) that could be calculated from
E(x, t), now the next step of H(x, t) is calculated from B(x, t) which is calculated from E(x, t)
as seen in Equations (4.39) to (4.41) and Equations (4.42) to (4.44), respectively. Hence, using
the constitutive relationships as an intermediate stage and then applying the inverse Fourier
transform, precisely the identity jωf(ω) = ∂f(t)/∂t, yields a system of time-domain differen-
tial equations [5]. This system can be straightforwardly implemented into the Discontinuous
Galerkin (DG) method [40].

Furthermore, the electric flux density D(x, t) and the magnetic flux density B(x, t)

retain their physical interpretations beyond the boundaries of the uniaxial PML region. Moreover,
rather than modifying the parameter κi individually for i = x, y, z, it is generally simpler and
equivalent from an implementation point of view to set ki = 1 for i = x, y, z and to alter the
geometry of the PML through stretching.

4.4 Sources

This section focuses on two widely employed approaches for incorporating sources in
the DGTD method: modeling current point sources and utilizing the Total-Field/Scattered-Field
(TF/SF) formulation. However, alternative methods are also viable, such as directly modifying
the magnetic field associated with the node positioned at x0 through H(x0, t) = n̂×J (x0, t),
or employing waveports to inject analytical solutions into the jump terms of the flux [17].

4.4.1 Current Point Source

The simplest approach to address this issue is by incorporating the source term J (x, t)

found in Maxwell’s equations. This can be seen in the following equation

∇×H(x, t) = ϵ(x, t)
∂E(x, t)

∂t
+J (x, t). (4.45)

This method is highly attractive for modeling point sources as they can be easily repre-
sented by a singular current distribution like

J (x, t) = I0l · f(t) · δ3(x− x0), (4.46)
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where I0l is current moment, f(t) is its waveform and δ3(·) denotes the three-dimensional Dirac
distribution.

Unfortunately, Lagrange polynomials are known to be inadequate in accurately deter-
mining field values near x0 where the values are theoretically infinite. In order to obtain the
distribution of a field in the vicinity of x0, it would be necessary to significantly increase the
mesh refinement locally, resulting in smaller time steps.

4.4.2 The Total Field/Scattered Field Formulation

Based on the Huygen’s principle, it is possible to split the computational domain into two
regions: the Total-Field Region (TFR) and Scattered-Field Region (SFR). This technique, known
as the TF/SF formulation [36], is widely used in the FDTD method. It relies on the linearity of
Maxwell’s equations and the known scattering relation

#»q tot(x, t) =
#»q inc(x, t) +

#»q scat(x, t). (4.47)

The subscripts “tot”, “scat”, and “inc” indicate the total, scattered and incident, i.e.,
physical fields, respectively. The incident field is a known analytical expression, e.g., a plane
wave. An illustration of the scheme is shown in Figure 7.

Interface Surface

Scattered Elements

Region

Region

Total Elements

Interface

Scattered

Total

Interface

Figure 7 – Illustration of the TF/SF scheme.

Due to linearity, Equation (4.3) is still valid in the TFR and SFR. Hence, the following
equations

Q
∂ #»q tot(x, t)

∂t
+∇ · #»F( #»q tot(x, t),x, t) = 0, (4.48)

Q
∂ #»q scat(x, t)

∂t
+∇ · #»F( #»q scat(x, t),x, t) = 0, (4.49)

are solved in their respective domains. The field differences are

[ #»q tot(x, t)] =
#»q −

tot(x, t)− #»q +
tot(x, t), (4.50)

[ #»q scat(x, t)] =
#»q −

scat(x, t)− #»q +
scat(x, t). (4.51)
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As long as the local element is within TFR or SFR, the evaluation is straightforward. The
only change happens at interface elements sharing a face, indicated in Figure 7, with the TF/SF
interface surface. If the local element is in the TFR, the field difference is updated to

[ #»q (x, t)]tot =
#»q −

tot(x, t)− #»q +
scat(x, t)− #»q inc(x, t), (4.52)

while if the local element is within the SFR

[ #»q (x, t)]scat =
#»q −

scat(x, t)− #»q +
tot(x, t) +

#»q inc(x, t). (4.53)

The use of Equation (4.53) can be seen in Figure 8 considering a one-dimensional electric
field analyzed from the perspective of an element in the SFR region. As shown, the total electric
field E+scat in the TFR is converted to its scattered counterpart E+scat by subtracting the incident
field Einc. The resulting [E ]scat is then used in the calculation of the flux difference.

This formulation has the requirement that all electromagnetic fields must approach zero
at t = 0 everywhere [40].

x

E(x, t)

x0

E+tot

E+tot − Einc

E−scat
-[E ]scat

Scattered Region Total Region

Einc

Figure 8 – One-dimensional TF/SF scheme.
Conversion considering an element within the SFR.



63

CHAPTER 5

DGTD Method Applied to General Dispersive Materials

The DGTD method offers an effective approach for solving electromagnetic problems,
particularly in scattering, wave propagation, and antenna analysis [42, 43, 44, 45, 46]. It combines
the geometric flexibility of the FEM [8] with, to some extent, the versatility of explicit time
integration of the FDTD method [5].

In this chapter, the standard DGTD framework for solving Maxwell’s equations [6] is
extended to handle general dielectric dispersive media modeled by the CCPR model [26] and to
incorporate a dispersive PML absorbing boundary condition in a modular way. Unlike earlier
approaches based on Padé approximants that rely on Scattering Boundary Condition (SBC)
for domain truncation [47] or demand extra space between the scatterer and the PML [48],
the proposed DGTD formulation is a generalization of [22] that allows for direct truncation
of dispersive materials without any additional free space. It incorporates a general dielectric
dispersive CCPR model [17] while extending the uniaxial PML [16] to match general dispersive
media, enabling efficient simulation of open space [28].

This formulation first solves the standard Maxwell equations across the entire domain,
providing a unified baseline. Additional terms, such as those for PML or dispersive media
modeled using vector fitting [27], are then selectively added through the ADE approach, in a
plug-and-play fashion. Depending on each region’s characteristics—dispersive media, simple
dielectric PML, or dispersive PML—additional differential equations and correction terms are
incorporated as needed (see Figure 9). This modular approach activates specific extensions only
in targeted regions, enabling efficient batch processing and scalable computation. The careful
definition of ADE terms, particularly for boundary conditions in dispersive media, ensures the
algorithm remains adaptable and modular.

The main advantage of this approach is its modularity, combined with the ability to
directly truncate general dispersive media without any additional free space. It is particularly
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beneficial for wideband problems [23, 24, 25] in open domains, where multiple dispersion terms
are required to capture material behavior across a broad frequency range efficiently.

Additionally, incident fields are naturally incorporated using the TF/SF formulation [5].
Numerical validation is performed by comparing the DGTD solutions of two-dimensional and
three-dimensional canonical scattering problems with their analytical counterparts.

5.1 Mathematical Formulation

Maxwell’s curl equations for lossless linear media without sources [8] are written as

¯̄µ(r)
∂H(r, t)

∂t
+∇× E(r, t) = 0, (4.1 revisited)

¯̄ϵ(r)
∂E(r, t)
∂t

−∇×H(r, t) = 0, (4.2 revisited)

where E and H are the electric and magnetic fields in the time domain, respectively. Additionally,
¯̄ϵ and ¯̄µ are the electric permittivity and the magnetic permeability tensors, respectively. Further-
more, r and t indicate the spatial and temporal dependencies, respectively. In conservation form,
the aforementioned equations become [39]

Q(r)
∂ #»q (r, t)

∂t
+∇ · #»F( #»q , r, t) = 0. (4.3 revisited)

For simplicity, any medium in this work is considered isotropic.

5.1.1 Dispersive Media Modeling

A general dispersive dielectric material can be modeled by considering its permittivity
ϵ(ω) as ϵ0ϵ∞ + ϵ0χe(ω), where ϵ∞ is the high frequency relative permittivity limit and χe(ω) is
the frequency-dependent electric susceptibility. Specifically, using the CCPR model [26], χe(ω)

can be expanded as

χe(ω) =
R∑

r=1

(
cr

jω − ar
+

c∗r
jω − a∗r

)
, (5.1)

where R is the number of poles, cr and ar are the model’s parameters obtained from data fitting.

This dispersion model can be incorporated via the electric constitutive equation as

jωD(r, ω) = jωϵ0ϵ∞E(r, ω) + jωϵ0χe(ω)E(r, ω). (5.2)

The aforementioned equation can be decomposed into the following system of equations

jωD(r, ω) = jωϵ0ϵ∞E(r, ω) + ϵ0K(r, ω), (5.3)

K(r, ω) = jωχe(r, ω)E(r, ω). (5.4)
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By introducing the following definitions

Pr(x, ω) =
cr

jω − ar
E(x, ω), (5.5)

P ′
r(x, ω) =

c∗r
jω − a∗r

E(x, ω), (5.6)

where both of them can be easily converted back to the time-domain as

∂Pr(x, t)

∂t
− arPr(x, t) = crE(x, t), (5.7)

∂P ′
r(x, t)

∂t
− a∗rP ′

r(x, t) = c∗rE(x, t), (5.8)

Equation (5.4) can be rewritten as

K(x, ω) = jω
R∑

r=1

(Pr(x, ω) + P ′
r(x, ω)) . (5.9)

Since E(x, t) ∈ R, it implies that P ′
r(x, t) = P∗

r(x, t), resulting in its time-domain equation to
be

K(x, t) = 2
R∑

r=1

ℜ
{
∂Pr(x, t)

∂t

}
, (5.10)

with only one of ADEs (5.7) or (5.8) needing to be solved. Therefore, within a dispersive
material, (4.2) becomes

∇×H(r, t) = ϵ0ϵ∞
∂E(r, t)
∂t

− 2ϵ0

R∑
r=1

ℜ
{
∂Pr(r, t)

∂t

}
, (5.11)

and an additional ADE of a polarization field Pr for every pole r is solved

∂Pr(r, t)

∂t
= arPr(r, t) + crE(r, t). (5.12)

5.1.2 Perfectly Matched Layer

To truncate unbounded domains, the uniaxial PML [16] technique can be used by
introducing matched artificial conductivities in the outer regions of the grid to absorb outgoing
waves. This PML is incorporated by modifying the electrical constitutive equation to

jωD(x, ω) = jω ¯̄Λϵ0ϵ∞E(x, ω), (5.13)

where the tensor ¯̄Λ is defined as

¯̄Λ =

sysz/sx 0 0

0 sxsz/sy 0

0 0 sxsy/sz

 , (5.14)
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with si = 1 + σi/jω for i = x, y, z. Equation (5.13) can be rewritten as [40]

jωD(x, ω) = jωϵ0ϵ∞E(x, ω) + jω( ¯̄Λ− I)ϵ0ϵ∞E(x, ω), (5.15)

which it can be further decomposed into the following set of equations

jωD(x, ω) = jωϵ0ϵ∞E(x, ω) + ϵ0U(x, ω), (5.16)

U(x, ω) = jω( ¯̄Λ− I)ϵ∞E(x, ω). (5.17)

By defining the following coefficients

¯̄σ0 =

σx 0 0

0 σy 0

0 0 σz

 , ¯̄σ1 =

σyσz 0 0

0 σxσz 0

0 0 σxσy

 ,

¯̄σ2 =

σy + σz − σx 0 0

0 σx + σz − σy 0

0 0 σx + σy − σz

 ,
Equation (5.17) can be expanded to

¯̄σ0U(x, ω) = ¯̄σ1ϵ∞E(x, ω) + jω [−U(x, ω) + ¯̄σ2ϵ∞E(x, ω)] . (5.18)

The following substitution

K(x, ω) = −U(x, ω) + ¯̄σ2ϵ∞E(x, ω), (5.19)

results in the following equation after some simplifications

jωK(x, ω) = −¯̄σ0K(x, ω) + (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ∞E(x, ω), (5.20)

which in the time domain simply becomes

∂K(r, t)

∂t
= −¯̄σ0K(r, t) + (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ∞E(r, t). (5.21)

The same procedure can be applied to the magnetic field, resulting in the following ADE

∂G(r, t)
∂t

= −¯̄σ0G(r, t) + (¯̄σ0 ¯̄σ2 − ¯̄σ1)H(r, t). (5.22)

Finally, the set of equations to be solved within the uniaxial PML is given by

∇×H(x, t) = ϵ0ϵ∞
∂E(x, t)

∂t
− ϵ0K(x, t) + ¯̄σ2ϵ0ϵ∞E(x, t), (5.23)

∇× E(x, t) = −µ0
∂H(x, t)

∂t
− µ0G(x, t) + ¯̄σ2µ0H(x, t), (5.24)

∂K(x, t)

∂t
= −¯̄σ0K(x, t) + (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ∞E(x, t), (5.25)

∂G(x, t)
∂t

= −¯̄σ0G(x, t) + (¯̄σ0 ¯̄σ2 − ¯̄σ1)H(x, t). (5.26)
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5.1.3 PML Matched to General Dispersive Media

In order to properly truncate dispersive media, it is necessary to incorporate the PML
equations in tandem with the dispersive medium model. In this case, the electric constitutive
equation becomes

jωD(x, ω) = jω[I + (¯̄Λ− I)]ϵ0 (ϵ∞ + χe(x, ω))E(x, ω). (5.27)

Expanding the previous equation leads to

jωD(x, ω) =

simple dielectric︷ ︸︸ ︷
jωϵ0ϵ∞E(x, ω)+

simple PML︷ ︸︸ ︷
jω( ¯̄Λ− I)ϵ0ϵ∞E(x, ω)

+ jωϵ0χe(x, ω)E(x, ω)︸ ︷︷ ︸
dispersive media

+ jω( ¯̄Λ− I)ϵ0χe(x, ω)E(x, ω)︸ ︷︷ ︸
coupling: PML + dispersive media

(5.28)

where the simple dielectric, the dispersive media, and the simple PML terms have already been
addressed in the previous subsections. Therefore, we focus next on the remaining coupling term.

By writing Equation (5.28) as the following set of equations

jωD(x, ω) = jωϵ0ϵ∞E(x, ω) + jωϵ0χe(x, ω)E(x, ω)

+ jω( ¯̄Λ− I)ϵ0ϵ∞E(x, ω) + ϵ0R(x, ω), (5.29)

R(x, ω) = jω( ¯̄Λ− I)χe(x, ω)E(x, ω), (5.30)

and considering the subsequent definition

R(x, ω) =
R∑

r=1

Rr(x, ω), (5.31)

Equation (5.30) can be rewritten as a sum of ADEs associated to each pole r as

jωRr(x, ω) = −¯̄σ0Rr(x, ω) + (jω ¯̄σ2 + ¯̄σ1) (Pr(x, ω) + P ′
r(x, ω)) (5.32)

with its time-domain counterpart being

∂Rr(x, t)

∂t
= −¯̄σ0Rr(x, t) + 2¯̄σ1ℜ{Pr(x, t)}+ 2¯̄σ2ℜ

{
∂Pr(x, t)

∂t

}
. (5.33)

Therefore, the set of equations to be solved are

ϵ0ϵ∞
∂E(x, t)

∂t
= ∇×H(x, t) + ϵ0K(x, t)− ¯̄σ2ϵ0ϵ∞E(x, t)

− 2ϵ0

R∑
r=1

ℜ
{
∂Pr(x, t)

∂t

}
− ϵ0

R∑
r=1

Rr(x, t), (5.34)

µ0
∂H(x, t)

∂t
= −∇× E(x, t) + µ0G(x, t)− ¯̄σ2µ0H(x, t), (5.35)
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∂K(x, t)

∂t
= −¯̄σ0K(x, t) + (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ∞E(x, t), (5.36)

∂G(x, t)
∂t

= −¯̄σ0G(x, t) + (¯̄σ0 ¯̄σ2 − ¯̄σ1)H(x, t), (5.37)

∂Pr(x, t)

∂t
= arPr(x, t) + crE(x, t), r = 1, . . . , R, (5.38)

∂Rr(x, t)

∂t
= −¯̄σ0Rr(x, t)+2¯̄σ2ℜ

{
∂Pr(x, t)

∂t

}
+2¯̄σ1ℜ{Pr(x, t)} r = 1, . . . , R. (5.39)

5.1.4 Modular Implementation

An examination of all possible scenarios makes it evident that the (simple) dielectric
case, Equations (4.1) and (4.2), the dispersive media case, Equations (4.1), (5.11) and (5.12),
and the dielectric PML case, Equations (5.23) to (5.26), are just specific instances of the more
general dispersive PML case, Equations (5.34) to (5.39). Notably, while the (simple) dielectric
media case can be computed for the entire domain directly, other regions only require respective
additional terms according to their specific characteristics. This modular approach is illustrated
in Figure 9.
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= −¯̄σ0Rr(x, t) + 2¯̄σ1ℜ{Pr(x, t)}+ 2¯̄σ2ℜ

{
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∂t
= arPr(x, t) + crE(x, t) r = 1, . . . , R

Figure 9 – Illustration of the modular implementation of Maxwell’s equations containing disper-
sive media truncated by dispersive PML

The system of equations is solved synchronously, with each timestep iteration computing
the Right-Hand Side (RHS) numerically. Initially, Maxwell’s equations for dielectric media
are computed across the entire computational domain using the respective nodal fields E and
H (highlighted in orange). If the region is dispersive, additional auxiliary fields Pr are added
in place to the RHS, updating the previously calculated values for that region based on their
respective ADE (highlighted in red). In regions with dielectric PML, the RHS is updated in

place with terms involving the nodal fields G and K, which are calculated using their respective
ADEs (highlighted in gray). In regions with dispersive PML, the updates for both dispersive
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media and dielectric PML are combined, introducing an additional coupling Rr (highlighted in
yellow). Auxiliary fields are defined only when needed, and region updates are performed via
array indexing.

5.2 The Discontinous Galerkin Method

Assume that Ωh is a tessellated finite region (bounded by ∂Ωh) of the physical domain Ω

with K non-overlapping elements (Ωk
h, bounded by ∂Ωk

h) where Equation (4.3) is to be solved.
Thus

Ω ≈ Ωh =
K⋃
k

Ωk
h. (5.40)

A globally defined vector space Vh is introduced to approximate #»q (r, t) given that Vh = ⊕K
k=1Vk

h ,
where the locally defined vector spaces are defined as Vk

h = span
{
ψn(Ω

k
h)
}Np

n=1
. Considering that

Vh is piecewise smooth over Ωh, a local approximation #»q k
h(r, t) is defined in the local vector

space Vh [6]

#»q k
h(r, t) =

Np∑
n=1

#»

q̂ k
n(t) · ψn(r) =

Np∑
i=1

#»
q̃ k
h(r, t) · li(r) r ∈ Ωk, (5.41)

where li are the interpolating Lagrange nodal-basis which possess the Kronecker delta prop-
erty [40]. The relation between modal coefficients

#»

q̂ k
n(t) and nodal coefficients

#»
q̃ k
h(r, t) is

given by the Vandermonde matrix [6]. The modal-basis are usually chosen to be normalized
monomials, while the interpolating positions r are spread in a Gauss-Lobatto alike distribution,
usually obtained by the Warp-Blend method [6].

By applying the Galerkin testing and local integration by parts over Equation (4.3) for
each element, the strong variational formulation of Maxwell’s curl equations [40] writes as
ˆ
Ωk

h

[
Q
∂ #»q k

h

∂t
+∇ · #»Fk

h(
#»q k

h)

]
· li(x) dΩ =

ˆ
∂Ωk

h

n̂ ·
[

#»Fk
h(

#»q k
h)−

#»F∗( #»q k
h)
]
· li(x) dΩ ∀li ∈ Vk

h , (5.42)

where n̂ is the outward unit vector normal to the boundary surface ∂Ωk
h and Fk

h − F∗ are
termed as the numerical flux difference used for inter-element coupling. Within each element,
the physical fields E(x, t) and H(x, t) are approximated by Ek

h(x, t) and Hk
h(x, t) using nodal

basis functions as

Ek
h(x, t) =

Np∑
i=1

ẽk
h(xi, t) · li(x) x ∈ Ωk

h, (5.43)

Hk
h(x, t) =

Np∑
i=1

h̃k
h(xi, t) · li(x) x ∈ Ωk

h, (5.44)
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where ẽk
h and h̃k

h are the nodal coefficients. After replacing Equations (5.43) and (5.44) into Equa-
tion (5.42) and assuming that Q in Equation (4.3) is constant within each element for simplicity,
the integrals simplify to

Mk
ij =

ˆ
Ωk

h

li(x) · lj(x) dΩ, (5.45)

Sk
ij,s =

ˆ
Ωk

h

li(x) ·
∂lj(x)

∂s
dΩ s = x, y, z, (5.46)

F k
ij,f =

ˆ
∂Ωk

h

li(x) · lj(x) dΩ, (5.47)

where Mk is the mass matrix, Sk
s is the stiffness matrix along the s component, and F k

f is the
face mass matrix for face f . By isolating the time-derivatives and approximating the fields K, G,
P , R in a similar fashion as in Equations (5.43) and (5.44), one obtains

ϵ0ϵ
k
∞
∂ẽk

∂t
=
(
Mk
)−1 ·

[
Sk × h̃k +

∑
f

F k
f ·
(
n̂ ·
[

#»Fk
E −

#»F∗
E

])]

+ ϵ0k̃
k − ¯̄σ2ϵ0ϵ

k
∞ẽk − 2ϵ0

R∑
r=1

ℜ
{
∂p̃k

r

∂t

}
− ϵ0

R∑
r=1

r̃r, (5.48)

µ0
∂h̃k

∂t
=
(
Mk
)−1 ·

[
−Sk × ẽk +

∑
f

F k
f ·
(
n̂ ·
[

#»Fk
H −

#»F∗
H

])]
+ µ0g̃

k − ¯̄σ2µ0h̃
k, (5.49)

∂k̃k

∂t
= −¯̄σ0k̃k + (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ∞ẽk, (5.50)

∂g̃k

∂t
= −¯̄σ0g̃k + (¯̄σ0 ¯̄σ2 − ¯̄σ1) h̃

k, (5.51)

∂p̃k
r

∂t
= arp̃

k
r + crẽ

k r = 1, . . . , R, (5.52)

∂r̃k
r

∂t
= −¯̄σ0r̃k

r + 2¯̄σ2ℜ
{
∂p̃k

r

∂t

}
+ 2¯̄σ1ℜ

{
p̃k
r

}
r = 1, . . . , R, (5.53)

where Sk =
[
Sk
x , S

k
y , S

k
z

]⊺, and FE and FH are the fluxes related to the electric and magnetic
field, respectively.

5.3 Numerical Results

This section validates the formulation by applying it to a two-dimensional canonical
problem that covers all previously described scenarios, confirming its accuracy and reliabil-
ity. Subsequently, the formulation is tested on a more complex three-dimensional problem to
demonstrate its effectiveness in addressing intricate scenarios.
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The explicit fourth-order Runge-Kutta method is used for time integration, with the time
step based on the minimum nodal distance [6]. Simplexes (triangles in 2D and tetrahedra in
3D) are chosen as grid elements. The upwind scheme is used for numerical flux and boundary
conditions are integrated into the flux calculation [6].

5.3.1 Two-Dimensional Scattering Problem

The proposed formulation is validated by analyzing the propagation of a TMz plane
wave with normal incidence into a region containing dispersive dielectric media. This setup
covers all possible scenarios: a PML truncating free space, free space itself, dispersive dielectric
media, and a PML truncating the dispersive media, as shown in Figure 10. In the simulation, the
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Figure 10 – Illustration of the two-dimensional case study.

incident field is given by

E inc(x, t) = g(t−√ϵ0µ0 x̂ · x)ẑ, (5.54)

Hinc(x, t) =

√
ϵ0
µ0

x̂× E inc(x, t), (5.55)

where g(t) is the cosine-modulated Gaussian waveform

g(t) = cos(2πfct) exp
(
−t2/τ 2

)
, (5.56)

with fc being its center frequency and τ representing its time constant. To analyze a frequency
band from 100 MHz to 500 MHz, fc was set to 300 MHz and τ was set to 0.8/fc seconds. To
ensure that the electromagnetic fields were zero at both the start and end of the simulation,
a time delay of 7τ was applied, and the fields were simulated for a total duration of 20τ . A
single Lorentz pole was used to model the dispersive dielectric media with its parameters set to
ω1 = 1.25× 2πfc, δ1 = 0.3× ω1, ∆ϵ = 2.5 and ϵ∞ = 1[26]. The computational domain of size
3λc × 2λc was considered, where λc is the wavelength of the central frequency. The mesh size
was set to 1/6λc and 1/12λc, resulting in a total of 570 and 2070 elements, respectively. The
PML profile was a second-degree polynomial with parameters chosen to achieve an attenuation
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Figure 11 – Electric field with 6th order elements at t = 7τ and 1/6λc mesh.

of 72 dB within the PML. The geometric dimensions and the electric field at a cross-section
along the propagation direction are shown in Figure 11.

To evaluate the impact of the frequency dependence of the dispersive dielectric media in
the simulation, the relative L2 error was calculated as

L2 Error =

√´
Ω
||En − Ea||2dΩ´
Ω
||Ea||2dΩ

, (5.57)

with a representing the analytical and n the numerical results. This error is determined by
taking the Fourier transform of the electric field from the time-domain numerical solution
and comparing it to the frequency-domain analytical solution, weighted by the incident field’s
frequency components.

Figure 12 shows how the error across the frequency band of interest changes with varying
element orders. The gray area represents the frequency spectrum of the incident field, with its
power spectrum aligned with the vertical axis of the error. The parabolic trend observed at lower
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Figure 12 – L2 error of the electric field varying the order of the elements.
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frequencies is related to the intensity of the incident field at those frequencies. As the frequency
moves away from the center frequency, the spectral energy decreases, leading to a reduction in
the denominator of Equation (5.57). The error also gradually increases with frequency due to
numerical grid dispersion. As frequency rises, the spatial sampling rate (number of elements per
wavelength) decreases, resulting in increased mesh dispersion. Figure 13 shows the convergence
rate of the L2 error at the center frequency 300 MHz with varying element orders. It was observed
that doubling the mesh density reduced the overall error by 20 dB with only minor variations in
the spectrum.
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Figure 13 – Convergence rate of the L2 error varying element orders at 300 MHz.

5.3.2 Three-Dimensional Scattering Problem

The next problem involves the electromagnetic scattering of a plane wave by a dispersive
dielectric sphere, as illustrated in Figure 14. The material properties of the sphere were deter-
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Figure 14 – Illustration of the three-dimensional case study.

mined using vector fitting with data from [49] for silver across the frequency range of 30 THz to
1200 THz. In contrast to [26], which employed six conjugate poles, a satisfactory approximation
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was achieved with only three conjugate poles through basin-hopping combined with non-linear
least squares optimization. The poles and residues of the fitted model are illustrated in Figure 15,
and their values are listed in Table 8.

10−1

100

101

n

data fit

0 200 400 600 800 1000 1200

Frequency [THz]

100

101

k

data fit

Figure 15 – Fitting of the refractive index n and extinction coefficient k of silver over the
frequency range from 30 THz to 1200 THz.

Table 8 – Poles and residues of the fitted model

Residues Poles
+0.27 + 2931j −0.03− 0.01j
−29.39 + 212j −18.60− 3.75j
+1.10 + 0.61j −0.37− 4.20j

The simulation was performed with a plane wave propagating in the z direction and the
electric field polarized along x. To analyze the time-domain response, considering the frequency
response of the material between 100 THz and 500 THz, the central frequency, fc, was set to 300

THz, with τ = 0.8/fc seconds. A time delay of 7τ was applied to ensure that the electromagnetic
fields were zero at the start of the simulation. The total duration of the simulation was also 7τ

seconds, which corresponds to the time when the electromagnetic incident field reaches its peak
value. The computational domain had dimensions of 1.5λc × 1.5λc × 1.5λc, where λc represents
the wavelength at the center frequency. The mesh size within the sphere was set to 1/15λc,
and up to 1/4λc within the PML, resulting in a total of 4752 elements. The PML employed a
second-degree polynomial profile, with parameters chosen to achieve an attenuation of 36 dB.
The width of the PML was 0.25λc, the width of the scattering region (excluding the PML) was
0.125λc, and the radius of the sphere was 0.25λc.

The absolute value of the electric field at the y = 0 plane is shown in Figure 16 while the
normalized error at two different planes, absolute difference between the numerical solution and
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Figure 16 – Absolute value of the electric field at the y = 0 plane at t = 7τ using 4th order
elements.
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Figure 17 – Normalized error ||En − Ea||/E0 of the electric field at t = 7τ using 4th order
elements at (a) y = 0 and (b) y = −0.375λc, excluding the PML, where E0 is the
amplitude of the incident field. The error slightly above 0 dB in (a) occurs only at
elements intersecting the sphere due to rapid electric field changes and discretization,
unlike (b), where the error stays below -40 dB.

the analytical solution [50] (with 50 terms) normalized by the amplitude the incident field, is
shown in Figure 17 using 4th order elements. The error is concentrated near the surface of the
sphere, as illustrated in Figure 17a. This discrepancy is attributed to the limited discretization of
the sphere, which has a significant impact on the accuracy of the near field. Taking into account
these factors, the relative L2 error was computed at the TF/SF interface, yielding a value of
1.04% with 4th order elements. The normalized error at one of the faces of the cube containing
the TF/SF interface is shown in Figure 17b. This finding indicates a strong agreement between
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the numerical and analytical solutions, especially considering the notable variation in permittivity
of the material analyzed.

5.4 Conclusion

This work has presented a new formulation of the DGTD method applied to electro-
magnetic scattering problems involving general dispersive media modeled by vector fitting. The
main contribution is enabling direct truncation of dispersive materials without the need for a
region of simple dielectric between the scatterer and the PML by extending the uniaxial PML to
handle general dispersive media based on the CCPR model. The formulation’s modularity allows
for flexible and efficient adaptation to various problem types, activating dispersive and/or PML
components as needed. Numerical results for two-dimensional and three-dimensional scattering
problems demonstrate excellent agreement with analytical solutions, showcasing the accuracy
and flexibility of the proposed method.



77

CHAPTER 6

DGTD Method Applied to Doubly Dispersive Materials

In recent years, the demand for advanced modeling techniques in electromagnetics has
increased substantially, as driven, for example, by the need to accurately simulate complex
materials with both electric and magnetic dispersive properties [51, 52].

In this chapter, the modular implementation of the DGTD method [29] is extended to
account for (a) doubly dispersive media exhibiting both dielectric and magnetic dispersion effects
and (b) grids with curvilinear elements [6], which enables more accurate modeling of complex
geometries. The proposed DGTD formulation is also capable of tackling unbounded domains.
While various methods have been proposed to handle unbounded domains, such as absorbing
boundary conditions [53, 28] or integral equation-based approaches [54], this work implements
an extension of the uniaxial PML technique [16] to general doubly dispersive media.

These advancements aim at extending the capability of the DGTD method to address a
wider range of electromagnetic problems [35, 55, 56], particularly those involving dispersive
materials [57, 58, 59, 60] with intricate shapes. The proposed algorithm is validated through
several examples that demonstrate its robustness and versatility.

6.1 Mathematical Formulation

6.1.1 Dispersive Media Modeling

In isotropic dispersive materials, the frequency-dependent permittivity can be expressed
as ϵ(ω) = ϵ0ϵ∞ + ϵ0χe(ω), where ϵ∞ represents the high-frequency relative permittivity and
χe(ω) is the electric susceptibility. Following the CCPR model [26], χe(ω) can be expanded as a
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sum of complex-conjugate pole pairs

χe(ω) =
R∑

r=1

(
cr

jω − ar
+

c∗r
jω − a∗r

)
, (6.1)

where R is the number of poles, and ar and cr are the model’s parameters that can be obtained
from data fitting. The magnetic permeability µ(ω) can sometimes exhibit a similar dispersive
behavior, modeled as µ0µ∞ + µ0χm(ω), where

χm(ω) =
S∑

s=1

(
ds

jω − bs
+

d∗s
jω − b∗s

)
, (6.2)

with S poles and corresponding parameters bs and ds.

6.1.2 Generalized Doubly Dispersive Formulation

The generalized doubly dispersive formulation is derived by introducing dual ADEs
within the modular implementation of the DGTD method based on the CCPR model introduced
in [29]. With the inclusion of the dual auxiliary fields, S and Q, the full set of governing
equations is presented in Figure 18.

6.1.3 The Discontinuous Galerkin Method

The DGTD method discretizes the spatial domain Ωh into K non-overlapping elements
Ωk

h, bounded by ∂Ωk
h, and approximates the solution using piecewise polynomial functions. This
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Figure 18 – Illustration of the modular implementation of Maxwell’s equations containing doubly
dispersive media truncated by PML.
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approach allows us to write the weak form of the generalized doubly dispersive formulation with
upwind numerical flux in bilinear form as

ϵ0

(
ϕh, ϵ∞

∂Eh

∂t

)
Ωh

= (ϕh,∇×Hh)Ωh
+ ϵ0(ϕh,Kh)Ωh

− ϵ0(ϕh, ¯̄σ2ϵ∞Eh)Ωh

− 2ϵ0

R∑
r=1

(
ϕh,ℜ

{
∂Ph,r

∂t

})
Ωh

− ϵ0
R∑

r=1

(ϕh,Rh,r)Ωh

+
K∑
k=1

(
ϕh,
−n̂× η0η+∞[Hh] + n̂× n̂× [Eh]

2{{η0η∞}}

)
∂Ωk

h

, (6.3)

µ0

(
ϕh, µ∞

∂Hh

∂t

)
Ωh

= (ϕh,−∇× Eh)Ωh
+ µ0(ϕh,Gh)Ωh

− µ0(ϕh, ¯̄σ2µ∞Hh)Ωh

− 2µ0

S∑
s=1

(
ϕh,ℜ

{
∂Qh,s

∂t

})
Ωh

− µ0

S∑
s=1

(ϕh,Sh,s)Ωh

+
K∑
k=1

(
ϕh,
{{η0η∞}}

2

[
n̂× [Eh]

η0η+∞
+ n̂× n̂× [Hh]

])
∂Ωk

h

, (6.4)

(
ϕh,

∂Kh

∂t

)
Ωh

= −(ϕh, ¯̄σ0Kh)Ωh
+ (ϕh, (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ∞Eh)Ωh

, (6.5)(
ϕh,

∂Gh

∂t

)
Ωh

= −(ϕh, ¯̄σ0Gh)Ωh
+ (ϕh, (¯̄σ0 ¯̄σ2 − ¯̄σ1)µ∞Hh)Ωh

, (6.6)(
ϕh,

∂Ph,r

∂t

)
Ωh

= (ϕh, arPh,r)Ωh
+ (ϕh, crEh)Ωh

, (6.7)(
ϕh,

∂Qh,s

∂t

)
Ωh

= (ϕh, bsQh,s)Ωh
+ (ϕh, dsHh)Ωh

, (6.8)

(
ϕh,

∂Rh,r

∂t

)
Ωh

= 2

(
ϕh, ¯̄σ2ℜ

{
∂Ph,r

∂t

})
Ωh

− (ϕh, ¯̄σ0Rh,r)Ωh
+ 2(ϕh, ¯̄σ1ℜ{Ph,r})Ωh

,

(6.9)(
ϕh,

∂Sh,s

∂t

)
Ωh

= 2

(
ϕh, ¯̄σ2ℜ

{
∂Qh,s

∂t

})
Ωh

−(ϕh, ¯̄σ0Sh,s)Ωh
+2(ϕh, ¯̄σ1ℜ{Qh,s})Ωh

, (6.10)

where Eh,Hh,Ph,Qh,Rh,Sh,Gh,Kh ∈ (Vh)
3 and ϕh ∈ Vh with Vh =

⊕K
k=1 PN(Ω

k) being
the space of piecewise polynomial functions, [q] = q−−q+, {{q}} = (q−+q+)/2, and η =

√
µ/ϵ.

Once the weak form is established, the solution can be obtained using the standard DGTD steps
detailed in [6].
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6.2 Numerical Results

The proposed formulation is validated by analyzing scattering problems assuming of an
incident TMz plane wave given by

E inc(x, t) = ẑ g(t−√ϵ0µ0 x̂ · x), (6.11)

Hinc(x, t) =

√
ϵ0
µ0

x̂× E inc(x, t), (6.12)

with g(t) being the cosine-modulated Gaussian waveform

g(t) = cos(2πfc(t− t0)) exp
(
−(t− t0)2/τ 2

)
, (6.13)

where fc denotes the center frequency, τ characterizes the time constant, and t0 represents a time
delay. To analyze a frequency band from 100 MHz to 500 MHz, fc was set to 300 MHz and
τ was set to 1.25/fc seconds. To ensure that the electromagnetic fields were zero at both the
start and end of the simulation, a time delay t0 of 7τ was applied, and the fields were simulated
for a total duration of 20τ in all cases. The time step was chosen according to [6]. To model
the dispersive media, we employed the doubly dispersive model described in [51] with relative
permittivity and relative permeability responses shown in Figure 19.
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Figure 19 – Relative permittivity and relative permeability of the analyzed material.

A second-degree polynomial defines the PML profile in all simulations. The PML is
designed to achieve an attenuation of the reflected field of about 70 dB.

The errors are analyzed using the relative L2 error norm [29] and the normalized error,
defined as |En − Ea|/E0, where a refers to the analytical and n to the numerical values, and E0

is the amplitude of the incident electric field.

6.2.1 Validation: Doubly Dispersive Slab

We first study the scattering of the TMz plane wave by a doubly dispersive slab truncated
by a doubly dispersive PML as shown in Figure 20.



Chapter 6. DGTD Method Applied to Doubly Dispersive Materials 81

Free-Space Dispersive Dielectric

Total FieldScattered Field

Si
lv

er
-M

ül
le

r
A

B
C

Silver-M
üller

A
B

C
PMC

PML

ϵ(ω), µ0ϵ0, µ0ϵ0, µ0 ϵ(ω), µ0

PML SF
/T

F
In

te
rf

ac
e

Figure 20 – Meridian cut view of the slab’s two-dimensional validation case.

The computational domain was sized at 3.0λc × 2.0λc, where λc is the wavelength at
the center frequency fc. The PML had a width of 0.5λc, and the doubly dispersive slab was
1.0λc wide. The TF/SF interface was positioned at the center of the SFR, excluding the PML. To
evaluate convergence, a coarse mesh with 1/6λc resolution (570 elements) and a refined mesh
with 1/12λc resolution (2070 elements) were tested. Figure 21 shows the L2 error compared to
the analytical solution while Figure 22 shows the convergence of the solution with respect to
the number of elements at 300 MHz. Compared to the results in [29], it is evident that using
a static conductivity significantly increases and saturates the error at low frequencies, which
was also observed in [61]. This occurs because the model employs the term σ/(jω) [51], where
the static conductivity σ leads to large contributions at low frequencies as ω approaches zero.
In general, more complex doubly dispersive materials require both higher-order schemes and
denser meshes to achieve the same error levels as those observed in materials with only electric
dispersion. Nevertheless, the convergence rate remains closely the same.
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Figure 21 – L2 error of the electric field varying the order of the elements. The gray area
represents the frequency spectrum of the incident field.
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Figure 22 – Convergence rate of the L2 error varying element orders at 300 MHz.

6.2.2 Doubly Dispersive Cylinder

This section aims to illustrate how curvilinear elements can further decrease the modeling
error for problems involving doubly dispersive curved objects by analyzing the scattering
of a plane wave by a doubly dispersive circular cylinder, as illustrated in Figure 23. The
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ŷ

ẑ
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Figure 23 – Illustration of the cylinder’s two-dimensional case study.

computational domain has dimensions of 2.0λc × 2.0λc, with a PML width of 0.25λc and
a cylinder radius of 0.25λc. Curvilinear elements were specifically used along the cylinder
boundary. The performance of the curvilinear DGTD was compared against DGTD with linear
elements. Figure 24 shows the time-domain response of the electric field using a mesh density of
1/10λc corresponding to 374 elements. The electric field error at t = 7τ along the line y = 0,
highlighted by the red line in Figure 24, is shown in Figure 25. The time-dependent error at
the center of the cylinder is displayed in Figure 26. The analytical time-domain solution was
based on the frequency-domain series solution [50], as in [29], using 50 terms. The results show
that the curvilinear DGTD method achieves an error reduction of about 20 dB compared to
the standard DGTD approach in this case. This improvement highlights the enhanced accuracy
and efficiency of the proposed curvilinear DGTD method in modeling curved geometries while
preserving computational performance. Notably, the computational cost of employing a small
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Figure 26 – Electric field observed at the center of the cylinder.

number of curvilinear elements is comparable to either doubling the mesh density or increasing
the polynomial order by one degree across all elements.

6.3 Conclusion

A modular DGTD algorithm was extended for modeling general doubly dispersive
materials described by very general complex-conjugate pole-residue models. The modular
implementation of the algorithm allows for the simulation of open domain problems by simply
adding suitable correction terms that incorporate the PML absorbing boundary condition. The
algorithm also integrates curvilinear elements to improve the accuracy over standard DGTD for
modeling curved geometries without compromising the computational efficiency.
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CHAPTER 7

IMEX Time-Stepping for DGTD in Doubly Dispersive Media

The simulation of electromagnetic wave propagation in complex media, particularly those
with frequency-dependent permittivity and permeability (doubly dispersive media), presents
significant computational challenges. The DGTD method is widely recognized as a robust
technique for addressing these challenges by effectively handling complex geometries and
material modeling doubly dispersive media as seen in Chapter 6. This is made possible through
its flexibility in mesh generation and its ability to naturally incorporate varying polynomial
orders for spatial discretization [6]. While dispersive dielectric materials have been extensively
studied, the investigation of doubly dispersive materials, especially using the IMEX integration
scheme, remains relatively unexplored [62].

This work models doubly dispersive materials using CCPR representations, which are
readily incorporated into the simulation via the ADE framework. Applying the DGTD spatial
discretization to Maxwell’s equations—accounting for the coupling with these ADEs and incor-
porating domain truncation via absorbing boundary conditions such as the dispersive uniaxial
PML detailed in Chapter 6—yields a large, coupled system of ODEs in time. This ODE system
describes the evolution of the basis function coefficients associated with the electromagnetic
fields as well as the auxiliary variables capturing the material’s polarization/magnetization
dynamics and the absorbing layer behavior.

A key challenge in solving this system of ODEs lies in numerical stiffness. The auxiliary
equations describing the material response or the PML often involve relaxation times or resonant
frequencies that introduce fast time scales—rapidly evolving dynamics that can dominate the
numerical behavior of the system. These fast dynamics demand very small time steps when using
standard explicit time integration schemes (such as Leapfrog or explicit RK methods), purely for
stability reasons rather than accuracy. Moreover, resolving fine-scale wave phenomena or steep
field gradients in dispersive and absorbing media typically requires fine spatial discretization,
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which further reduces the allowable time step due to the CFL condition. Conversely, fully implicit
methods can handle stiffness unconditionally, but require solving large linear systems at every
time step, which can be computationally prohibitive given the size and complexity of typical
DGTD systems.

IMEX time integration schemes offer a compelling compromise. They partition the ODE
system into stiff and non-stiff components, applying a stable implicit method to the former and
an efficient explicit method to the latter. This chapter details how a specific fourth-order IMEX
RK scheme can be effectively applied to the semi-discrete DGTD equations for doubly dispersive
media including dispersive PMLs, enabling stable and efficient simulations.

7.1 Semi-Discrete DGTD System for Doubly Dispersive Media

Applying the DGTD spatial discretization procedure to the governing equations—which
include Maxwell’s equations coupled with the ADEs for doubly dispersive media and dispersive
PML for domain truncation (schematically represented in Figure 18)—transforms the problem
into a system of ODEs. This procedure involves projecting the fields onto local polynomial
basis functions within each element k, integrating by parts, and introducing numerical fluxes
at element faces f . The resulting ODE system governs the evolution of the time-dependent
coefficients (degrees of freedom) for these basis functions.

Let #»e k
h and

#»

hk
h represent the vectors containing the coefficients for the electric and

magnetic field components, respectively. Additional auxiliary variables are required to model
both the material dispersion (using a CCPR model) and the PML absorption:

• #»p k
h,r (r = 1, . . . , R) and #»q k

h,s (s = 1, . . . , S) represent the electric and magnetic polariza-
tion/magnetization contributions capturing material dispersion.

•
#»

k k
h and #»g k

h are auxiliary variables inherent to the uniaxial PML formulation used for wave
absorption.

• #»r k
h,r and #»s k

h,s arise specifically from the interaction between the material dispersion ADEs
(for #»p k

h,
#»q k

h) and the uniaxial PML mechanism when dispersive materials are present
within the PML region itself.

The resulting semi-discrete system couples these coefficient vectors and takes the form
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ϵ0ϵ
k
∞
d #»e k

h

dt
= (Mk)−1

(
Sk × #»

hk
h +

∑
f

F k
f ·
(
n̂ ·
[

#»Fk
E −

#»F∗
E

]))

+ ϵ0
#»

k k
h − ¯̄σ2ϵ0ϵ

k
∞

#»e k
h − 2ϵ0

R∑
r=1

ℜ

{
d #»p k

h,r

dt

}
− ϵ0

R∑
r=1

#»r k
h,r (7.1)

µ0µ
k
∞
d

#»

hk
h

dt
= (Mk)−1

(
−Sk × #»e k

h +
∑
f

F k
f ·
(
n̂ ·
[

#»Fk
H −

#»F∗
H

]))

+ µ0
#»g k

h − ¯̄σ2µ0µ
k
∞

#»

hk
h − 2µ0

S∑
s=1

ℜ

{
d #»q k

h,s

dt

}
− µ0

S∑
s=1

#»s k
h,s (7.2)

d
#»

k k
h

dt
= −¯̄σ0

#»

k k
h + (¯̄σ0 ¯̄σ2 − ¯̄σ1) ϵ

k
∞

#»e k
h (7.3)

d #»g k
h

dt
= −¯̄σ0 #»g k

h + (¯̄σ0 ¯̄σ2 − ¯̄σ1)µ
k
∞

#»

hk
h (7.4)

d #»p k
h,r

dt
= ar

#»p k
h,r + crϵ

k
∞

#»e k
h r = 1, . . . , R (7.5)

d #»r k
h,r

dt
= −¯̄σ0 #»r k

h,r + 2¯̄σ1ℜ
{

#»p k
h,r

}
+ 2¯̄σ2ℜ

{
d #»p k

h,r

dt

}
r = 1, . . . , R (7.6)

d #»q k
h,s

dt
= bs

#»q k
h,s + dsµ

k
∞

#»

hk
h s = 1, . . . , S (7.7)

d #»s k
h,s

dt
= −¯̄σ0 #»s k

h,s + 2¯̄σ1ℜ
{

#»q k
h,s

}
+ 2¯̄σ2ℜ

{
d #»q k

h,s

dt

}
s = 1, . . . , S (7.8)

In these equations, Mk represents the mass matrix for element k, Sk represents the
discrete curl (stiffness) operator, F k

f contains terms related to face integration, and
#»F∗ denotes

the numerical flux. The parameters ¯̄σ0, ¯̄σ1, ¯̄σ2 define the PML, while ar, cr, bs, ds are parameters
derived from the CCPR material dispersion model. Note that the coupling terms #»r k

h,r,
#»s k

h,s (and
their governing Equations (7.6) and (7.8)) are only non-zero for elements where both PML
parameters (¯̄σi) and dispersion (ar, cr or bs, ds) are active.

Since this system, Equation (7.1) to Equation (7.8), is linear and assuming time-invariant
parameters and geometry, it can be written compactly in matrix form as

∂ #»q

∂t
= L #»q +

#»

f (t) (7.9)

where #»q is the global state vector containing all degrees of freedom across all elements, L is the
large, sparse matrix representing the discretized spatial operators and the coupling terms from
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the material and PML models, and
#»

f (t) represents any time-dependent source terms projected
onto the basis functions. The structure of #»q concatenates these coefficient vectors as

#»q =
[
e1x,1, . . . , e

K
x,N , e

1
y,1, . . . , e

K
y,N , p

1
x,1,1, . . . , p

K
x,N,R, . . . , s

1
z,1,1, . . . , s

K
z,N,S

]⊺
(7.10)

where K is the total number of elements in the mesh, and N is the number of nodes per element
assuming a uniform approximation order across all elements.

7.2 IMEX Time Integration Algorithm

The Implicit-Explicit (IMEX) time integration method, as implemented in Algorithm 4,
numerically solves the system of ODEs resulting from the DGTD discretization. This method
partitions the system’s Degrees of Freedom (DOFs) based on the characteristics of the mesh
elements they originate from. DOFs associated with elements considered numerically stiff
(e.g., small elements requiring small explicit time steps for stability, or elements containing
stiff material models) are assigned to the implicitly treated set (I), while DOFs from non-stiff
elements (e.g., larger elements in a coarse region) are assigned to the explicitly treated set (E).

This partitioning of the DOFs naturally leads to a block structure when writing the full
semi-discrete system of ODEs

∂

∂t

[
#»q E
#»q I

]
=

[
LEE LEI

LIE LII

][
#»q E
#»q I

]
+

[
#»

f E(t)
#»

f I(t)

]
, (7.11)

where #»q E and #»q I are the sub-vectors of the global state vector #»q corresponding to the explicit
and implicit partitions, respectively. The matrix L is partitioned conformally, where LEE and LII

represent the internal couplings within the explicit and implicit sets, while LEI and LIE describe
the cross-couplings between the two sets. Similarly,

#»

f E(t) and
#»

f I(t) are the corresponding
partitions of the source vector

#»

f (t). The IMEX algorithm then proceeds by applying different
Runge-Kutta update rules to the equations governing #»q E (first row) and #»q I (second row).

The time integration from #»q n at tn to #»q n+1 at tn+1 = tn + ∆t uses an additive RK
method. Such schemes are characterized by coefficients A (explicit), Ã (implicit),

#»

b (final
weights), and #»c (stage times); the specific values used here are listed in Appendix C. The key
aspect of applying this scheme within the IMEX framework lies in how the stage derivatives are
computed separately for the explicit (E) and implicit (I) parts of the system.

For each stage i = 1, . . . , s, the algorithm computes stage derivatives
#»

k (i) = [
#»

k
(i)
E ;

#»

k
(i)
I ].

This begins by calculating intermediate state values #»q
(i)
E and #»q

(i)
I using the results from previous



Chapter 7. IMEX Time-Stepping for DGTD in Doubly Dispersive Media 89

stages (j < i)

#»q
(i)
E = #»q n

E +∆t
i−1∑
j=1

Aij
#»

k
(j)
E , (7.12)

#»q
(i)
I = #»q n

I +∆t
i−1∑
j=1

Ãij
#»

k
(j)
I . (7.13)

These intermediate values are then used to evaluate the right-hand side of Equation (7.11) at the
stage time t(i) = tn + ci∆t.

The explicit part of the stage derivative,
#»

k
(i)
E , corresponds directly to the first block row

of Equation (7.11), evaluated using the intermediate states

#»

k
(i)
E = LEE

#»q
(i)
E + LEI

#»q
(i)
I +

#»

f E(t
(i))︸ ︷︷ ︸

Derivative calculation for E variables

. (7.14)

This calculation uses only already computed values and is fully explicit.

The implicit part of the stage derivative,
#»

k
(i)
I , corresponds to the second block row of

Equation (7.11). An implicit step is required here. First, the right-hand side for the implicit
variables is computed based on the intermediate state

#»r (i) = LIE
#»q

(i)
E + LII

#»q
(i)
I +

#»

f I(t
(i))︸ ︷︷ ︸

Derivative calculation for I variables

. (7.15)

The implicitness arises from the diagonal coefficient Ãii of the implicit Runge-Kutta method.
The stage derivative

#»

k
(i)
I is the solution to the following linear system

#»

k
(i)
I = ∆tÃii

(
LII

#»

k
(i)
I

)
+ #»r (i) =⇒ (I −∆tÃiiLII)

#»

k
(i)
I = #»r (i). (7.16)

The term LIE
#»q

(i)
E +

#»

f I(t
(i)) from #»r (i) acts like an explicit source term for this solve. This

linear system involves only the matrix block LII , making the solve efficient compared to a fully
implicit method.

After completing all s stages, the final solution #»q n+1 at time tn+1 is obtained by combin-
ing the initial state #»q n with the weighted sum of the stage derivatives

#»q n+1
E = #»q n

E +∆t
s∑

i=1

bi
#»

k
(i)
E (7.17)

#»q n+1
I = #»q n

I +∆t
s∑

i=1

bi
#»

k
(i)
I . (7.18)

This IMEX approach effectively uses an explicit RK update rule for the E variables based on
their governing equation (first row of Equation (7.11)), and an implicit RK update rule for the I
variables based on their governing equation (second row), but structures the implicit solve to
only involve the LII block.
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Finally, these updated sub-vectors are concatenated to form the complete state vector for
the next time step

#»q n+1 =

[
#»q n+1

E
#»q n+1

I

]
. (7.19)

Algorithm 4: Generalized IMEX Step with Source Term
Input: q, L, f(t), ∆t, mask_implicit
Output: qnext

1 s← number of stages
2 E ← where(mask_implicit = false)

3 I ← where(mask_implicit = true)

4 qE , qI ← q[E ], q[I]
5 LEE , LEI , LIE , LII ← L[E , E ], L[E , I], L[I, E ], L[I, I] // Can be cached

6 for i← 1 to s do
7 t(i) ← t+ ci ·∆t

// Compute intermediate states

8 q
(i)
E ← qE +∆t ·

i−1∑
j=1

Aij · k(j)E

9 q
(i)
I ← qI +∆t ·

i−1∑
j=1

Ãij · k(j)I

// Evaluate right-hand side

10 f
(i)
E ← f(t(i))[E ]

11 f
(i)
I ← f(t(i))[I]
// Explicit stage

12 k
(i)
E ← LEEq

(i)
E + LEIq

(i)
I + f

(i)
E

// Implicit stage

13 r ← LIEq
(i)
E + LIIq

(i)
I + f

(i)
I

14 k
(i)
I ← solve

(
I −∆t · ÃiiLII , r

)
15 q+E ← qE +∆t ·

s∑
i=1

bi · k(i)E

16 q+I ← qI +∆t ·
s∑

i=1

b̃i · k(i)I

17 qnext[E ]← q+E , qnext[I]← q+I
18 return qnext

7.3 Numerical Results

This study investigates the numerical simulation of electromagnetic fields within a two-
dimensional cavity bounded by PEC walls. It focuses on the evolution of the fundamental
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Transverse Magnetic (TM) mode. The initial condition is set to a pure TM11 spatial distribution
for the electric field, specifically

Ez(x, t = 0) = E0 sin

(
πx

Lx

)
sin

(
πy

Ly

)
, (7.20)

with zero initial magnetic fields (Hx(x, 0) = Hy(x, 0) = 0), where Lx and Ly are the cavity
dimensions. For an ideal lossless cavity, the analytical solution describes a standing wave
oscillating harmonically in time

Ez(x, t) = E0 sin

(
πx

Lx

)
sin

(
πy

Ly

)
cos(ω11t), (7.21)

where the resonant angular frequency ω11 is given by

ω11 = cπ

√(
1

Lx

)2

+

(
1

Ly

)2

. (7.22)

Here, c is the speed of light and E0 is the initial amplitude. The primary goal is to compare
and contrast the performance (in terms of accuracy against the analytical solution, stability, and
computational efficiency) of various time-integration schemes applied to Maxwell’s equations,
including fully explicit, fully implicit, and IMEX methods, using this well-defined test case.

The simulation geometry is a 2m× 2m square cavity (Lx = Ly = 2m). The simulation
time spans three-halves a period (3T11/2) of the TM11 resonant mode. A two-region mesh was
employed for spatial discretization, featuring a refined zone in the interior surrounded by a
coarser zone near the boundaries, illustrated in Figure 27. Only the upwind numerical flux was
considered.

The time step size, ∆t, for the explicit time integration scheme was determined based
on the stability criterion adopted in [6]. This criterion relates ∆t to the mesh geometry and the
polynomial order N used for the spatial approximation. Specifically, it is calculated using the
minimum inscribed radius among all mesh elements, hmin = minK rin,K , and the minimum
spacing between the N + 1 Gauss-Lobatto nodes on the reference interval [−1, 1], denoted as
∆ξmin,N . The formula used is:

∆t = C · hmin ·∆ξmin,N

c
(7.23)

where the constant is C = 2/3. The minimum nodal spacing ∆ξmin,N implicitly incorporates
the dependence on the polynomial order N .
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Figure 27 – Representation of the case study geometry and the generated mesh.

Representing the system of ODEs in the form given by Equation (7.9) allows for a
stability analysis based on the eigenvalues of the matrix L. The eigenvalues computed for this
problem are displayed in the complex plane in Figure 28. To assess stability for an explicit time
integration scheme, these eigenvalues (λ) must satisfy the condition that λ∆t lies within the
method’s absolute stability region. Consequently, Figure 28 also shows the stability region for
the chosen 4th-order, 6-stage RK method (in red) for reference, whose coefficients are provided
in Appendix C.

The structure of the system matrix L also warrants attention. Figure 29 illustrates the
sparsity pattern of L by showing the locations of its non-zero elements. Two inset plots provide
magnified views. The bottom-left inset highlights the block-diagonal structure resulting from the
local element terms (related to the mass and stiffness matrices), along with sparser, scattered
entries away from the diagonal that arise from the numerical flux calculations coupling adjacent
elements. The upper-right inset clearly demonstrates that the matrix L is non-symmetric.
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Figure 28 – Distribution in the complex plane of the 500 eigenvalues of the system matrix L
possessing the largest magnitudes.
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Figures 30 to 32 present comparative simulation results obtained using third-order
elements for different time integration strategies applied to the two-region mesh problem. Each
figure displays a spatial snapshot of the numerical electric field (En

z ) alongside the relative error
(En

z − Ea
z)/E0, computed against the analytical solution Ea

z (initial amplitude E0 = 1V/m). The
specific setups are as follows:

• Figure 30 shows the IMEX simulation, where the outer coarse mesh region was treated
explicitly and the inner refined region implicitly. The time step ∆t for this run was
determined by the stability limit of the explicit (outer) region.

• Figure 31 depicts the fully explicit simulation. Since the explicit scheme was applied
everywhere, its time step ∆t was constrained by the stability limit of the more restrictive
refined inner region, resulting in a significantly smaller ∆t compared to the IMEX case.

• Figure 32 presents the fully implicit simulation. This simulation was intentionally run
using the same larger time step ∆t as employed in the IMEX simulation (i.e., the one based
on the outer coarse region’s explicit limit) to allow for a direct comparison of accuracy
and computational cost under identical ∆t conditions where possible.
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Figure 30 – Simulation results for the 2D cavity using the IMEX scheme with third-order el-
ements at time t = 3T11/2. Left: numerical electric field En

z (x, t). Right: relative
error (En

z − Ea
z)/E0 compared to the analytical solution, with E0 = 1V/m.
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Figure 31 – Simulation results for the 2D cavity using the explicit scheme with third-order
elements at time t = 3T11/2. Left: numerical electric field En

z (x, t). Right: relative
error (En

z − Ea
z)/E0 compared to the analytical solution, with E0 = 1V/m.
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Figure 32 – Simulation results for the 2D cavity using the implicit scheme with third-order
elements at time t = 3T11/2. Left: numerical electric field En

z (x, t). Right: relative
error (En

z − Ea
z)/E0 compared to the analytical solution, with E0 = 1V/m.

A quantitative comparison of the performance for the IMEX, fully explicit, and fully
implicit schemes, corresponding to the visual results in Figures 30 to 32, is presented in Table 9.
This table lists the total simulation wall-clock time, the time step size ∆t employed (normalized
by the explicit method’s stable time step, ∆texp), and the final average relative error obtained
with each approach using third-order elements.

Analyzing the results in Table 9 reveals distinct performance characteristics for each
integration method when using third-order elements. The fully explicit scheme incurs the highest
computational cost, requiring 58.73 s to complete the simulation. This is a direct consequence
of its restrictive time step (∆t = ∆texp), dictated by the stability limit imposed by the finest
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Table 9 – Comparison of simulation time, relative time step, and average relative error for
different integration schemes using third-order elements. The time step (∆t) for IMEX
and Implicit methods is shown relative to the explicit method’s time step (∆texp)

Method ∆t/∆texp Time (s) Avg. Relative Error

IMEX 21.57 11.67 4.15× 10−4

Explicit 1.00 58.73 1.61× 10−4

Implicit 21.57 33.11 1.62× 10−4

elements in the mesh, thus necessitating a large number of time steps. Despite its computational
expense, it achieves a relatively low average relative error of 1.61× 10−4.

Conversely, both the IMEX and fully implicit schemes could employ a significantly
larger time step, approximately 21.6 times that of the explicit method (∆t ≈ 21.6×∆texp). This
larger ∆t drastically reduces the required number of time steps. For the IMEX method, this time
step is determined by the stability of the explicit part operating on the coarser outer mesh, while
for the fully implicit method, it was chosen to match the IMEX scheme for comparison. Between
these two, the IMEX method proves to be the fastest, completing the simulation in 11.67 s. Its
efficiency stems from avoiding the need to solve a large global implicit system at each step;
instead, it combines a smaller implicit solve for the refined inner region with computationally
cheaper explicit updates for the outer region. The fully implicit method, requiring 33.11 s, is
significantly faster than the explicit scheme due to the large time step but slower than IMEX
because each step involves solving a computationally more expensive global linear system.

Regarding accuracy, the fully implicit scheme achieves the lowest average relative error
(1.62× 10−4), performing nearly identically to the fully explicit method (1.61× 10−4) despite
using a much larger time step. The IMEX scheme, while being the fastest, exhibits a higher
average relative error of 4.15× 10−4. Although this error is still reasonably low, it is roughly 2.5
times higher than that of the implicit and explicit methods. This suggests that even though the
inner region is treated implicitly, the explicit treatment of the coarse outer region with the large
time step introduces additional discretization error that slightly degrades the overall accuracy
compared to the fully implicit approach using the same time step.

These results highlight the inherent trade-offs between computational efficiency and
accuracy. The IMEX method offers substantial speed benefits but at the cost of slightly reduced
accuracy compared to the other methods. The fully implicit method provides accuracy comparable
to the fully explicit method while being significantly faster due to the larger allowable time
step, albeit slower than IMEX due to the per-step computational cost. The explicit method,
while accurate, remains the slowest due to stability constraints. The choice of scheme therefore
depends on the specific requirements of the simulation regarding acceptable error tolerance
versus available computational resources.
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7.4 Conclusion

This chapter provided a detailed exposition of an Implicit-Explicit (IMEX) time inte-
gration scheme specifically tailored for the DGTD method applied to complex electromagnetic
problems. Emphasis was placed on the formulation required to handle frequency-dependent phe-
nomena, outlining the necessary modifications to the standard DGTD system for incorporating
dispersive material models (such as Debye or Lorentz) through the CCPR and dispersive uniaxial
(PMLs) for accurate domain truncation. The core principle involved splitting the semi-discrete
DGTD system into stiff terms, typically associated with implicit geometric features or fine mesh
regions and auxiliary differential equations describing dispersion, and non-stiff terms suitable
for explicit treatment.

While the framework presented is designed to accommodate these challenging dispersive
effects, the numerical validation and comparative analysis within this chapter focused on a
canonical benchmark problem: the evolution of the TM11 mode within a two-dimensional,
vacuum-filled cavity bounded by PECs. This simpler case, possessing a known analytical
solution, allowed for a clear assessment of the fundamental accuracy, stability, and computational
efficiency characteristics of the IMEX approach relative to standard fully explicit and fully
implicit schemes, particularly demonstrating the potential speed-ups enabled by IMEX in multi-
scale scenarios, alongside its characteristic error behavior dominated by the explicit part.

Building upon the foundation and validation established here, future work will extend
the application and analysis of this IMEX-DGTD framework to simulations involving doubly
dispersive media, where both permittivity (ϵ) and permeability (µ) exhibit frequency dependence.
This will enable a more comprehensive investigation into the performance, stability, and accuracy
intrinsics of the developed scheme when confronted with the full complexity of such physically
relevant electromagnetic interactions.
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CHAPTER 8

Conclusion and Future Work

8.1 Summary of the Thesis

This thesis has addressed the challenging problem of accurately and efficiently simulating
electromagnetic wave interactions with complex materials exhibiting frequency dispersion in
open-domain scenarios utilizing the DGTD method. The primary motivation stems from the
increasing need in fields such as nanophotonics, antenna design, metamaterial analysis, and
scattering analysis to model realistic materials whose constitutive parameters (ϵ and potentially µ)
vary significantly with frequency, often requiring simulation in unbounded regions. Traditional
methods face limitations either in handling geometric complexity, modeling intricate material
dispersion (particularly when both permittivity and permeability are frequency-dependent), or
effectively truncating the computational domain, especially when dispersive media extend to the
boundaries.

The core contribution of this work, detailed extensively throughout the thesis and partic-
ularly highlighted in Chapters 5 and 6 regarding the foundational aspects, is the development
and validation of a novel DGTD formulation specifically designed to overcome these challenges.
This formulation integrates several key advancements:

1. General Dispersive Media Modeling: It incorporates robust models for general dielectric
dispersion based on the CCPR representation, often obtained via techniques like Vector
Fitting. This allows for the accurate simulation of a wide range of realistic materials over
broad frequency bands using a sum of auxiliary polarization terms (Pr, and analogous
magnetic terms). Furthermore, this framework was extended to handle doubly dispersive
media, where both permittivity ϵ(ω) and permeability µ(ω) exhibit frequency dependence,
incorporating corresponding auxiliary fields for the magnetic response.
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2. Dispersive Perfectly Matched Layer (PML): A novel extension of the uniaxial PML was
derived and implemented. Crucially, this PML is designed to directly match and absorb
outgoing waves from general (potentially doubly) dispersive media, eliminating the
common requirement for an intermediate buffer layer of free space or simple dielectric
between the scatterer and the absorbing boundary. This was achieved by carefully deriving
the necessary ADEs for the PML fields (K, G) and the coupling terms (Rr, and analogous
magnetic terms) that arise from the interaction between the PML and the dispersive
material models.

3. Modular Implementation Framework: A highly modular implementation strategy was
proposed and utilized. By treating the standard Maxwell equations for simple media as a
baseline, the effects of dielectric dispersion (via Pr), magnetic dispersion (via Qr), and
PML absorption (via K, G, Rr, etc.) are introduced as additive correction terms computed
only in the relevant regions of the computational domain. This "plug-and-play" approach
enhances code clarity, simplifies the handling of complex geometries with multiple material
types, and promotes computational efficiency.

4. Implicit-Explicit (IMEX) Time Integration: Recognizing that the combination of multi-
ple dispersion terms, particularly in the doubly dispersive case, can lead to stiffness in the
system of ODEs, an IMEX Runge-Kutta time integration scheme was proposed and
investigated. This scheme strategically treats potentially stiff terms (often related to the
ADEs) implicitly while handling the main wave propagation terms explicitly, aiming for
improved stability and potentially allowing larger time steps compared to purely explicit
methods under certain conditions.

5. Incident Field Incorporation: The TF/SF technique was integrated naturally within
the DGTD framework to introduce incident plane waves, enabling the straightforward
simulation of scattering problems.

8.2 Key Findings and Validation

The effectiveness, accuracy, and stability of the proposed DGTD formulation, including
the extensions for doubly dispersive media and the IMEX scheme, were rigorously validated
through numerical experiments presented in the thesis.

• Canonical problems, such as the two-dimensional example in Chapter 5 involving a
plane wave incident on a dispersive slab truncated by dispersive PMLs, demonstrated the
formulation’s ability to handle all constituent parts (free space, dielectric dispersion, PML,
dispersive PML) correctly within a unified simulation. Analysis of the L2 error against
analytical solutions confirmed the expected high-order accuracy and convergence rates.
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• Validation was extended to doubly dispersive scenarios, confirming that the formulation
accurately captures the combined frequency-dependent effects of both permittivity and
permeability.

• The complex three-dimensional simulation of plane wave scattering by a dispersive di-
electric sphere (Silver) further showcased the method’s capabilities in handling realistic
geometries and material models obtained from fitting experimental data. Comparison with
analytical solutions showed excellent agreement.

• Crucially, the examples validated the ability of the dispersive PML to effectively truncate
the computational domain where singly or doubly dispersive materials are present, without
spurious reflections or the need for artificial buffer zones.

These results collectively demonstrate that the developed DGTD method provides an accurate,
flexible, stable, and robust tool for simulating electromagnetic wave phenomena in the presence
of general, potentially doubly, dispersive materials within open regions.

8.3 Significance and Implications

This research contributes significantly to the field of computational electromagnetics by
providing an enhanced DGTD toolset. The key implications include:

• Broader Modeling Capabilities: Enables more accurate simulations of devices and
phenomena involving a wider class of materials, including those with both electric and
magnetic dispersion (e.g., certain metamaterials, ferrites, composites).

• Improved Stability for Complex Models: The proposed IMEX scheme offers a pathway
to robustly handle the potential numerical stiffness associated with complex, multi-pole,
or doubly dispersive material models, potentially improving simulation reliability and
efficiency.

• Simplified Simulation Setup: The ability to directly truncate dispersive domains simplifies
meshing and setup, reducing user effort and potential errors.

• Enhanced Efficiency: The modular approach optimizes computations, and direct trun-
cation can lead to smaller domains. The IMEX scheme might allow larger time steps in
some stiff scenarios, further boosting efficiency.

• Wide Applicability: The method is well-suited for analyzing optical components, antennas
with complex substrates/radomes, radar cross-sections of targets with advanced coatings,
studies involving dispersive shielding or components, and the design of novel metamaterial
structures.
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8.4 Limitations and Future Work

While this thesis successfully demonstrates the proposed formulation, several avenues
for future research and development remain:

• Extension to Anisotropic Doubly Dispersive Media: Extending the formulation, the
dispersive PML, and potentially the IMEX strategies to handle materials that are simul-
taneously anisotropic and doubly dispersive remains a significant challenge but would
unlock simulations of highly complex media.

• Nonlinear Dispersion: Incorporating nonlinear dispersive effects (e.g., Kerr effect, Raman
scattering) within the doubly dispersive DGTD framework would be a valuable extension
for studying high-intensity field interactions.

• Optimization and Analysis of IMEX Schemes: Further theoretical analysis and numer-
ical investigation are needed to determine the optimal partitioning and implementation
of IMEX schemes for various classes of dispersive problems and DGTD discretizations,
aiming to maximize stability gains and efficiency. Comparing different IMEX families
would also be beneficial.

• Performance Optimization: Continued work on computational performance, including
advanced parallelization strategies (MPI/OpenMP, GPU acceleration) tailored to the mod-
ular ADE structure and the specific demands of implicit solves within IMEX, is crucial for
large-scale applications.

• Adaptive Techniques: Implementing adaptive mesh refinement (h-adaptivity) and/or
polynomial order adaptation (p-adaptivity), guided by error estimators sensitive to wave
resolution, dispersion modeling accuracy, and PML performance, could optimize resource
usage.

• Hybrid Methods: Exploring hybrid approaches combining the doubly dispersive DGTD
method with other techniques could be advantageous for specific multi-scale or geometri-
cally complex problems.

• Application to Cutting-Edge Problems: Applying the developed solver, including the
doubly dispersive capabilities and IMEX scheme, to challenging real-world design prob-
lems (e.g., optimizing multi-functional metamaterials, analyzing ferrite devices) would
provide further validation and demonstrate its practical utility.
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8.5 Concluding Remarks

This thesis has presented significant advancements in the capabilities of the DGTD
method for simulating electromagnetic interactions with complex, frequency-dependent materials.
By developing a formulation that seamlessly integrates general dielectric, magnetic, and doubly
dispersive media with a directly matching dispersive PML through a modular, ADE-based
approach, and by proposing a suitable IMEX time integration strategy to handle potential
stiffness, this work provides a powerful, accurate, flexible, and stable computational tool. The
successful validation against analytical solutions underscores its reliability. The research opens
up new possibilities for modeling and understanding intricate wave phenomena in a broader
range of realistic materials and paves the way for future extensions and applications in diverse
areas of science and engineering.
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APPENDIX A

Mathematical Development

This appendix provides supplementary mathematical details relevant to the numerical
methods employed. Specifically, it outlines the derivation for expressing Maxwell’s equations in
a conservation law form suitable for numerical schemes like the DGTD method, and details the
formulation of the numerical flux used at element interfaces for a one-dimensional case.

A.1 Writing Maxwell’s Equations in Conservation Form

The starting point is Maxwell’s equations in a medium characterized by permittivity
¯̄ϵ(x, t) and permeability ¯̄µ(x, t), including electric current density source J (x, t) and magnetic
current density source M(x, t):

¯̄µ(x)
∂H(x, t)

∂t
+∇× E(x, t) +M(x, t) = 0, (A.1)

¯̄ϵ(x)
∂E(x, t)

∂t
−∇×H(x, t) +J (x, t) = 0. (A.2)

For application within numerical methods based on conservation laws, it is advantageous
to rewrite these two coupled first-order equations as a single system. This system can be expressed
in a compact matrix-vector form as presented in Equation (A.3):

Q(x) · ∂
#»q (x, t)

∂t
+

#»K(x, t) = #»S (x, t), (A.3)
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where the constituent matrix Q and vectors #»q ,
#»K,

#»S are defined as follows:

Q(x) =

[
¯̄µ(x) 0

0 ¯̄ϵ(x)

]
, #»q (x, t) =

[
H(x, t)

E(x, t)

]
,

#»K(x, t) =

[
∇× E(x, t)
−∇×H(x, t)

]
,

#»S (x, t) =

[
−M(x, t)

−J (x, t)

]
.

Here, #»q (x, t) is the state vector containing the six field components, Q(x, t) is the material
property matrix (containing the permeability and permittivity tensors),

#»K(x, t) contains the
spatial derivative terms (curls), and

#»S (x, t) is the source vector.

Expanding these terms into their Cartesian components reveals the detailed structure of
the 6× 6 matrix Q and the 6-component vectors #»q ,

#»K, and
#»S :

Q(x) =



µxx µxy µxz 0 0 0

µyx µyy µyz 0 0 0

µzx µzy µzz 0 0 0

0 0 0 ϵxx ϵxy ϵxz

0 0 0 ϵyx ϵyy ϵyz

0 0 0 ϵzx ϵzy ϵzz


, #»q (x, t) =



Hx(x, t)

Hy(x, t)

Hz(x, t)

Ex(x, t)
Ey(x, t)
Ez(x, t)


,

#»K(x, t) = ∂

∂x



0

−Ez
Ey
0

Hz

−Hy


+

∂

∂y



Ez
0

−Ex
−Hz

0

Hx


+

∂

∂z



−Ey
Ex
0

Hy

−Hx

0


,

#»S (x, t) =



−Mx(x, t)

−My(x, t)

−Mz(x, t)

−Jx(x, t)

−Jy(x, t)

−Jz(x, t)


.

Focusing on the structure within the spatial derivative term
#»K(x, t), observe that each vector

multiplied by a spatial derivative operator (∂/∂x, ∂/∂y, ∂/∂z) can be expressed using cross
products involving the field vectors E , H and the Cartesian unit vectors x̂, ŷ, ẑ. This allows
rewriting

#»K(x, t) as:

#»K(x, t) = ∂

∂x

[
x̂× E(x, t)
−x̂×H(x, t)

]
+

∂

∂y

[
ŷ × E(x, t)
−ŷ ×H(x, t)

]
+

∂

∂z

[
ẑ× E(x, t)
−ẑ×H(x, t)

]
. (A.4)
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To express this in the standard conservation law format ∂t #»u +∇ · F =
#»

S , define the flux vector
function

#»F i(
#»q ) associated with each Cartesian direction i ∈ {x, y, z} as:

#»F i(
#»q (x, t)) =

[
ei × E(x, t)
−ei ×H(x, t)

]
, (A.5)

where ei denotes the i-th Cartesian unit vector (i.e., ex = x̂, etc.) [39]. Using this definition,
the spatial term

#»K(x, t) from Equation (A.4) becomes a sum of partial derivatives of these flux
vectors:

#»K(x, t) = ∂

∂x

#»Fx(
#»q (x, t)) +

∂

∂y

#»F y(
#»q (x, t)) +

∂

∂z

#»F z(
#»q (x, t)). (A.6)

This expression is precisely the definition of the divergence of a flux tensor
#»F (represented as

#»F
in the original text, let’s use

#»F here to distinguish the tensor from the flux vectors
#»F i) whose

columns are the flux vectors:
#»F( #»q (x, t)) =

[
#»Fx(

#»q ),
#»F y(

#»q ),
#»F z(

#»q )
]
. (A.7)

Thus, the spatial term can be compactly written using the divergence operator:
#»K(x, t) = ∇ · #»F( #»q (x, t)). (A.8)

Substituting this divergence form of
#»K back into the system Equation (A.3) yields Maxwell’s

equations in the desired conservation form:

Q(x) · ∂
#»q (x, t)

∂t
+∇ · #»F( #»q (x, t)) =

#»S (x, t). (A.9)

This form, Q∂t #»q +∇ · #»F( #»q ) =
#»S , is the foundation for applying numerical methods designed

for hyperbolic conservation laws, such as the FVM or the DGTD method.

A.2 Numerical Flux Derivation (1D Example)

Numerical methods like the DGTD method discretize the computational domain into
elements. Across the interfaces between these elements, the numerical solution for the field vector
#»q may be discontinuous. To ensure a unique and physically consistent transfer of information
across these interfaces, a numerical flux function is required. This function approximates the
physical flux based on the potentially different solution values on either side of the interface.
Often, the numerical flux is derived by considering the solution to a local Riemann problem at
the interface. This section details the derivation for a common upwind numerical flux for the
simplified one-dimensional (1D) Maxwell’s equations, assuming propagation along the x-axis
and isotropic scalar material properties ϵ(x), µ(x).

Consider the 1D Maxwell’s equations written in the system form, simplified for 1D and
assuming source-free conditions (

#»S =
#»
0 ) for clarity

Q(x)
∂ #»q (x, t)

∂t
+ A

∂ #»q (x, t)

∂x
=

#»
0 , (A.10)
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where the material matrix Q(x), the constant flux Jacobian matrix A, and the state vector #»q (x, t)

are defined as

Q(x) =

[
ϵ(x) 0

0 µ(x)

]
, A =

[
0 1

1 0

]
,

#»q (x, t) =

[
E(x, t)
H(x, t)

]
.

The physical flux vector associated with this system is
#»

F ( #»q ) = A #»q = [H, E ]T . The character-
istic wave propagation speeds of the system are given by the eigenvalues of the matrix Q−1A.
Calculating this product gives:

Q−1A =

[
1/ϵ(x) 0

0 1/µ(x)

][
0 1

1 0

]
=

[
0 1/ϵ(x)

1/µ(x) 0

]
.

The eigenvalues λ satisfy the characteristic equation det(Q−1A−λI) = λ2− 1/(ϵ(x)µ(x)) = 0.
The solutions are λ = ±1/

√
ϵ(x)µ(x) = ±c(x), where c(x) is the local speed of light. This

confirms the existence of two characteristic waves propagating in opposite directions along the
x-axis.

Now, consider an interface located at some position xint between two computational
elements. Let #»q − and #»q + denote the state vectors immediately to the left (x = x−int) and right
(x = x+int) of this interface, representing the solution values from the adjacent elements. Within
the context of methods like DGTD, the material properties are typically assumed to be constant
within each element. Thus, ϵ−, µ− represent the constant permittivity and permeability in the
element to the left of the interface, and ϵ+, µ+ represent the constant values in the element to the
right. The numerical flux, denoted by (Π #»q )∗, represents the unique flux value used at the interface
within the numerical scheme. It is determined by solving an approximate Riemann problem based
on the states #»q − and #»q + and the material properties ϵ±, µ±. The Rankine-Hugoniot conditions,
adapted for this system, relate the states across the characteristic waves emanating from the
interface. These conditions involve an intermediate state #»q ∗ and the numerical flux (Π #»q )∗:

c−Q−( #»q ∗ − #»q −) + (Π #»q )∗ − (Π #»q )− =
#»
0 , (A.11)

c+Q+( #»q ∗ − #»q +) + (Π #»q )∗ − (Π #»q )+ =
#»
0 . (A.12)

In these equations, Q± are the material matrices evaluated using the constant values ϵ±, µ± on
the respective sides of the interface. The terms c± represent characteristic speeds associated with
the waves propagating away from the interface into the left (-) and right (+) regions, calculated
as c± = 1/

√
ϵ±µ±. (Π #»q )± = A #»q ± = [H±, E±]T are the physical fluxes evaluated using the

left and right states, and (Π #»q )∗ = [H∗, E∗]T is the numerical flux vector sought.

Algebraic manipulation of Equations (A.11) and (A.12) to eliminate the intermediate
state #»q ∗ yields an equation directly for the numerical flux (Π #»q )∗(
c+Q+ − c−Q−) (Π #»q )∗ = c+Q+(Π #»q )−− c−Q−(Π #»q )+ + c−c+Q−Q+

(
#»q − − #»q +

)
. (A.13)
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Expanding the matrices and vectors in this equation gives:(
c+

[
ϵ+ 0

0 µ+

]
− c−

[
ϵ− 0

0 µ−

])[
H∗

E∗

]
=

c+

[
ϵ+ 0

0 µ+

][
H−

E−

]
− c−

[
ϵ− 0

0 µ−

][
H+

E+

]
+ c−c+

[
ϵ− 0

0 µ−

][
ϵ+ 0

0 µ+

][
E− − E+

H− −H+

]
.

(A.14)

To simplify this expression, the concepts of characteristic wave admittance Y =
√
ϵ/µ and

impedance Z =
√
µ/ϵ are introduced. These are related to the material properties and wave

speeds via Y ± = c±ϵ± and Z± = c±µ±, where c± = 1/
√
ϵ±µ± are the positive wave speeds.

Interpreting the coefficients c± in Equation (A.13) such that the combination (c+Q+ − c−Q−)

appropriately reflects the wave interactions (potentially by defining c− as the negative speed,
c− = −1/

√
ϵ−µ−), the equation can be rewritten in terms of admittance and impedance. This

manipulation leads to the following form([
Y + 0

0 Z+

]
+

[
Y − 0

0 Z−

])[
H∗

E∗

]
=[

Y + 0

0 Z+

][
H−

E−

]
+

[
Y − 0

0 Z−

][
H+

E+

]
+

[
Y +Y − 0

0 Z+Z−

][
E− − E+

H− −H+

]
. (A.15)

Introducing the jump operator JuK = u− − u+, this system becomes[
Y + + Y − 0

0 Z+ + Z−

][
H∗

E∗

]
=

[
Y +H− + Y −H+

Z+E− + Z−E+

]
+

[
Y +Y −JEK
Z+Z−JHK

]
. (A.16)

This matrix equation elegantly decouples into two independent scalar equations for the compo-
nents H∗ and E∗ of the numerical flux vector (Π #»q )∗

(Y + + Y −)H∗ = Y +H− + Y −H+ + Y +Y −JEK, (A.17)

(Z+ + Z−)E∗ = Z+E− + Z−E+ + Z+Z−JHK. (A.18)

These equations can be solved explicitly for H∗ and E∗:

H∗ =
Y +H− + Y −H+ + Y +Y −JEK

Y + + Y − , (A.19)

E∗ =
Z+E− + Z−E+ + Z+Z−JHK

Z+ + Z− . (A.20)

Further manipulation using the average operator defined as {{u}} = (u− + u+)/2 allows
these expressions to be rewritten. For instance, defining {{XY }} = (X−Y − +X+Y +)/2, the
numerical flux components can be expressed as

H∗ =
1

2{{Z}}

(
{{ZH}}+ 1

2
JEK

)
, (A.21)
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E∗ =
1

2{{Y }}

(
{{Y E}}+ 1

2
JHK

)
. (A.22)

These equations, in either the form of Equations (A.19) and (A.20) or Equations (A.21)
and (A.22), define the components of the upwind numerical flux vector (Π #»q )∗ = [H∗, E∗]T .
This flux is used at element interfaces in the DGTD or FVM discretization to ensure stability
and accurately capture wave propagation across potentially discontinuous material properties or
solutions.
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APPENDIX B

Analytical Solutions

B.1 Eletromagnetic Scattering

This section presents the modal solutions for the canonical electromagnetic scattering
problems in free-space involving a plane wave with TM or Transverse Electric (TE) polarization
interacting with a PEC or dielectric cylinder and the electromagnetic scattering of a plane wave
by a PEC or dielectric sphere.

The main objective here is to summary the equations of the incident, internal and scattered
electromagnetic fields obtained from [50, 33].

B.1.1 Scattering of a Plane Wave by a Conducting Cylinder

Considering that a plane wave perpendicular to a cylinder can be broken down into
a combination of a TM polarized wave, characterized by just a z component for its electric
field, and a TE-polarized wave, characterized by only a z component for its magnetic field, it is
sufficient to examine these two incident plane waves.

Considering that the electric field of a TM polarized incident plane wave,

Einc(x, y, z, ω) = ẑEinc
z = ẑE0e

−jkx, (B.1)

can be rewritten in cylindrical components as

Einc
z (ρ, ϕ, z, ω) = E0

∞∑
n=−∞

j−nJn(k0ρ)e
jnϕ, (B.2)
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where E0 is a constant, Jn is the nth order Bessel function and the propagation constant is
k0 = ω

√
ϵ0µ0.

It can be shown that the scattered electric field by a PEC cylinder with radius a is given
by

Escat
z (ρ, ϕ, z, ω) = E0

∞∑
n=−∞

anH
(2)
n (k0ρ)e

jnϕ, (B.3)

where H(2)
n is the nth order Hankel function of the second kind and an is

an = −j−n Jn(k0a)

H
(2)
n (k0a)

. (B.4)

The same analysis can be made to the TE polarization leading to magnetic fields like

H inc
z (ρ, ϕ, z, ω) = H0

∞∑
n=−∞

j−nJn(k0ρ)e
jnϕ, (B.5)

Hscat
z (ρ, ϕ, z, ω) = H0

∞∑
n=−∞

bnH
(2)
n (k0ρ)e

jnϕ, (B.6)

with bn being

bn = −j−n J ′
n(k0a)

H
(2)′
n (k0a)

, (B.7)

noting that Jn′(z) = dJn(z)/dz and Hn
(2)′(z) = dH

(2)
n (z)/dz.

Figure 33 shows the total field solution (Etotal
z = Escat

z +Einc
z ) for a TM and TE polarized

plane wave propagating in the x̂ direction and interacting with a PEC cylinder of radius 1λ0,
where λ0 represents the free-space wavelength, defined as λ0 = 2π/k0. Only the first 100 modes
were considered (n = 100). The results obtained align with the existing literature [50].

B.1.2 Scattering of a Plane wave by a Dielectric Cylinder

The approach used to solve the problem of a plane wave scattered by a dielectric cylinder
is comparable to the one discussed previously for the conducting cylinder. The scattered field can
be expanded as demonstrated in the previous section, and the internal field, taking into account
TM polarization and a cylinder with permittivity ϵd and permeability µd, can also be expanded as

Eint
z (ρ, ϕ, z, ω) = E0

∞∑
n=−∞

cnJn(kdρ)e
jnϕ (B.8)

where kd = ω
√
ϵdµd and the coefficients are

an = −j−n

√
µrJ

′
n(k0a)Jn(kda)−

√
ϵrJn(k0a)J

′
n(kda)

√
µrH

(2)′
n (k0a)Jn(kda)−

√
ϵrH

(2)
n (k0a)J ′

n(kda)
, (B.9)

cn =
j−(n+1)

πk0a

2
√
µr

√
µrH

(2)′
n (k0a)Jn(kda)−

√
ϵrH

(2)
n (k0a)J ′

n(kda)
, (B.10)
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Figure 33 – Scattering of a plane wave by a conducting cylinder.
The analytical solution of the corresponding total electromagnetic fields are illustrated for the (a)
TMz polarization and (b) TEz polarization on the z = 0 plane.

where ϵr = ϵd/ϵ0 and µr = µd/µ0.

For the TE polarization case, the magnetic field inside the cylinder can be expanded as

H int
z (ρ, ϕ, z, ω) = H0

∞∑
n=−∞

dnJn(kdρ)e
jnϕ (B.11)

leading to

bn = −j−n

√
ϵrJ

′
n(ka)Jn(kda)−

√
µrJn(ka)J

′
n(kda)

√
ϵrH

(2)′
n (ka)Jn(kda)−

√
µrH

(2)
n (ka)J ′

n(kda)
, (B.12)

dn =
j−(n+1)

πka

2
√
ϵr

√
ϵrH

(2)′
n (ka)Jn(kda)−

√
µrH

(2)
n (ka)J ′

n(kda)
. (B.13)

Figure 34 shows the total field solution for a TM and TE polarized plane wave propagating
in the x̂ direction and interacting with a PEC cylinder of radius 1λ0 and relative permittivity
ϵr = 4. Only the first 100 modes were considered (n = 100). The results obtained align with the
existing literature [50].

B.1.3 Scattering of a Plane Wave by a Conducing Sphere

Considering that the eletric field of an x-polarized incident plane wave,

Einc = x̂E0e
−jk0z = x̂E0e

−jk0r cos θ, (B.14)
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Figure 34 – Scattering of a plane wave by a dielectric cylinder.
The analytical solution of the corresponding total electromagnetic fields are illustrated for a (a)
TMz polarization and (b) TEz polarization for a dielectric cylinder on the z = 0 plane.

can be rewritten in spherical components in terms of Riccati-Bessel functions (Ĵn(z) = zJn(z)

and Ĥ(2)
n (z) = zH

(2)
n (z)) as

Einc
r = E0

cosϕ

j(k0r)2

∞∑
n=0

j−n(2n+ 1)Ĵn(k0r)P
1
n(cos θ), (B.15)

Einc
θ = E0

cos θ cosϕ

k0r

∞∑
n=0

j−n(2n+ 1)Ĵn(k0r)Pn(cos θ), (B.16)

Einc
ϕ = −E0

sinϕ

k0r

∞∑
n=0

j−n(2n+ 1)Ĵn(k0r)Pn(cos θ), (B.17)

where P i
n is the nth order Legendre polynomial of degree i and dPn(cos θ)/dθ = P 1

n(cos θ). The
corresponding magnetic field components are

H inc
r = H0

sinϕ

j(k0r)2

∞∑
n=0

j−n(2n+ 1)Ĵn(k0r)P
1
n(cos θ), (B.18)

H inc
θ = H0

cos θ sinϕ

k0r

∞∑
n=0

j−n(2n+ 1)Ĵn(k0r)Pn(cos θ), (B.19)

H inc
ϕ = H0

cosϕ

k0r

∞∑
n=0

j−n(2n+ 1)Ĵn(k0r)Pn(cos θ), (B.20)

where H0 = E0/η0 and η0 =
√
µ0/ϵ0.

Considering a sphere with radius a, it can be shown that the fields inside the sphere are
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zero and the spherical components of the scattered electric and magnetic fields are

Escat
r = E0

cosϕ

j(k0r)2

∞∑
n=0

ann(n+ 1)Ĥ(2)
n (k0r)P

1
n(cos θ), (B.21)

Escat
θ = −E0 cosϕ

k0r

∞∑
n=1

[
anjĤ

(2)′
n (k0r)

dP 1
n(cos θ)

dθ
+ bnĤ

(2)
n (k0r)

P 1
n(cos θ)

sin θ

]
, (B.22)

Escat
ϕ =

E0 sinϕ

k0r

∑
n=1

[
anjĤ

(2)′
n (k0r)

P 1
n(cos θ)

sin θ
+ bnĤ

(2)
n (k0r)

dP 1
n(cos θ)

dθ

]
, (B.23)

Hscat
r = H0

sinϕ

j(k0r)2

∞∑
n=0

bnn(n+ 1)Ĥ(2)
n (k0r)P

1
n(cos θ), (B.24)

Hscat
θ = −H0 sinϕ

k0r

∞∑
n=1

[
anĤ

(2)
n (k0r)

P 1
n(cos θ)

sin θ
+ bnjĤ

(2)′
n (k0r)

dP 1
n(cos θ)

dθ

]
, (B.25)

Hscat
ϕ = −H0 cosϕ

k0r

∑
n=1

[
anĤ

(2)
n (k0r)

dP 1
n(cos θ)

dθ
+ bnjĤ

(2)′
n (k0r)

P 1
n(cos θ)

sin θ

]
, (B.26)

where

an = −j−n 2n+ 1

n(n+ 1)

Ĵ ′
n(k0a)

Ĥ
(2)′
n (k0a)

(B.27)

bn = −j−n 2n+ 1

n(n+ 1)

Ĵn(k0a)

Ĥ
(2)
n (k0a)

(B.28)

Figure 35 shows the normalized y component of the total magnetic field solution for
a x̂ polarized plane wave propagating in the ẑ direction and interacting with a PEC sphere of
radius 1λ0. Only the first 50 modes were considered (n = 50). The results obtained align with
the existing literature [50].

B.1.4 Scattering of a Plane Wave by a Dielectric Sphere

The solution for solving the problem of plane-wave scattering by a dielectric sphere is
similar to the approach that was previously discussed for the conducting sphere. The scattered
fields are the same. Assuming that the dielectric sphere has a permittivy of ϵd and a permeability
of µd. The fields inside the sphere can be expanded in terms of the TEr and TMr waves leading
to the following equations

Eint
r = E0

cosϕ

j(kdr)
2

∞∑
n=0

cnn(n+ 1)Ĵn(kdr)P
1
n(cos θ), (B.29)

Eint
θ = −E0 cosϕ

kdr

∞∑
n=1

[
cnjĴ

′
n(kdr)

dP 1
n(cos θ)

dθ
+ dnĴn(kdr)

P 1
n(cos θ)

sin θ

]
, (B.30)

Eint
ϕ =

E0 sinϕ

kdr

∞∑
n=1

[
cnjĴ

′
n(kdr)

P 1
n(cos θ)

sin θ
+ dnĴn(kdr)

dP 1
n(cos θ)

dθ

]
, (B.31)
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Figure 35 – Scattering of a plane wave by a conducting sphere.
The analytical solution of the normalized y component of the total magnetic field is illustrated
for a PEC sphere on the y = 0 plane.

H int
r = E0

sinϕ

jηd(kdr)
2

∞∑
n=0

dnn(n+ 1)Ĵn(kdr)P
1
n(cos θ), (B.32)

H int
θ = −E0 sinϕ

ηdkdr

∞∑
n=1

[
cnĴn(kdr)

P 1
n(cos θ)

sin θ
+ dnjĴ

′
n(kdr)

dP 1
n(cos θ)

dθ

]
, (B.33)

H int
ϕ =

E0 cosϕ

ηdkdr

∞∑
n=1

[
cnĴn(kdr)

dP 1
n(cos θ)

dθ
+ dnjĴ

′
n(kdr)

P 1
n(cos θ)

sin θ

]
. (B.34)

The coefficients for both scattered and internal eletromagnetic fields are

an = j−n 2n+ 1

n(n+ 1)

√
ϵrĴ

′
n(k0a)Ĵn(kda)−

√
µrĴn(k0a)Ĵ

′
n(kda)

√
µrĤ

(2)
n (k0a)Ĵ ′

n(kda)−
√
ϵrĤ

(2)′
n (k0a)Ĵn(kda)

, (B.35)

bn = j−n 2n+ 1

n(n+ 1)

√
µĴ ′

n(k0a)Ĵn(kda)−
√
ϵrĴn(k0a)Ĵ

′
n(kda)

√
ϵrĤ

(2)
n (k0a)Ĵ ′

n(kda)−
√
ϵrĤ

(2)′
n (k0a)Ĵn(kda)

, (B.36)

cn = j−n 2n+ 1

n(n+ 1)

j
√
ϵrµr

√
µrĤ

(2)
n (k0a)Ĵ ′

n(kda)−
√
ϵrĤ

(2)′
n (k0a)Ĵn(kda)

, (B.37)

dn = j−n 2n+ 1

n(n+ 1)

j
√
ϵrµr

√
ϵrĤ

(2)
n (k0a)Ĵ ′

n(kda)−
√
ϵrĤ

(2)′
n (k0a)Ĵn(kda)

. (B.38)

Figure 36 shows the normalized y component of the total magnetic field solution for a x̂

polarized plane wave propagating in the ẑ direction and interacting with a dielectric sphere of
radius 1λ0 and relative permittivity ϵr = 2.56. Only the first 50 modes were considered (n = 50).
The results obtained align with the existing literature [50].
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Figure 36 – Scattering of a plane wave by a dielectric sphere.
The analytical solution of the normalized y component of the total magnetic field is illustrated
for a dielectric sphere on the y = 0 plane.

bn = −j−n

√
ϵrĴ

′
n(ka)Ĵn(kda)−

√
µrĴn(ka)Ĵ

′
n(kda)

√
ϵrĤ

(2)′
n (ka)Ĵn(kda)−

√
µrĤ

(2)
n (ka)Ĵ ′

n(kda)
, (B.39)

dn =
j−(n+1)

πka

2
√
ϵr

√
ϵrĤ

(2)′
n (ka)Ĵn(kda)−

√
µrĤ

(2)
n (ka)Ĵ ′

n(kda)
. (B.40)

bn = −j−n Ĵ ′
n(k0a)Ĵn(kda)−

√
µr/ϵrĴn(k0a)Ĵ

′
n(kda)

Ĥ
(2)′
n (k0a)Ĵn(kda)−

√
µr/ϵrĤ

(2)
n (k0a)Ĵ ′

n(kda)
, (B.41)

dn =
j−(n+1)2/(πk0a)

Ĥ
(2)′
n (k0a)Ĵn(kda)−

√
µr/ϵrĤ

(2)
n (k0a)Ĵ ′

n(kda)
. (B.42)
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APPENDIX C

IMEX Runge-Kutta Coefficients

This appendix details the coefficients for the fourth-order Runge-Kutta schemes em-
ployed in the IMEX integration utilized in this work. The methodology utilizes a coupled
approach, leveraging both an explicit and an implicit method. The explicit scheme provides
efficient computation for portions of the system where stiffness is not a dominant concern, while
the implicit scheme addresses stiffness-related stability issues where they arise. This combined
approach allows balancing computational efficiency and numerical stability.

The explicit component is a six-stage, fourth-order Explicit RK method. Six stages are
used to achieve fourth-order accuracy, offering a balance between accuracy and computational
cost. The implicit component is a six-stage, fourth-order Explicit Singly Diagonally Implicit
Runge-Kutta (ESDIRK) method. The "singly diagonally implicit" nature of this scheme simplifies
the implicit solve compared to fully implicit methods, as it only requires the solution of a series
of scalar equations rather than a full matrix inversion at each stage. The shared number of stages
between the explicit and implicit schemes simplifies implementation and can facilitate switching
between the two methods. Both schemes share the same abscissa (time points within a step) and
weights, simplifying the coupling process crucial for IMEX methods.

The Butcher tableaux, a compact representation of the coefficients defining these RK
schemes, are provided below. These tableaux define the stage values ki and the final update for
each time step. The values presented here are taken from [21].
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Table 10 – Butcher Tableau for the Explicit RK46 Scheme (ERK part of the IMEX pair)

ci ai1 ai2 ai3 ai4 ai5 ai6

0 0 0 0 0 0 0

1
2

1
2

0 0 0 0 0

83
250

13861
62500

6889
62500

0 0 0 0

31
50

− 116923316275
2393684061468

− 2731218467317
15368042101831

9408046702089
11113171139209

0 0 0

17
20

− 451086348788
2902428689909

−2682348792572
7519795681897

12662868775082
11960479115383

3355817975965
11060851509271

0 0

1 647845179188
3216320057751

73281519250
8382639484533

552539513391
34546683868233

3354512671639
8306763924573

4040
17871

0

82889
524892

0 15625
83664

69875
102672

−2260
8211

1
4

b1 b2 b3 b4 b5 b6

Table 11 – Butcher tableau for the implicit ESDIRK46 Scheme (Implicit part of the IMEX pair)

ci ai1 ai2 ai3 ai4 ai5 ai6

0 0 0 0 0 0 0

1
2

1
4

1
4

0 0 0 0

83
250

8611
62500

− 1743
31250

1
4

0 0 0

31
50

5012029
34652500

− 654441
2922500

174375
388108

1
4

0 0

17
20

15267082809
155376265600

− 71443401
120774400

730878875
902184768

2285395
8070912

1
4

0

1 82889
524892

0 15625
83664

69875
102672

−2260
8211

1
4

82889
524892

0 15625
83664

69875
102672

−2260
8211

1
4

b1 b2 b3 b4 b5 b6
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