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Chapter 1
INTRODUCTION

Since the early studies of electromagnetic waves conducted by Hertz [1], reflector
antennas have been widely used in countless communication applications, rang-
ing from the large radio-telescopes used in deep-space probing [2] to the compact
base stations of mobile communications [3]. The major appeal of these antennas
resides in the collimating properties of the reflector surfaces, which provide high
performance with a cost-effective geometry [4]-[7].

The analysis and synthesis of reflector antennas have been successfully accom-
plished in terms of the approximations provided by the Physical Optics (PO) [8] and
the Geometrical Theory of Diffraction (GTD) [9] techniques, specially for reflector
surfaces with large electrical dimensions. However, these techniques can not effi-
ciently account for the mutual interactions among the several antenna components
(i.e., reflector surfaces, feeding and supporting structures, etc.), which reduce the
overall antenna efficiency and increase the sidelobe levels of the radiation pattern.
As the current state of the art in telecommunication technology pushes for highly

efficient antennas designed to satisfy a steadily increasing number of electrical re-



strictions, the antenna synthesis must then be grounded in an accurate analysis
tool, capable of accounting for all relevant effects.

The rigorous simulation of the antenna electromagnetic properties can be as-
sembled in terms of integral equations (together with the appropriate boundary
conditions over the antenna surfaces), which can then be numerically solved us-
ing the Method of Moments (MoM) [10]-[13]. Although this technique models the
antenna electrical characteristics with an extreme accuracy, its numerical implemen-
tation requires excessive amounts of computer memory and time, which generally
preclude the analysis of antenna systems with large electrical dimensions. Recently,
while pushing current numerical limits, the three-dimensional MoM analysis of the
plane-wave scattering from a square thin plate with only 6 wavelengths in size
has been reported [14]. This indicates that the possibility of a similar analysis of
large and general reflector antennas remains in the future, waiting for enhance-
ments in computer hardware and/or analysis methods. However, for the particular
case of reflector antennas with axial symmetry, the MoM analysis can be reduced
into the complexity of a two-dimensional one [15]-[20], yielding an overwhelm-
ing decrease in the computational burden. This brings the rigorous modeling of
large axially-symmetric reflector antennas into feasibility [17]-[20]. In the present
dissertation, which is devoted to the analysis and design of axially-symmetric dual-
reflector antennas, configurations with main-reflector diameters up to 200 wave-

lengths are entirely analyzed using the MoM technique. The formulation to be



presented also enables the inclusion of a circularly-symmetric feed structure into
the rigorous antenna analysis, avoiding the inaccuracies associated with using a
spherical-wave point source to excite the reflector antenna—a drawback present in
previous works [17]-{20].

A highly efficient reflector antenna is accomplished by implementing, as close as
possible, uniform amplitude and phase distributions for the electromagnetic field
at the antenna aperture [21]. The simultaneous control of both aperture amplitude
and phase distributions is only possible if at least two reflector surfaces are used to
transform the feed radiation into the desired aperture illumination. A clear aper-
ture with uniform illumination intrinsically requires an offset reflector configuration
to avoid blockage [5]—this is never possible in an axially-symmetric dual-reflector
geometry due to the presence of the subreflector in front of the main reflector.
However, the axially-symmetric geometry is inherently simpler and, consequently,
less expensive to manufacture. This fact makes it specially attractive for com-
mercial applications. Besides, the axial symmetry enables a rigorous analysis of
the antenna system using MoM, simplifying the corresponding engineering devel-
opment process. For antenna configurations with extremely large main reflectors
(which may preclude a complete MoM analysis due to computer-memory restric-
tions), accurate hybrid techniques based on MoM and PO can still be applied to

their analysis [22]-[24].



The most commonly used axially-symmetric dual-reflector configurations are
the classical Cassegrain and Gregorian [25],(26]. In these geometries part of the
energy radiated by the main reflector impinges back on the subreflector, creating
several undesirable effects (e.g., efficiency decrease, sidelobe level increase, etc.).
However, reduction of the main-reflector scattering towards the subreflector can
be accomplished by appropriately shaping both reflector surfaces [27] or by using
alternative classical configurations [28]-[31]. In this dissertation both approaches
are investigated. It is shown that, for sufficiently large reflectors, antenna efficiencies
beyond 90% can be achieved by some alternative classical configurations. These
efficiencies can be further improved by shaping the reflector surfaces to provide an
almost-uniform aperture illumination.

However, depending on the particular application and the associated sidelobe
requirements, the specification of a uniform amplitude distribution for the aper-
ture field (desirable for high efficiency) may generate intolerable sidelobe levels.
Aperture distributions capable of controlling the sidelobe envelope have been in-
vestigated by Ludwig [32]. However, Ludwig’s aperture distribution does not yield
antenna efficiencies beyond 80% [32]. In this dissertation, an alternative ampli-
tude distribution is proposed for the aperture field. This distribution is capable of
controlling the sidelobe levels while providing high efficiencies. Also, the GTD ap-
proximations are used to yield useful insights and closed-form expressions to control

the forward- and backward-spillover impacts upon the antenna sidelobes, as well



as to investigate the effects of the subreflector-edge diffraction on the aperture
illumination.

The objective of this dissertation is to present a detailed formulation for the de-
sign and rigorous analysis of generalized axially-symmetric dual-reflector antennas,
aiming a highly efficient performance with a prescribed sidelobe envelope. The work
is discussed in the following order. Chapter 2 presents the necessary formulation
for the rigorous electromagnetic analysis of perfectly-conducting axially-symmetric
reflector antennas, based on the MoM technique. At this stage, the antenna system
is excited by a spherical-wave point source (e.g., a raised-cosine feed model, Hertz
dipole, etc.) located at the symmetry axis. The MoM formulation adopted is based
on Ref. [16]. However, in order to provide the necessary basis for the inclusion
of the feed structure in the antenna analysis (discussed in Chapter 3), a complete
discussion of the MoM formulation and its numerical implementation is conducted.
Also, complete expressions for the electric and magnetic near- and far-zone fields
are presented.

Note that this dissertation does not consider the presence of the feed /subreflector
supporting struts in the antenna analysis. The struts destroy the axial symmetry
of the antenna configuration and thus require special treatments, specially for the
modeling of the junction between the strut and the axially-symmetric reflector sur-
face. Previous works have dealt with this problem by simulating the struts as

infinitely thin wires [17] or strips [33]. However, theses formulations are applicable



only to infinitely thin struts, and hence further improvements are still required to
model struts with arbitrary cross sections [33].

Chapter 3 presents an integral-equation formulation that includes a circularly-
symmetric feed structure in the analysis, enabling the complete antenna to be
handled. The excitation is provided by equivalent currents and charges located
inside the circular waveguide connected to the feed horn. These equivalent sources
are specified to excite the fundamental TFE;; mode towards the feed boresight di-
rection [34]. Also, Impedance Boundary Conditions (IBC) are incorporated into
the formulation, enabling the simulation of horn-flare corrugations and perfectly
matched waveguides [35]. The simulation of the horn corrugations permits an ac-
curate analysis of the feed radiation characteristics without the hassle of modeling
the corrugation geometries (this reduces the numerical burden of the feed analy-
sis). Both the simulation of matched waveguides using an IBC and the TE;;-mode
excitation yield the evaluation of the feed return loss in a single computer run. The
present formulation is then an improvement over previously reported works, where
Hertz dipoles were used to excite the fundamental TF; mode and the feed return
loss could not be directly obtained [35],[36]. Furthermore, Chapter 3 also presents
expressions for the radiated near- and far-zone fields (associated with the IBC).
Although the present formulation only permits the analysis of mono-modal axially-
symmetric feed structures, most of the feeds applied in practical reflector-antenna

applications fall into this category [37]-[39).



After the presentation of the necessary tools for the rigorous analysis of axially-
symmetric dual-reflector antennas, this dissertation goes into their design details.
The approach is based on the concept that the design process should always start
from a (simpler) classical configuration. So, Chapter 4 introduces generalized classi-
cal axially-symmetric dual-reflector antennas capable of reducing the main-reflector
radiation towards the subreflector while providing a uniform phase distribution for
the aperture field [28]-[31]. The expression generalized classical is used to stress
that all possible configurations (there are four distinct geometries) are investigated
in a unified way and that their reflector surfaces are generated by conic sections.
Based on Geometrical Optics (GO) concepts, closed-form expressions are derived to
design all possible classical configurations, and to obtain the corresponding aper-
ture fields [31]. Parametric comparisons among these generalized antenna types
are conducted, and it is demonstrated that some of these configurations yield effi-
ciencies beyond 90% (under a GO perspective). However, higher efficiencies (up to
98%) are obtained by shaping the reflector surfaces [27] (discussed in Chapter 5),
in which case the classical geometries may be applied as the starting point for the
shaping process.

However, as previously mentioned, depending on the application a practical an-
tenna design must aim not only towards high efficiency but also the satisfaction of a
required sidelobe envelope. With this motivation, Chapter 5 proposes a useful dis-

tribution for the aperture electric-field amplitude, capable of controlling the antenna



sidelobe envelope while providing high efficiencies. The reflector-antenna surfaces
yielding the proposed aperture distribution are obtained through an efficient GO-
shaping algorithm [40]. Also, the forward and backward spillovers are investigated
and controlled using asymptotic approximations provided by GTD [9], which then
leeds to the study of the diffraction effects to the aperture illumination. Chap-
ter 5 concludes with the design of a shaped axially-symmetric Cassegrain antenna
(main-reflector and subreflector diameters of 100 and 15 wavelengths, respectively)
with 80% efficiency while satisfying current ITU sidelobe-envelope requirements for
earth-station antennas operating with geostationary satellites [41].

Throughout this work the complex et/ time dependence is implicitly assumed
for all fields, currents, and charges, where j = /-1, w = 27f, and f is the
electromagnetic radiation frequency. An arrow, a hat, and a double bar on the top

of a variable are used to represent a vector, a unit vector, and a dyadic, respectively.



Chapter 2
SCATTERING FROM PERFECTLY CONDUCTING

BODIES OF REVOLUTION

The objective of this chapter is to present the required formulation for the rigor-
ous numerical analysis of axially-symmetric reflector-antenna systems. The reflec-
tors are assumed made of perfectly-conducting (PEC) infinitely-thin open shells
and the numerical analysis is performed using the Electric Field Integral Equation
(EFIE) [10]-[13],[16]. Although this dissertation is devoted to axially-symmetric
reflector-antenna applications, the formulation to be presented is general enough to
be applied to any PEC axially-symmetric geometry (e.g., metallic spheres). Herein
the axially-symmetric configurations are referred to as bodies of revolution (BOR),
and their geometries obtained by rotating generating curves about a single axis of
symmetry, as illustrated in Fig. 2.1.

The geometrical representation of the BOR generating curve is presented in
Sect. 2.1. The EFIE formulation used to analyze the PEC-BOR configurations is
briefly discussed in Sect. 2.2. The EFIE is then numerically solved using the Method

of Moments (MoM), which is presented in Sect. 2.3. Afterwards, the radiated near-
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and far-zone fields are obtained from the resulting induced currents, as formulated
in Sects. 2.4 and 2.5, respectively. Finally, two validation test cases are discussed in
Sect. 2.6: the near-zone field produced inside and outside a PEC sphere illuminated
by a Hertz dipole and the radiated far-zone field of a paraboloidal reflector.

In the present chapter, the PEC-BOR configurations are illuminated by simple
spherical-wave sources, such as the Hertz dipole. However, the accurate analysis
of real antenna systems must include more complex feeds. To account for such
possibility, in Chapter 3 the EFIE formulation is extended to BOR geometries with
an impedance boundary condition (IBC), which allows the consideration of more
realistic feeds. So, although the MoM formulation of the present chapter is based
on Ref. [16], its derivation is conducted in detail to provide the required basis for

the formulation of Chapter 3.

2.1 The Body-of-Revolution Geometry

The surface of a BOR is defined by its generating curve rotated about the BOR
axis of symmetry, as shown in Fig. 2.1. In the present work, the axis of symmetry
is always assumed to coincide with the z-axis of the principal coordinate system.
Furthermore, it is convenient to define an orthogonal curvilinear coordinate system
over the BOR surface. This coordinate system is characterized by the orthonormal
base vectors ¢, ngS, and 7, where f is the unit vector tangent to the surface and

pointing along the generating curve, ¢ is the unit vector tangent to the surface
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a) Three-Dimensional View

b) Generating Curve

Figure 2.1: The BOR Geometry.
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and pointing along the circumferential direction, and 7 is the unit vector normal
to the BOR surface, such that # = ¢ x i (see Fig. 2.1). It is very important to
observe here that the formulation presented in this work always assume that 7
points outwards a closed BOR surface (i.e., towards the region where the excitation
sources are located). For an open surface (like the reflector surfaces to be studied),
the ambiguity on the orientation of 7 is irrelevant.

These unit directions are related to the usual cylindrical coordinates of the

principal coordinate system by

t = sinu p + cosu 2, (2.1)

¢xi = cosu p — sinu 2, (2.2)

P
Il

where u is the angle between  and 2, as illustrated in Fig. 2.1.

For the numerical evaluation of the EFIE, it is also convenient to describe the
BOR generating curve by straight-line segments and, consequently, the BOR surface
by rings, as illustrated in Fig. 2.2. Notice that over each generating-curve segment,

the corresponding angle u is constant.

2.2 The Electric Field Integral Equation

Assuming a linear, homogeneous, and isotropic medium, the electromagnetic field
at a given observation point outside a closed and finite region can be entirely deter-

mined by the prior knowledge of the electromagnetic behavior over the closed-region
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a) Three-Dimensional View

b) Segmented Generating Curve

Figure 2.2: Representation of the BOR Generating Curve by Straight Segments.
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surface plus the radiation characteristics of any source located outside the closed
region. This is accomplished by the Stratton-Chu formula [42], where the closed
region is defined by the BOR surface in this work. For the electric field, this formula

is known as the EFIE and given by [11]

E(®) = TE™(7) — % 7{ {dwpe [ x H(F) ¥ = [ x E(7")| x V¥

- [ E@| v} ds, (2.3)

where S’ represents one or more disconnected BOR closed surfaces, 7 locates the
observation point, 7' locates the source point over S’, E (7) is the total electric field
at 7, E”‘%F) is the incident electric field at 7 produced by external sources, E(F ")
is the total electric field at 7/, H(7") is the total magnetic field at 7/, 7/ is the unit
surface normal at 7' pointing towards the region where the external sources are
located, and

v = , (2.4)

where R = |7 — 7’| and ko, = 2m/\ = w,/l1,€, With A being the electromagnetic
radiation wavelength. In this work, the configurations to be analyzed are always
surrounded by the free space, which has permittivity ¢, = 8.854 x 107'2 F/m and
permeability u, = 47 x 1077 H/m. In Eq. 2.3, the parameter I is equal to 1 if 7
is outside the surface S’ and is equal to 2 if 7 is over a smooth surface S’ [11]. It
is important to observe that Eq. 2.3 has removable singularities whenever 7 = 7.

The singularity remotion depends on the approach used to solve Eq. 2.3.
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Furthermore, it is convenient to substitute the original problem where the BOR
is physically present by an equivalent configuration where electric and magnetic
currents (radiating in free space) are placed over the BOR-surface location. This
is known as the equivalence principle [34], which is illustrated in Fig. 2.3. In the

equivalent problem, the electric and magnetic equivalent currents are defined as

P

< AR = J(7), (2.5)

< B(F) = -M(), (2.6)

P

respectively. The definition of these equivalent currents transfer the boundary-
condition information from the original problem to the equivalent one, such that
the electromagnetic fields outside the BOR. region are identical on both problems.

Assuming the observation point 7 located over the smooth BOR surface S’
(I' = 2), taking the cross product of Eq. 2.3 with respect to the unit surface normal

7 at 7, using the relation derived from the continuity equation [11]

B = v [ x A (2.7)

WeE,y

and solving the equivalent problem by substituting Eqs. 2.5 and 2.6 into Eq. 2.3,

the following EFIE is obtained:

— . M ] — —
nx E™() = — 2(7:3 + 47rfueo i X f{kﬁJ(F')\Il — jwe,M(F') x V¥

- [V T Vel ds. (2.8)
However, for a PEC surface, the boundary conditions at S’ state that the tangential

electric field and, from Eq. 2.6, M (7') are both zero over S’. In this case, Eq. 2.8
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can be rewritten as

i x Bme(7) = 4750 — X [{RiEye - v )] ve) ds,  (29)

where the unknown quantity is the electric current J| (7"), which may be obtained
using the MoM technique [10]-[13],[16].

In Eq. 2.9, when the closed BOR surface is shrunk into an open and infinitely
thin surface (e.g., reflector surface), J(7') then represents the summation of the
electric currents on both sides of S” at the corresponding point 7’ [11]. Nevertheless,
in Chapter 3 an impedance boundary condition (IBC) will be applied over portions
of S’ in order to allow the analysis of feed structures. The IBC actually represents
a boundary relation between J(7') and M (') over the surface. Consequently, over
the portions of S" where the IBC is present M (7') will no longer be zero and Eq. 2.8

must be used instead of Eq. 2.9. In such cases, the surfaces containing the IBC

must be closed [11].

2.3 The Method of Moments

In this section, the MoM technique is applied to the numerical solution of Eq. 2.9 for
a PEC BOR. This technique basically consists in transforming the integral equation

into a system of linear algebraic equations [10]-{13],[16].
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2.3.1 The Matrix Equation

To transform the EFIE into an equation amenable to numerical solution, first the
unknown current J| (7') of Eq. 2.9 is represented by a finite summation of known
basis functions J_;(F ') respectively multiplied by unknown complex coefficients I;

as follows:

N
I = DL (), (2.10)

J
where N is the total number of basis functions and J;(7') must be judiciously
chosen in order to correctly represent the electromagnetic behavior of the electric
current, ensuring the proper convergence of the numerical solution (discussed in
Sect. 2.3.2). The substitution of Eq. 2.10 into Eq. 2.9 yields

— . N =
Ax B = 3L, (2.11)
J

where

L) = 4730 — S/ {B2T7)w = [V - (7] V') ds. (2.12)

Next, to obtain the unknown coefficients I;, the solution of Eq. 2.11 is enforced
over S' by means of weighting functions W;(7). These weighting functions are
defined over the BOR surface S and an inner product is taken on both sides of
Eq. 2.11 for each one of the N functions W;(7) [10]-[13],[16]:

/WF) [ x Ene()] ds = ZI /VT/ZF) L(J) (2.13)

S
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where S and the unprimed coordinates refer to the observation point 7, and S’ and
the primed coordinates refer to the source point ¥/ (S and S’ actually represent
the same BOR surface). Anticipating that the basis and weighting functions are
to be chosen tangent to the surface and, consequently, perpendicular to the surface

normals 7/ and 7, respectively, Eq. 2.13 may be rewritten as [16]

[ E=is = o2 S [ [ (s

47rw € ¥

— [V 57| V'e} ds' ds. (2.14)
Now, from Eq. 2.4 one obtains the useful result
VU = —VU. (2.15)
Also useful is the following vector identity:
W) - VU ds = $V-[WWi(R)] ds — §UV-Wi(7) ds, (2.16)
s s s

where the first integral of the right-hand side of Eq. 2.16 is zero, as a consequence
of the two-dimensional divergence theorem. The substitution of Eqgs. 2.15 and 2.16

into Eq. 2.14 yields

/foi(m-ﬁi”c(f’)ds - ZIJ// (RWi(7) - T,
s
— [V W@] [V )]} wds'ds.  (217)
From Eq. 2.17, which must be applied to each weighting function I/T/Z(F), one

finally obtains the matrix equation

vl = [21l], (2.18)
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where the i-th element of the column matrix [V] is given by
1 - .
vi= o [ Wi - B ds (2.19)
°5s

(where the free-space impedance 7, = 4/1,/€,), the elements of the N-element

square matrix [Z] are given by

Zi; = 47ka | [k - 5 = [V Wa@)] [V 7))} @ ds'ds, (2.20)

s s

and the j-th element of the column matrix [I] is the unknown coefficient ;. Due
to the physical units of the respective elements, the matrices [V], [Z], and [I] are
known as the voltage, impedance, and current matrices, respectively. Once the
linear system of Eq. 2.18 is solved for the unknown coeflicients I;, the electric
o

current J(7') is immediately obtained from Eq. 2.10.

2.3.2 Basis and Weighting Functions

The correct choice of the basis and weighting functions is fundamental for the
proper convergence of the MoM technique. For reflector-antenna applications com-
posed of smooth and well-behaved surfaces, local and/or entire-domain basis and
weighting functions may be used. The advantage of the entire-domain functions is
to permit the analysis of large reflector antennas with a relatively small number NV
of functions [18],[19]. This tremendously reduces the number of impedance-matrix
elements (see Eq. 2.18), which is equal to N2. However, as the evaluation of each

impedance-matrix element is proportional to N? in this case, the time spent in
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obtaining the entire matrix is then proportional to N*, yielding a highly time con-
suming algorithm. To overcome this difficulty, spatial-frequency localized functions
may be used [20]. In this procedure, a relatively small number N (still, bigger
than the one for the entire-domain functions) may be used and the time spent on
the numerical evaluation of each impedance-matrix element is now independent on
N. However, both the entire-domain and spatial-frequency localized functions can
not efficiently analyze configurations with complex geometries (such as the feed
structures to be studied in Chapter 3).

In the present work, the basis and weighting functions [J;(7') and W;(7), re-
spectively] used are the local triangle and pulse functions of Refs. [16] and [17] (see
Fig. 2.4). Although a higher number N of functions must be used, their versatile-
ness enables the analysis of practically any geometry representing the reflector and
feed surfaces of the antenna. Likewise the spatial-frequency localized functions, the
numerical evaluation of each impedance-matrix element is independent on N, but
the integrals associated with the present formulation are somewhat simpler.

The above choice for the local triangle and pulse functions are primarily based
on the requirements of the impedance-boundary-condition (IBC) formulation pre-
sented in Chapter 3 to model the feed structure. Whenever a discontinuity of the
IBC is present over the BOR surface, the boundary conditions stablish a conti-
nuity and a discontinuity on the electric surface current flowing along the ¢- and

¢-directions, respectively. So, the #-oriented electric currents are represented by
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triangle basis functions to ensure their continuity from one segment to an adja-
cent one over the BOR generating curve, while the ¢-oriented electric currents are
represented by pulse basis functions to account for any possible discontinuity (see
Fig. 2.4). This representation also enables the correct modeling of the currents at
the rim of a PEC reflector surface, as the {-oriented electric current dies to zero at
the rim while the ngS—oriented one reaches very large values.
Accordingly to Ref. [16], the electric current is then represented as
o0
Jwy = Y {Z '— e+ Z 7 . ) en? ¢’ } (2.21)
n=—oo
where # and ¢ are the unit vectors at the source point 7' over the surface S,
t" and ¢ are the corresponding coordinates locating 7', T;(¢') and P;(¢') are the
triangle and pulse basis functions, respectively, N and Np are the total number
of triangle and pulse basis functions, respectively, IT; and I} are the unknown
complex coefficients associated with T};(¢') and P;(t'), respectively, p' is the radial
distance from 7 to the z-axis, and p; is the radial distance from the middle point
of segment j to the z-axis. Herein, the BOR generating-curve segments associated
with T;(¢') and P;(t') are called the source segments.
With the assistance of Fig. 2.4, each triangle basis function 7}(#') is defined
over two consecutive source segments. Throughout this work, for each T}(#') the

subscript ¢ — 1 is used to identify the associated source segment where T;(¢') has

a positive first derivative, while the subscript ¢ identifies the remaining source seg-
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ment (where the derivative is negative). In Eq. 2.21, the division of T;(¢') by o’
avoids numerical problems whenever p is close to zero (this point will become clear
later). As illustrated in Fig. 2.4, in the first and last segments of the generating
curve representing one of the BOR surfaces only one triangle function will be present
(i.e., no half-triangles will be used). Half-triangles can be used to ensure the proper
modeling of the current behavior at the generating-curve extremes. However, these
extremes will correspond either to the point where the BOR intercepts the sym-
metry axis [in which case the proper current behavior is taken into account by the
pulse function P;(t') representing the ¢-oriented current] or to the rim of the BOR
surface (where the £-oriented current naturally dies to zero). Furthermore, the pulse
function P;(¢') is defined over a single source segment, which is simply represented
by the subscript j. In Eq. 2.21, the division of P;(¢') by p; is used to maintain
the same unit for both ¢- and ¢-current representations (no numerical singularity is
introduced by this division since p; will never be zero). From Eq. 2.21, a sinusoidal
behavior is chosen for the azimuthal ¢’ variation on both current elements, where
n is an integer number.

To represent the weighting functions W;(7), Galerkin’s method is employed as
explained in Ref. [16]. The application of Galerkin’s method to the MoM technique

generally yields more accurate and rapidly convergent solutions [12]. In this case:
< [T, , AW

p o ¢ | eI, (2.22)
m=—0o K3
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where now the unprimed vectors and coordinates are used to represent the obser-
vation point 7. The definition of the triangle and pulse weighting functions T;(t)
and P;(t) exactly follows the one of the triangle and pulse basis functions T;(t')
and P;(t') of Eq. 2.21, where now the BOR generating-curve segments associated
with the weighting functions are called the observation segments. To remove any
ambiguities between the source and observation segments, the subscripts p — 1, p,
and ¢ are used for the observation-segment representation, instead of the previously
used subscripts ¢ — 1, ¢, and j, respectively. In Eq. 2.22 the sinusoidal azimuthal
variation is established by the integer number m.

As two different basis functions [T;(¢') and P;(t')] and two different weighting
functions [T;(¢) and P;(t)] are used, the matrix equation of Eq. 2.18 is written as

vT ZTT  7TP IT

= , (2.23)
VP ZPT ZPP IP

where, from Eqs. 2.19 and 2.22, the elements of the sub-matrices V7 and V¥ are

given by
1 (Tt) ., . = ,
v = = / t) e 9™ {.E"(f) ds, i=1,..,Nr, (2.24)
Mo ¢ P
L (P oy n .
VP = — / t) e ™ ¢. E™(f) ds, i=1,..,Np, (2.25)
Mo g pi

respectively, from Eqgs. 2.20-2.22 the elements of the sub-matrices Z77, Z7F, ZPT,
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and ZFF are given by

Zr= 2 [ { ') it § . [T—(t) e—fwf]
Tho ¢ S, p
x V- [ eind’ t’] } Uds'ds,i=1,..,Nrand j=1,...,Np, (2.26)
- Ao Ti(t) .
ZIP = // ) j(ng'-mg¢) £ A1 _ vy, |20\ —ime g
* 47rk € ¢ P €

P:(t VIR
x V' lﬂ e’ ¢’] } Uds'ds,i=1,..,Nrand j =1,.., Np, (2.27)
Pj

] B T:() .. . aa Pt A
ZZ.I;T: ﬁ //{kgﬂ#ea(w—mw(ﬁ.t' I VAR lﬁ e—]m¢¢]
Tho g & pi P '

pi

T;(tY . ..
x V' lL,) ne t’] } Uds'ds,i=1,..,Npand j =1,...,Np, (2.28)

PP _ 2 ) j(ng’ —mo) _ P(t) —jmd) n
Zij 47rk //{k -4 V- [ 0i ¢
5§
’ Pj(tl) ing’ 11 / . .
x V. |—2e" |2 Wds'ds, i=1,..,Npand j =1,...,Np, (2.29)
Pj

respectively, and the elements of the sub-matrices I and Ip are the unknown
coefficients IT; and I} of Eq. 2.21, respectively. The numerical evaluation of the
impedance-matrix elements given by Eqs. 2.26-2.29 is discussed in Sects. 2.3.3 and
2.3.4, while the evaluation of the voltage-matrix elements given by Eqs. 2.24 and

2.25 is presented in Sect. 2.3.5.

2.3.3 Impedance-Matrix Evaluation

The numerical evaluation of the impedance-matrix elements discussed in this section
follows the procedure of Ref. [16]. Although the material here presented is not

new, for the sake of completeness the formulation is detailed below in order to
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introduce the notation used throughout this work as well as to provide a reference
for the evaluation of the impedance-matrix elements related to the IBC formulation
(discussed in Chapter 3).

The evaluation of the surface integrals of Egs. 2.26-2.29 is better accomplished
using the orthogonal curvilinear coordinate system defined in Sect. 2.1, in which
case [16]

ds = pdtde, (2.30)

where p is the distance from the observation point 7 to the z-axis (see Fig. 2.2).
Using the primed coordinates of the source point 7/ instead, Eq. 2.30 can also be

used to write ds’ as ds’ = p' dt’ d¢'. Using the relations

t-# = sinusinu cos(¢ — ¢') + cosu cosu’, (2.31)
i-¢ = sinusin(¢—¢'), (2.32)
¢-T = —sinu' sin(¢— ¢'), (2.33)
$-¢' = cos(¢—¢), (2.34)
F o= —ZF) + - Z(F .
_ N2 n2 /o2 ¢ - ¢I 2
R = |(p=p)" +(z=2)" +dpp'sin” | — : (2.36)
Eqgs. 2.26-2.29 are rewritten as
. 27 2T
ZLT = Z—W ////{kgTZ(t)T](t') [sinu sinu’ cos(¢p — @) + cosu cosu']
0t o0 ¥
/ 1l j(ng’ —mo) e ol ! ’
- T/ Tt} e S s dtds, (2.37)
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ZLP = 4i 7/7/ {kgTZ(t) P;(t") KI sin u sin(¢ — ¢')
0%t 0

P

Pi(t L —jkoR
— jnTl(t) ’(t)} e (nd'—me) ekiR dt' d¢' dt do, (2.38)

/ {kg P(t) T;(t" ﬁ sinu' sin(¢ — ¢')

1oyl j(ng' —ma) e Jhelt rog il

0

Zr= L ?///{kga(t)zaj(t')p—”' cos( — )

piP;

P,(t) P;(t' o —koRt
B ](t)} =) € T a adt dt dg, (2.40)
Pi Pj kot

where T'(t) = 0T /0t and the limits of the integrals with respect to ¢ and ¢’ will
depend on the weighting and basis functions, respectively.
From Eqs. 2.36-2.40 one observes that all functions of ¢ and ¢’ are periodic over

the 027 interval. In this case, the following relation applies:

27 27
/ F(¢—¢') I —m9) dof = / F(¢) elltn=mi¢’=ma] gy
0 0
) 2w, m=n,
= F(¢)e ™ x (2.41)

0, m#n.
Equation 2.41 then indicates that the impedance-matrix elements are zero whenever
m # n and, consequently, Eq. 2.23 may be separated into several independent
systems, one for each different mode m = n. The modes m to be excited will
depend on the incident electric field Ein¢(7) radiated by the external sources and,

consequently, on the voltage matrix of Eq. 2.23 (discussed in Sect. 2.3.5).
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Substituting Eq. 2.41 into Eqgs. 2.37-2.40 for each independent mode m, these
equations are rewritten as
ZIT = j //{kgTZ(t) T;(t) [sinu sinu' Gs(t,t") + cosu cosu' Gr(t,t')]
t

- T Tj(t) Ge(t,t)} dt dt, (2.42)

Pt
ZLP = / / ’p@ [kgTi(t) P sinuGg(t,t') + mT](t) G7(t,t’)] di' dt, (2.43)
t ¢ J

Pi(t :
ZET = — / / p(i)[kg Ty(t') p sinu! Go(t, ¢') + mTj(t) G(t,1)] dt’ dt, (2.44)
t ¢

1 B@) Pt
PP __ ? J 2 / AN 2 ! !
ZEP = t/ / o o (k2 p 6 Gs(t,t') — m* Go(t,t)] dt' dt, (2.45)

where the integrals with respect to ¢ are given by

1 i e~ JkoR A —jkoR
Gs(t,t') = EO/COSQS e Ime R dp = 0/cosq& cos mo R deo, (2.46)
oty = 3 [ mo € s | 8 4, (247
t,t — _/ 3 —Jm - — / . . c : .

6(t,t") 2 ) sing e R ¢ J sin ¢ sinmg "R o, (2.47)

Go(t,t Lf ~ima € " d [ e It d 2.4
(8, 8) = 50/6 im0 = 0/c0sm¢ P (2.48)

with, from Eq. 2.36,

R = l(p — )+ (z—2) +4pp sin’ g] : (2.49)

It should be noted in Egs. 2.46-2.48 that the integrals G,(t,t') are defined with
v =5, 6, and 7, respectively, as they belong to a family of similar integrals (to be
shown later) where v =1, ...,12.

To evaluate the integrals with respect to ¢ and ¢’ one recalls that, accordingly to

the notation of Sect. 2.3.2, the basis function T;(#') is defined over two consecutive
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segments of the BOR generating curve and the basis function P;(¢') is defined over
a single one. Furthermore, it is convenient to define the parameter « to represent
the basis functions. This parameter is related to the source coordinates t', p’, and

z" accordingly to:

A
= tl—i—a?l, (2.50)
A
o= pl—i-oz?lsinul, (2.51)
A
7 = zn+a ?l cos uy , (2.52)
where @ = —1 and 1 represent the point where the source segment [ starts and

ends, respectively, u; is the constant angle u associated with the source segment [,
t1, 1, 7y are the t', p', and 2’ coordinates of the middle point of the source segment [,
respectively, and throughout this work the subscript ! represents any of the sub-
scripts ¢ — 1, ¢, and j associated with the source segments. Using the parameter «

and from Fig. 2.4, T;(¢') is conveniently written at the source segment ¢ — 1 as

1

T;t) = ;a, (2.53)
1

Y

L) = (2.54)

where A,_; is the length of the source segment ¢ — 1 and « is defined accordingly
to Egs. 2.50-2.52 for [ = ¢ — 1. Similarly, when [ = ¢, T;(t') is expressed as

T;(t) = 1;(1, (2.55)

TI(¢) = ;—1, (2.56)

q
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where now the parameters are associated with the source segment ¢. Furthermore,

the basis function P;(t') associated with the source segment j is simply given by
() = 1, (2.57)

where now Eqs. 2.50-2.52 are applied with [ = j. For the weighting functions
T;(t) and P;(t) the same procedure is adopted and Egs. 2.50-2.57 are used for their
definition with the primed source coordinates replaced by the unprimed observation
coordinates and the source-segment subscripts [, ¢ — 1, ¢, and j replaced by the
observation-segment subscripts £, p — 1, p, and ¢, respectively.

Following Ref. [16], the integrals with respect to ¢ are evaluated by the approx-
imation

/ F()dt ~ Fla=0) Ag, (2.58)
segment k

where throughout this work the subscript k represents any of the subscripts p — 1,
p, and 7 associated with the observation segments. Substituting Eqgs. 2.50-2.57 [for
the weighting functions 7T;(t) and P;(t)] and 2.58 into Egs. 2.42-2.45, one obtains

the following relations:

P A
ZIT = j / > {kg Tij(t’) [sin uy sinu’ Gs(tg, ") + cosuy cosu' Gr(ty,t')]
# k:p—l
+ (LT G7(tk,t’)} dt’, (2.59)

Pit) &i [, A
7= [ L) 5 [1#7’“ p’sinukG6(tk,t’)—(—1)p_ka7(tk,t')] dt', (2.60)

¥ p] k=p—1

ZPT = — A / lkﬁ T;(t) sinu' Ge(t;,t') + ﬁT}(t’) G7(ti,t’)] dt’, (2.61)
tl

2
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ZPP A/ k2 ' Ge(t: _22 Yy /
>0 Gs(t;, 1) Py Gr(t;,t)| dt’, (2.62)

where the distance R in Eqgs. 2.46-2.49 is now given by

1
2

R = l(pk — )2+ (21, — )2 + 4 py p sin? g] , (2.63)

and (—=1)P"%* = —1 and 1 when k = p — 1 and p, respectively.
Using Eqgs. 2.50-2.57, the variable of integration ¢’ can be transformed into «
and after straightforward algebraic manipulations Eqgs. 2.59-2.62 may be finally

rewritten as

TT j u g 2 Ak A . . g1
Zij = 5 Z Z k 4 S1I Up SIN U; [G5a(tk,tl) - (—1) G5b(tk,tl)]
1

—+  COSsu Cos Uy [G7a(tk,tl) — (—1)q_lG7b(tk,tl)]]

— (=1)PR(—1) le(tk,tz)} (2.64)
A P - oin
Z;I;P == {kg ﬂ sin U le}a(tk,tj) -+ m G6b(tk7tj)]
2 S 2 2p;
— (_1)p—kTG7a(tk,tj)}, (2.65)
Pj
ZPT — i Xq: k* — sinu [G (t, 1) — (1) 'Gep(2 t)]
ij 9 = l 6a\li, Ul 6b\liy U]
— (=1t ﬁG7a(ti,tl)}, (2.66)
A A A; sinu;
ZZ.I;P = j 9 {k2 [G5a(ti7tj) + %Gf)b(twt]))‘l
j

2

Gra(tit) b 2.67
Gt} (267
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where the integrals with respect to « are given by

1

Gualtit) = [Gultiti)do,  v=56,T, (2.68)
Gos(testt) = / Goltn,t)) a da, ©=5,6,7, (2.69)
-1

with G, (t, t;) given by Egs. 2.46-2.48 for v = 5, 6, and 7, respectively, the distance
R given by Eq. 2.63, and p’ and 2’ given by Egs. 2.51 and 2.52, respectively.

It is important to notice that a one by one (i.e., one element at each time) evalua-
tion of the impedance-matrix elements given by Eqgs. 2.64-2.66 is very inefficient due
to the overlapping integration regions. Many of the numerical calculations present
on a given pair of segments k and [ are repeated and, thus, must be stored for
further reuse. To take advantage of this, the best approach is to fill the impedance
matrix with a one by one contribution from each pair of segments £ and [ [16].
On doing so, the integrals of Eqs. 2.46-2.48, 2.68, and 2.69 are evaluated just once
for each pair of segments. As each segment has two triangles (except for those at
the generating-curve extremes) and one pulse function, this procedure reduces the

computational effort by a factor of about 4.5. Furthermore, Eqs. 2.64-2.69 yield

(25", = (25") (2.70)
(Z57),, = - (Z5")_.» (2.71)
(257),, = - (&) (2.72)
(z57),, = (Z57).,., (2.73)
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such that the results for a positive mode m may be used to obtain the terms

corresponding to the negative mode —m, further reducing the computational effort.

2.3.4 Numerical Evaluation of the Impedance-Matrix Integrals

The numerical evaluation of the double integrals of Eqgs. 2.68 and 2.69 will follow
the procedure adopted in Ref. [16]. First of all, due to the singularities present on
the integrand of Eq. 2.48, which are difficult to be numerically removed, it is more

appropriate to express Gr(t,t') as
G:(t,t) = Gu(t,t) + Gs(t,t), (2.74)

where G(t,t') is given by Eq. 2.46 and

—jkoR p e—ikoR

R 0/sm = cosme¢ R

do.

(2.75)

[N

2T

e
/ (1 —cos @) e 9™
0

Consequently, from Eqs. 2.68, 2.69, and 2.74 one obtains

Gra(te, i) = Gaalte, t1) + Gsalts, i), (2.76)

Gu(te,t) = Gul(te, t1) + Gt 1), (2.77)

where Guq(tx, %) and Gay(tx, ;) are given by Egs. 2.68 and 2.69, respectively, with
v=4.
The integrals with respect to « in Eqs. 2.68 and 2.69 may be numerically eval-

uated in terms of a n,-point Gaussian quadrature [43], in which case one obtains
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the expressions

Gva(tkytl) = ZA& tk,tl v = 4,5,6, (278)
Gvb(tky tl) = Z Ag Clg tk, tl) v = 4, 5, 6 , (279)
where A, and o, are the weights and abscissas of the n,-point Gaussian quadra-
ture, respectively. The value n, = 2 is used throughout this work, in which case

A=Ay, =1and —o; = oy = 1/+/3 [43]. Similarly, the integrals of Eqs. 2.46, 2.47,

and 2.75 may be numerically evaluated using a ng-point Gaussian quadrature, in

which case:
¢ s o—ikoR
Gi(ty,t) = ZAﬂ sin? 22 cosmdy ———— (2.80)
2 kR’
T eIk R
Gs(tk, t1) = 2 ZAg oS P COSMPs ———— PR (2.81)
B=1
T e o—ikoR
G(j(tk,tl) = 5 ZAﬂ Sln(ﬁﬂ smmqﬁﬂ k R (2.82)
B=1
where
T
by = o (ws+1), (283)

Ag and z3 are the weights and abscissas of the ny-point Gaussian quadrature,

respectively, and from Eqgs. 2.51, 2.52, and 2.63

1
3
R = |(ox—p)2+ (21— 2)? +4py p sin % : (2.84)
A
= p+oa ?l sin uy, (2.85)

2 = atoag cosu (2.86)
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The required ny value for a given accuracy depends on the integrand behavior
of Egs. 2.46, 2.47, and 2.75. From these equations and for a small value of |m)|
(anticipating that only the modes m = +1 are excited by the external sources used
throughout this work, as discussed in Sects. 2.3.5 and 3.2.4), the highest oscillatory
term present in the integrals is e 7%®. To estimate ny, one must first find the value
® = Pmar Where the exponential argument k,R has its maximum variation and,
consequently, its second derivative with respect to ¢ is zero. From Eq. 2.49 one

obtains that

0*(koR) kopp! pp' sin’ ¢
R ——1 =0 2.87
a¢2 R2 c ¢ R ? ( )
which provides
R? COSPmag = pp sSin? Ppeg - (2.88)

Furthermore, from Egs. 2.49 and 2.88 one obtains that

_ /2 /)2
COS¢maw = i i (2pp) 3 ¢maw € [077‘—]7 (289)

2pp'

where

v o= P+ (2 =) (2.90)

Finally, the number of integrand oscillations (NO) in the interval from ¢; = @00 —0

t0 P2 = Ppax + 0 (where § = 7/36 is adopted in this work) is obtained from:

ko AR T T AR
NO ~ ™ - , 2.91
27’(’ ((;52—(;51) 2)\(5 ( )
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where AR = R(¢ = ¢2) — R(¢p = ¢1) is a positive number. In this work,
ng = 4NO (2.92)

proved sufficient to ensure the required accuracy. Nevertheless, it is also useful to
determine the maximum ny value that a given geometry will require. By inspection
of Eq. 2.49 the maximum n, value is associated with z = 2’ and p = p' = pmaa,
where ppq, i the maximum radial dimension of the geometry being analyzed. In

such case, from Eqgs. 2.89 and 2.90 one obtains that ¢,,,, = 0 and from Eq. 2.49:
. 0
AR = R(¢=96) — R(é=-9) = 4 pnaw sin 5 - (2.93)
Finally, substituting Eq. 2.93 into Eqs. 2.91 and 2.92 and taking the limit when

§ — 0, the maximum number ny = Ny|mqs required for a given geometry is

AT P
n¢|maw = \ . (294)

For example, in the analysis of a single paraboloidal reflector with 100\ in diameter,
Nglmaz = 630. To avoid several calculations of the weights Ag and abscissas zg,
a pre-defined set with several different ny-point Gaussian-quadrature weights and
abscissas may be determined, stored, and used accordingly to the results of Egs. 2.92
and 2.94.

The numerical evaluation of the double integrals of Egs. 2.68 and 2.69 must deal
with the singularities present whenever the observation point 7 is near the source

point /. In these cases Eqgs. 2.78-2.82 can not be used in their present format.
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Three different numerical methods are employed to remove the singularities, and
they are detailed below.

The first, Method 1, is applied when the distance between the middle points
of segments k£ and [ is smaller than A; and bigger than 0.1p;. In this case, the
singularity elimination is applied to the integral with respect to a. From Egs. 2.46,

2.47, 2.68, 2.69, and 2.75, the required a-integrals are

1 o—ikoR
GE = / - da, (2.95)
1 o
- 1 e—ikoR
G, = / R a dao. (2.96)
-1 o
The above integrals can be rewritten as
GE = GE + GE, (2.97)
GE = Gy, + GE, (2.98)
where
F e—ikoR _ |
GE = /e e da, (2.99)
-1 o
Pl
GE = /dea, (2.100)
e
5 F ekl _ 1
G, = / R a da, (2.101)
-1 0
F oo
GE = / rg o (2.102)
-1

Equations 2.99 and 2.101 have no singularities and can be numerically evaluated

using a n,-point Gaussian quadrature in the same manner as Eqs. 2.78 and 2.79.
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In this case, the following relation proves useful:

kR kR

2

+j cos —— (2.103)

e Ikl 1 sin koft ( . kR k R)
e— Sin .
2 2

Equations 2.100 and 2.102 are evaluated in closed form. First, Egs. 2.51 and

2.52 are substituted into Eq. 2.63 to obtain:
A 2 2
R = l(a 7’ + ao) + d2l : (2.104)
where

g = (o — pr)sinu; + (2 — 2;,) cosuy + 2 pg sinwy sin’ g, (2.105)

= (m—pr)® + (21— ) + 4oy sin2§ - ol (2.106)

Substituting Eq. 2.104 into Eqgs. 2.100 and 2.102, and using Eqs. 2.271.4 and 2.271.7

of Ref. [44], one obtains

2
GE, = Iz 2.107
a2 koAl G ( )
20[0 4 2
Gl = - —Ig 2.108
b2 koAl (O[4E 4 OZ5E Al G>7 ( )
where
In (Z_i) ’ |C¥0| > %L ’
IE = 2 (2.109)
af of A
ln( 2 ) , |C¥0| < 2
A
of = |og| + 7’ + of, (2.110)
A
of = |ag| — 7’ + aof, (2.111)
A
of = 2L || + of, (2.112)
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E A2

" AN
Gy = (|C¥0| - ?) + d?. (2114)

Finally, convenient forms for the numerical computation of Egs. 2.68 and 2.69 are
obtained using a ng4-point Gaussian quadrature to the integrations with respect to

¢, in the same manner as in Eqs. 2.80-2.82:

ng
Guap(tit1) = m Y Ag GL, sin2% cos mdg, (2.115)
B=1
T &
Gsap(ti,tt) = = Y. Ag GE, cosgg cosmeg, (2.116)
2 5=t ’
T &
Geap(te, i) = 2 ZAﬂ GaE,b sin ¢g sin meg, (2.117)
p=1

where @3 is given by Eq. 2.83 and both GZ and GF (given by Eqgs. 2.95-2.114) are
evaluated at ¢ = ¢3.

The second method, Method 2, is applied when the distance between the middle
points of segments k£ and [ is smaller than 0.1p;. In this case, the singularity
elimination is applied to the integral with respect to ¢. Since in this situation the
integrand of Egs. 2.47 and 2.75 is well behaved, Method 2 is only used for Eq. 2.46,
where the singularity problems occur near the point ¢ = 0. In this region, the

integrand of Eq. 2.46 can be approximated by
o—ikoR

kR

1
2 (2.118)

1
lim |cos¢ cosme ] No— [(p’ — o)’ + (2 — =)+ pkp'¢2]
¢—0 ko

Method 2 calculates Gs(tx,%;) using Eq. 2.81, then subtracts a ng-point Gaus-

sian quadrature of Eq. 2.118 in order to cancel any possible numerical error from



41

Eq. 2.81, and finally adds back the closed-form integration of Eq. 2.118. The final

result is
i e—ikoR
Gs(ti, ) = = > Ap cosdg cosmdg + Iy
= koR
T A 1
— S X W= E =) el T, (2119)
=1 Fo

where, from Eq. 2.271.4 of Ref. [44]

by 1 _%
I = / = [0 =0+ (& =2+ o] 7 do
0 0
1
= 4111(@ + 1+v2), 2.120
o/ "\ TV (220

v = 274
1 (7 =) + (2 — z)?

(2.121)

and ¢g, R, p/, and 2’ are respectively given by Egs. 2.83-2.86. So, when Method 2
is applied, Egs. 2.78 and 2.79 with v = 5 (i.e., the integrals associated with G5) are
calculated using Eq. 2.119 instead of Eq. 2.81.

The last method, Method 3, is applied whenever the observation segment k
coincides with the source segment [ (i.e., k¥ = [). Method 3 is only applied to
the evaluation of Gs,(tx,t;), which is the only integral with a non-bounded inte-
grand [16]. In this case, from Eq. 2.68 with v = 5, the singularity problems occur
near the region where o = ¢ = 0. In this region, the integrand of Gj,(tx, ;) has

the approximate behavior

o—ikoR
lim |cos¢ cosme

A 2
2,60 iR | 7 kil(a—k) +(pk¢)2] : (2.122)
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Similarly to Method 2, Method 3 calculates Gs,(tx,%;) from Egs. 2.78 and 2.81,
then subtracts a n,- and ny-point Gaussian quadratures (with respect to « and
¢, respectively) of Eq. 2.122 in order to cancel any possible numerical error from
Eqgs. 2.78 and 2.81, and finally adds back the closed-form integrations of Eq. 2.122
with respect to o and ¢. The final result is

™ n¢ e_]kOR
Gsa(t, 1) = 2 D Ag cosdg cosmg ZAﬁ PR + I,
B=1 e=1

1
2

4y 32 [(w ) + o] L am

B=1 g10

o3

where [16]

I = /O/ki [( )2+(pk¢>2] d$ do
- 2 [m(w Vi) + o 1n<vi

2

1\3‘ >
D=

1
+4/1 + —2>] , (2.124)
)

vy = : (2.125)

and ¢g and R are respectively given by Eqs. 2.83 and 2.84. So, when Method 3 is

applied, Gs,(tx, %) is calculated from Eq. 2.123 instead of Eqgs. 2.78 and 2.81.

2.3.5 Voltage-Matrix Evaluation for a Spherical-Wave Source

From Egs. 2.24 and 2.25, the elements of the voltage sub-matrices VI and V;P
depend on the incident electric field Eim(7) produced by the external sources.
They will determine which modes m are present in the formulation and what linear

systems of Eq. 2.23 should be solved.
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It is well known that the electromagnetic radiation of a horn feed can be accu-
rately modeled as being produced by a spherical-wave source located at the feed
phase center. So, in this section E”‘%F) is assumed to be excited by a spherical-
wave point source located over the BOR axis of symmetry (z-axis) to account for
the feed radiation. Expressions are derived for the Hertz dipole (an extremely use-
ful Maxwellian source) as well as for the raised-cosine feed (RCF) model (capable
of modeling the radiation characteristics of most the feeds used in antenna ap-
plications). However, the formulation to be presented in Chapter 3 will allow the
inclusion of the actual feed structure into the antenna analysis, enabling the correct
determination of the mutual coupling among the several antenna components.

Referring to Fig. 2.5, the E”‘%F) radiated by an Z-polarized spherical-wave

source located on the z-axis at z = zg is generalized as

E’im(f*) = I:FT(’I"F,QF) cos ¢r 7r + Fy(rr,0r) cos ¢ Op

. ~ e_jkOTF
+ Fylre,0r) singr gr| ——, (2.126)
F

where rr, Or, and ¢r are the usual spherical coordinates corresponding to the feed
coordinate system centered at z = zg and F,(rp,0F), Fy(rr,0F), and Fy(rp,0F)
represent the radiation pattern of the spherical-wave source. For example, if the
feed is represented by an Z-polarized RCF model radiating towards the positive

z-direction [21]):

FT(TF,QF) = 0, (2127)
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Figure 2.5: Geometry for the Spherical-Wave Source Excitation.
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Fy(rp,0r) = 1 (2.128)

—cos"bp, 0<0p <73,
Fy(rr,0r) = < (2.129)

07 %<0FS7T7

\

where e and h control the RCF pattern at its E- and H-planes, respectively. Instead,

if an Z-polarized Hertz dipole is used [21]:

(Iﬁ) 1 +jk07"p

F.(rr,0r) = —jn N Gurn)? sinfr , (2.130)
(10 L+ jkorp — (korp)?

Fo(re,0r) = jno (2/\) it (kFrF)g o) cos O, (2.131)
o (L0 L+ jkorr — (korr)?

F¢(7“F,0F) = —Jn (2)\)[ (kFTF)g F)], (2.132)

where (1) is the dipole moment of the source.
To numerically evaluate the integrals of Eqgs. 2.24 and 2.25, a procedure similar

to the one adopted in Sect. 2.3.3 is used. From Fig. 2.5, one observes that

frp = sinfp p + cosfr 2, (2.133)
0 = cosfp p — sinfp Z, (2.134)
or = &, (2.135)
where
sinfp = -, (2.136)
Tr
cosfp = (z—zs), (2.137)
Tr

re = o2+ (z—25)2, (2.138)
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and p, ¢, and z are the cylindrical coordinates of the principal coordinate system

locating the observation point 7 over the BOR surface S. From Egs. 2.1 and

2.133-2.135, one obtains the relations

(S

Sy

which are substituted into Eqs

sinu sinfr + cosu cosfp, (2.139)
sinu cosfr — cosu sinfp, (2.140)
b-fr = ¢-0p = 0, (2.141)
1, (2.142)

. 2.24 and 2.25 (together with Egs. 2.30 and 2.126)

to yield
1 27
VI = = [Tt) FT () [cosg 7™ dg d
Moy 0
[ Ti(t) Ff () dt, m= =1,
=™ (2.143)
0, m # +1,
1 27
VP = — [P 2 F() [sing e do at
Mo + pi 0
=Imm [ P(t) £ FP(t) dt, m=+1,
= ° ot ' (2.144)
0, m# +1,
where
EF(®t) = [Fu(rp,0r) (sinu sinfr + cosu cosfr)
e_jkoTF
+ Fy(rp,0r) (sinu cosfr — cosu sinfp)] . (2.145)
TrF
e_jkoTF

Tr
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and the limits of integration depend on the weighting functions 7T;(¢) and P;(t). It
is important to observe from Egs. 2.143 and 2.144 that only the modes m = +1
are excited when E™¢(7) is given by Eq. 2.126. Applying Eqs. 2.50-2.57 [for the
weighting functions T;(¢) and P;(t)] and the procedure used in Sect. 2.3.3, Egs. 2.143

and 2.144 are finally rewritten as

VT = 477; kz AJ(FD) = (-1 (FF)], m==+1, (2147)
0 k=p—1
VP = _;;:"” A l(FP) + A;‘% (Fip)b] . m=+£1, (2.148)
where

1

(F1). = /FiT(tk) do, k=p—1,p, (2.149)
]
1

(F,?)b = /F}T(tk)ada, k=p—1,p, (2.150)

(FF). = /Fip(ti) do , (2.151)

(FF), = /Fip(ti)ada, (2.152)

-1

FT(t;) is given by Eq. 2.145 with u = uy, FF'(t;) is given by Eq. 2.146, rr and 0

are given by Egs. 2.136-2.138, and p and z are given by

A

p = pk—i-oz?k sin uy, (2.153)
A

z = zk—i-oz?k COS Uy, (2.154)

where the subscript £ represents the observation segments p — 1, p, and ¢, as ex-

plained in Sect. 2.3.3.
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Similarly to the procedure of Sect. 2.3.4, the integrals with respect to « in

Eqgs. 2.149-2.152 are numerically evaluated applying a n,-point Gaussian quadra-

ture (in this work n, = 2):

£=1

£=1

iAg Fi(t

£=1

FY), = Y AcocF
&=1

ZQA‘E }?ip(ti)7

ZQA‘E e F;P(tl) )

k) k=p-1,p, (2.155)
T(t), k=p-1p, (2.156)
(2.157)
(2.158)

where F (i) and FF(t;) are evaluated at & = . As far as the spherical-wave

source is not very close to the BOR surfaces, no singularity problems will occur.

Finally, from Eqs. 2.147-2.152 one observes that

(2.159)

(V;T) m=—1"
h (Vip)m:—l’

(2.160)

in which case, from Egs. 2.21, 2.23, and 2.70-2.73, the following relations apply to

the current coefficients:

P _
Ir =

IT

-1

(2.161)

—I7,. (2.162)

So, for a EZ"C(F) given by Eq. 2.126, only the coefficients corresponding to the

mode m = 1 need to be calculated from the linear system of Eq. 2.23, while the
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coefficients corresponding to m = —1 are readily obtained from Eqs. 2.161 and

2.162.

2.4 Radiated Near-Zone Fields

Once the coefficients of Eq. 2.21 are determined, the total electric and magnetic

near-zone fields radiated by the PEC BOR are obtained from

Enr(7) = Exp(7) + EXG(7), (2.163)
Hyp(f) = Hip(7) + Hye(), (2.164)

where Eire(7) and Hi%(7) are the electric and magnetic fields produced by the
external sources, respectively, and E% »(7) and H3, »(7) are the electric and magnetic
fields radiated by the electric current J (7'), respectively. The later are given by,

from Eqgs. 120 and 121 in Chap. 3 of Ref. [21],

B = 2 [{[77)-v] Ve + &I e} ds,  (2165)
°s

— 1 -

B = / J(7) x V' ds', (2.166)
Sl

where U is given by Eq. 2.4,

K2 3k 3 s o s
<R2 ez +ﬁ> /(") - | R

[J(7)- V] v = {
(

1 j =/ —jkoR
- jko—l-ﬁ) (;)} ‘ s (2.167)
, ; L [k, 1) eikeR
J@)x Ve = J(7)x B (‘% + ﬁ> ¢ — (2.168)
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J(@) = JLF) T + J(F) 4, (2.169)
R =pp—pp+ (=232, (2.170)
{ = sinu' p + cosu' %, (2.171)
po= cos(¢' —¢) p + sin(¢/ — ¢) &, (2.172)
¢ = —sin(¢'—¢) p + cos(¢' — ¢) &, (2.173)

into Egs. 2.165-2.168 one obtains that

E_:Z{/F(F) = EZ{/'Fp p+ E}{/mé + Ejp, 2, (2.174)
FI}\IIF(F) = HE\]/F,; p + HZ{I'F¢¢A5 + H}p, 2, (2.175)
where
i 12
By = 2K [ L) s cos(s’ — ) (G — Ga) + K2 o — o' cos(d) — 9]
3
X [sin o (p cos(¢' — ¢) — p’) —cosu’ (2 — z)] GEH] — J(7") [sin(gzﬁ’ — ¢)
X (G —Gu)+k2psin(d — ) [p— o cos(¢' — B)] GEH] } ds',  (2.176)
i 12
Biry = 0% [L3,) [sinafsin(@ ~ 9) (G ~ Gir) — K2/ sin(s' ~ )
b

X [sin u (p cos(¢' — @) — p’) —cosu' (2 — z)] GEH] + Jp(7") [cos(qﬁ' —9)

X (Gp — Gu)+ k2p sin’(¢ — o) GEH] } ds' | (2.177)



J
ENFz

J
HNFp

J
Hyrpy

J
HNFz

and

o1

_jnokg { 1/ ! 200
——= [ S (T )[cosu (Gr — Gu) — k(7' — 2)
in s/

[sin o' (p cos(¢' — ¢) — p’) —cosu’ (2 — z)] GEH]

To(7") kyp (2 — 2) sin(¢' — ¢) GEH} ds' (2.178)
j:— { [ cosu' — (2 — 2) sinu'] sin(¢' — @)
To(@) (# = 2) cos(¢ — ¢)} Gr ds' (2.179)
_4:?33/ Jy(7) [[p’ cosu' — (2' — 2) sinu'] cos(¢’ — @) — p cos u']
To(@) (7 = 2) sin(¢' — ¢)} Gy ds' (2.180)
;—]f!{Jt(F') p sinu' sin(¢’ — ¢)
To(i") 1 cos(@' = 8) = 1} G s, (2.181)

e—ikoR
G = 5 (2.182)
1+ jk,R]| edkoR
Gg = [ (—]:OJIE)Q ] ekoR ) (2'183)
3+ j3koR — (k,R)2] eikoR 3Gy — G

Grn l * (koR)4( ) ] ekOR = (II;R)Q . (2184)

Substituting Eq. 2.21 into Egs. 2.174-2.181 (with the modal parameter n in

Eq. 2.21 conveniently changed into m) and solving the two-dimension integrals

using the procedure adopted in Sects. 2.3.3 and 2.3.4, after straightforward algebraic
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manipulations one obtains that

Efp(F) = :f_j {i‘lfﬁj [(ENF,,) P+ (EN,%) b + (E;@Fz); z]
+ i IP [(ENF,,) P+ (ENF¢) 6 + (Bfr:) z]} (2.185)

Hp(7) = Z {Z [(H;{,Fp); p + (HNF¢) ¢ + (Hz‘\]mz); z]

where

(Btr,). = ,7873:1@0 - lngl A, {Sm it [Gral7, 1) — G, 1)
— (1) [Gs(7 1) — G (7, 10)]| + k2 [(pz =) (o = p) sinwy
+ (21— 2) cos ) + 22 sin ul] [GsalF 1) — (—1)"Gan(7, )]
+ k2 % [pl — p+sinwyy ((pl - g) sinu; + (2 — 2) cos ul>] [ng(F, i)

— (—1)T Gl )] + (k %) sinu [Gaol7, 1) — (—1)'Gaa(7 1)

3 — — —
— k2p [7p sinu; + (7 — 2) cos ul] [G12a(r,tl) — (-1)¢ lGlgb(r,tl)]

A .
- K (1 + 5 “’) (Grau(7, 1) — (~1)Grael 7, t,)]} , (2.187)
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2
ko ]m¢> Z Al {Sanl [GGa(r tl) G3a(7?7tl)

8m l=¢—1

— (_1)q—l [G(;b(??, tl) - G3b(7?, tl)]] + kg P [pl sin U + (Zl - Z) COS Ul]

(ENF¢)T

A
x [Goa(7t1) = (=1)7'Goy(7 10)] + k2 51 [0 (1 + sim? )
2
+ (2 — 2) cosu sinwy] [Goy(7, 1) — (—1)7" G (7, 1)
Al 2 . — -1 g
+ (k?) sin g [Goo(7, 1) — (—1)Goa(F 1)

— k2 = siny [Gua(ﬁ t) — (1) Gi(7 1)

Al sin u;

T (Gus(7, 1) = (1) Ge(F, t,)]]} , (2.188)

(E;’VFZ); - .78777:/@0 Jme ZZI A {cos U [G7a(r t1) — Gra(7 1) — Gao(7 1)
q
— (- (G (7 ) — Gu (7, tr) — Gal(7,10)]] + K2 (2 — 2)
X [ sinug + (2 — 2) cosw] [Graa (7, 1) — (=1)77' Gy (7, 1)
+ k2 % [zl — 2z + cosuyy (pl sinu; + (2 — 2) cos ul)] [Glgb(F, t)
— (-1 Guael7, )] + (ko %)2cos e [Grae(, 1) — (—1)7 ' GrsalF 1)
+ k2 (21— 2) [(1 — p) sinwg + (21 — 2) cos w] [Gia(7 1)
— (—1)97'Ggy(7, tl)] + k2 % [zl — 2+ cosy ((pl — p) siny,
+ (21 — 2) coswy)| [Gan(7, 1) — (1) Gael7, 1)

+

N

ko %) cosu |Ge(7, 1) — (—1)7'Gia(F, tl)]} , (2.189)
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P Nok?

(EZ{/'Fp) .= -2 ]m¢ A {G3a(’l?, t]) - G6a(7?7 t]) +

mj 47r

A; sinu;

3y (Gl 1)

R . Aj sinu;
= Gl - (o) [Gun(r5) + 2 11
J

A sinus
LRt [Gna( ) +2 20 G
2 2 pj
A sin s\ 2
N ( j smu]> Gie(7, tj)]} , (2.190)
2p;
P ,7770]% m 5 . A; sinu;
(Ez{/W)mj T T ar e A {Gfm(r,tj) — Gaa(T' 1) + TJ [Geo(T 25)
— G(F,t))] + k2 % lGSa(F, £) + Giaa(F, ;) — Gioa(7, ;)
A sinu; . . .
+ 2 % (ng(T, tj) + G12b(7“, t]‘) — Glob(r, tj))
A si1]1u~ ?
+ (#) (Gsel 1) + Grael7, 1) — Groel tj))]} : (2.191)
J
P Mok’ i . A; sinu; .
(Fhrs), = "5 e 8120 55 = 3) |Gt + S50 Gt
A A sin ws
+ =2 cosu; [Gg,,(F, t;) + ~L2N G (7, tj)]} , (2.192)
2 2 pj
T _ kg m :
(HZ{,FP)mj =5 eIme lzq:lAl pr cosuy — (27 — 2) sinwy]
X [G3a(7?7 tr) — (=1)*'Ga (7, tz)] ; (2.193)
J T k3 ]md) q—1 —
(HNF¢)mj: - Z A4 p cosuy [Ga(7 1) — (=1)7'Gu (7, t1)| = [(o1 — p)
l=¢—1
X Ccosu; — (Zl — Z) sin ul] I:GQa(F, tl) — (—1)q_lG2b(7?, tl)]} y (2.194)
J T jk ! : — -1 —
(HNFZ)W, = @™ p 0 Arsiny (Gsa(F, 1) — (—1)*'Ga(1)] ,  (2.195)
l=g—1
7 \P k;” m . A sinu; .
(HNFp)mj =4 o ¢A {(z] z) lGQa(r,tj)—i—STj]GQb(r,tj)]

A A sin ws
+ 5 cosu [G%(F, t;) + %GQC(& tj)]} , (2.196)
J
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P —jk3 . . A sinu; S
(HZ{[Fd))mj = ? 6‘7 d)Aj {(Z] - Z) [G3a(T,tj) + ]27]] G3b(T,tj)]
A A sinus
+ 7] COS’LLj [G3b(F, tj) -+ WG&(F, t])]} 3 (2197)
Pj
P k3 . A; sinu;
H}, = 2 M NA 0.  GroT 1) + Gog (7 1) +2 —L—
( NFz)mj ax € ]p]{ 1a(7,15) + Gaa(75 15) + 2 ;
A; sinu;\”
X [Gu(7,t5) + Ga(7,85)] + (#) [G1(7, t5) + Gac(7, 85)]
J
p . A; sinu; .
- o\’ lj 5 . y bg ’ 2.1
” lGQ (7, t5) + 20, Gop (7 t])]} (2.198)
the two-dimension integrals are given by
1
Coa(P ) = /GU(F,tl) do, w=1,..,12, (2.199)
2
1
Gos(7 1)) = /GU(F,tl)ada, v=1,..,12, (2.200)
A
1
Goe(Fo ) = /GU(F,tl) da, v=1,2,38,..,12, (2.201)
A
1
Goalf,t) = /GU(F, ) o® da, v=89,12, (2.202)
2
Gi(Ft) = 2 / sin2g cosme G dp , (2.203)
0
Ga(7,t) = /cosqS cosmeo Gy do (2.204)
0
Gy ty) = / sin ¢ sinme Gy do , (2.205)
0
Cu(Ft) = 2 / sin2g cosme G dé , (2.206)
0

Gs(7,t) = /cosqS cosmeo G do , (2.207)
0
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Gs(7,t) = ]sinqﬁ sinm¢ Gg do (2.208)

G:(7t) = 2:4(7?, t) + Gs(7,t) , (2.209)

Gs(7,t) = /wcosqﬁ cosmeo Gy do (2.210)
0

Go(7,t;) = ]sinqﬁ sinm¢ Gy do , (2.211)
0

Gwo(ft) = /Wcos 2¢ cosmeo Grp do (2.212)
0

Gu(rt) = /wsin 2¢ sinm¢ Gry do (2.213)
0

Gu(ft) = 2 ]sin2g cosmeo Grp do (2.214)

0

GEg, Gy, and Ggy are given by Eqs. 2.182-2.184, respectively, with

Ay 2 A 2
R = (p—pl—a?smul) + (z—zl—a?cosul)
A 2
+ 4p (pl +a ?l sin ul) sin® g] , (2.215)

where p and z are the cylindrical coordinates of the observation point 7, and the
subscript / represents the source segments g—1, ¢, and j (accordingly to the notation
of Sect. 2.3.2).

The integrals with respect to a and ¢ in Eqs. 2.199-2.214 may be numerically
evaluated using n,- and nyg-point Gaussian quadratures, respectively, as discussed
in Sect. 2.3.4. If the observation point 7 is not close to the source currents, no

singularity problems will occur during the numerical evaluation of these integrals.



From Eqgs. 2.187-2.214, one obtains the following relations:

a7

(EZ{’FP):U' e 7™ (EZ{IFp)j_ij e, (2.216)
(EIJVM),T,U e = — (Birg) . €™ (2.217)
(Ef‘éFz),Tnj e ™ (E}’m)fm] e, (2.218)
(EZ{TFP); e=Im? - (EZ{/Fp)ij elme (2.219)
(EZ{TF¢); e=Im? (EZ{/F¢) mi e, (2.220)
(EIJVFz); eI = — (Bip.) . €™, (2.221)
(HEGFp),Tnj e = - (Hzipp)fmj eme (2.222)
(HEGM),T,U e /e (Hz‘iw)imj e, (2.223)
Hip,) e = — (Hp,) —om 2.224
( NFz)mj ¢ ( NFZ)_mj € ’ ( )
Hirp) g ¢ Hyp,) €™, (2.225)
( p)Z] ( P)I_Dm]

(HE\]/F¢)Z]' e 7m? - (H}\Ilm)]_?mj e, (2.226)
(HféFz); e ™ (H}@Fz)l_amj e, (2.227)

which allow the results of a positive mode m to be used to obtain the terms corre-
sponding to a negative mode —m. Notice that, for EZ"C(F) given by Eq. 2.126, only
the modes m = +1 are present.

The electric near-zone field EW%(7) radiated by the external spherical-wave

source is readily given by Eqs. 2.126-2.138 using the cylindrical coordinates p, ¢,

and z associated with 7 (where the field is being calculated). However, notice that
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the RCF model given by Eqs.2.127-2.129 only satisfies Maxwell’s equations when
rr and, consequently, |7 have infinite values. So, whenever this model is used, one
should only expect reasonable results at an observation point 7 sufficiently away
from the source location.

From Egs. 2.126 and 2.130-2.132, the magnetic near-zone field produced by the

Z-polarized Hertz dipole is given by

rrinc _ L F inc _ (Iﬁ) 1+ jkoTF
Hyp(f) = o V" X ENp(7) = 2\ ko
~ ~ e_jkOTF
X (sin ¢r O + cosfr cos op ngF) (2.228)
Tr

together with Egs. 2.133-2.138, where V¥ indicates that the operation is performed

in the coordinate system of the spherical-wave source. For the RCF model, the TEM

approximation
. 1 . ~ ~ e_jkOTF
HZZ\;-LIC;,(F) = — 77— [F¢(TF, 0}7) Sin (ﬁp 0}7 - Fg(?"p, 0}7) COS (ﬁp (}Sp] , (2229)
(1] F

may be used together with Egs. 2.127-2.129 and 2.133-2.138, recalling that the ob-
servation point ¥ must be sufficiently away from the spherical-wave source location

as the TEM approximation is only valid in the far zone.

2.5 Radiated Far-Zone Fields

In the same manner as the radiated near-zone field derived in Sect. 2.4, the electric

and magnetic far-zone fields radiated by a PEC BOR are obtained from the electric
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current J(7') and the excitation sources:

Erp(7) = Eqp(7) + EFR(7), (2.230)
— 1 —
Mo

where 7 is the unit vector pointing towards the far-zone observation direction,
Ein¢(7) is the electric far-zone field radiated by the external sources, and Efy(7) is
the electric far-zone field radiated by J(7') and obtained from Eq. 128 in Chap. 3

of Ref. [21] as

From Eqs. 2.171-2.173 one obtains the relations

t = I[sinu' sinf cos(¢' — ¢) + cosu' cosf] 7 + [sinu’ cos@ cos(¢' — ¢)
— cosu' sinf] § + sinu' sin(¢ — @) @, (2.233)
¢ = —sin(¢' —¢) (sin0 7 + cosf 9) + cos(¢' — ¢) ¢, (2.234)
77 = p sinf cos(¢’ — @) + 2’ cosf, (2.235)

which, together with Eq. 2.169, allow Eq. 2.232 to be rewritten as

EP{F(F) = E}‘{“Faé + EI{“F¢ ¢, (2-236)
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where
Elzy = %c;,uo %W /{Jt(f") [sinu’ cos@ cos(¢' — @) — cosu’ sin 6]
o
— Jy(7") cosf sin(¢’ — ¢)} eTkole’ sin0 cos(¢=¢) + 2" cost] gt (2.237)
B, = et e_ik"r [[17) sin sin(@ — ) + J(7") cos(@’ ~ 4)
A

% ejko[p’ sin 8 cos(¢’ —) + 2’ cosd] ds' (2.238)

?

and 7, 8, and ¢ are the spherical coordinates of the far-zone point 7.

Substituting Eq. 2.21 into Egs. 2.236-2.238 (with the modal parameter n in
Eq. 2.21 conveniently changed into m), solving the integrals with respect to ¢’ in
closed form, and solving the integrals with respect to ¢’ using the same procedure

of Sects. 2.3.3 and 2.3.4, after straightforward algebraic manipulations one obtains

- ad Nz T . T .
Efr( = {Zfzj [(E;ém)mj b+ (Btry),,, ¢]
m=—00 j=1
& op 7 \P 4 7 \P
+ DI [(EFFa)mj 0 + (EFF¢)W~ qs] , (2.239)
j=1
where
AT —inoko /. 5\™ e—Jkor 4 j .
(EFFa)mj = —3 (je] ) — ZX;IAZ 5 sinw cos 0
X [Fmsra(t) = Frno1a(t) = (=1 [Frg1p(t) = Frno1p(t1)]
— cosuy sinf [Fm,a(tl) — (—1)q_lFm,b(tl)]} : (2.240)
7 T —Jnoks /. 5\ e—dkor 4 A .
(EFF¢)m] = T (]6-7 ) - lq:_l? S1n Uy {Fm+1,a(tl)+Fm—1,a(tl)

— (-1 Fapp(t) + Fm—1,b(tz)]} , (2.241)
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(Ez{“Fa)Zj = ﬂgﬂ (jejd))m e_:;kor Aj cosd {Fm+1,a(tj) + Fin-1,0(t)
Ay SNty e ) + Fm_l,buj)]} , (2.249)
2 pj .
(Ez{“zw); = %ko (je'*)" e Aj {FM-I—l,a(tj) — Frn-1,4(t)
+ S ) - Fm_l,buj)]} , (2.243)

the integrals with respect to « are given by
Foolt) = [ Ju(kop'sin@) e <8 do, . n=m—1,mm+1, (2.244)

Foo(tt) = | Ju(kop' sin) ek <80 da, n=m—1,mm+1, (2.245)

L\H L\,_.

Jn(kop' sin @) is the Bessel function of order n with argument k,p'siné, p' and 2’
are given by Eqs. 2.51 and 2.52, respectively, and the subscript / characterizes the
source segments ¢ — 1, ¢, and j (accordingly to the notation of Sect. 2.3.2). The
integrals of Eqgs. 2.244 and 2.245 can be numerically evaluated using a n,-point
Gaussian quadrature in a similar manner as in Sect. 2.3.4. As before, n, = 2 is
adopted.

From Eqgs. 2.240-2.245, one obtains the following relations:

(Ep{pa):”. () " = (-pm (EP{F,,)TW, (5¢°)" , (2.246)
(Ep{m); (4e*) " = (-pm (E%qu)fmj (je)",  (2.247)
(E}{“Fe):”. (4e*) " = (-pm (EP{F,,)I_JM (5¢°)" , (2.248)
(Ep{m); (je) " = (-)m (EI,{M)]_DW, (je'*)" , (2.249)
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from which the results for a positive mode m can be used to obtain the terms cor-
responding to a negative mode —m. Notice that for the EZ"C(F) given by Eq. 2.126
only the modes m = +1 are present.

The electric far-zone field Ei¢(7) radiated by the external spherical-wave source
is readily obtained from Egs. 2.126-2.138 by keeping only the terms of order 1/7.

For the RCF model given by Eqgs. 2.127-2.129:

—jkor

Eme(p) = [cose 0 cosgf — cos"f sing Qg]

. fc [O,g] . (2.250)

which satisfies Maxwell’s equations only in the far-zone region. For the Z-polarized

Hertz dipole given by Egs. 2.130-2.132 one has

—. ~ ~ —Jjkor
Epp(r) = —jm% [cos cospf — sing §] ——— . (2.251)
T

2.6 Numerical Examples

A computer code implementing the formulation presented in this chapter was
created and its results successfully compared with several examples available in
Refs. [16] and [17]. In this section two illustrative validation cases are discussed:
the electric and magnetic near-zone fields inside and outside a PEC sphere illumi-
nated by a Hertz dipole and the electric far-zone field scattered by a paraboloidal
reflector. These validation cases, together with several other test cases successfully
accomplished, provide the confidence that the present formulation as well as its

numerical implementation are correct.
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2.6.1 Metallic Sphere Illuminated by a Hertz Dipole

Figure 2.6 depicts a PEC sphere centered on the z-axis at z = 0.64)\, with a diameter
of 0.64) (no internal resonances are present for this diameter), and illuminated by
an Z-polarized Hertz dipole given by Egs. 2.126 and 2.130-2.132 (located at zg = 0).

In this example, the dipole moment (I¢) is such that

o d9
oy = 1. (2.252)

The sphere generating curve starts at z = 0.32) (¢ = 0) and ends at z = 0.96)\
(t = 1.0053)), such that the unit surface normal 7 points towards the region where
the Hertz dipole is present. A total of 20 segments was used to represent the
generating curve. Consequently, Nr = 19 and Np = 20.

For this configuration, the total electric and magnetic fields computed from the
results of Sect. 2.4 are given in Fig. 2.7. In these plots, the observation point 7
is located at the plane ¢ = 45° with |7] = 0.64)\ (see Fig. 2.6). From Fig. 2.7,
it is observed that the near-zone fields inside the PEC sphere (6 < 28.955°) are
negligible, as expected. At the region where the observation point is close to the
PEC surface, one observes that the electric field components reach very large values
while the magnetic ones have the expected behavior. This is due to the numerical
evaluations of Eqs. 2.199-2.214. For the integrals corresponding to v = 8§, ...,12,
the singularities where not removed (which is not a problem since in practical cases

the observation point is away from the BOR surface). However, for v = 4,...,7,
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Figure 2.6: Geometry of the PEC Sphere Illuminated by a Hertz Dipole.
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Figure 2.7: Near-Zone Fields of the PEC Sphere Illuminated by a Hertz Dipole.
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the integrals are similar to the ones discussed in Sect. 2.3.4 and Methods 1 and 2
were used to remove the singularities. The same was done for the integrals corre-
sponding to v = 1,2, 3, but in this case the singularity remotion will be explained

in Chapter 3. At the PEC surface (6 = 28.955°), the computer code gives

Hyp(?) = (278 /—74.1°% + 3.12 /108§ + 0.80 /125.1° 3) 1073 A/m,
(2.253)

which is readily verified to be perpendicular to the spherical surface unit normal
n = 0.685 (Z + g) — 0.250 2 (2.254)

at § = 28.955°. Extrapolating the code results, it was verified that the total electric

field is normal to the PEC spherical surface, as expected.

2.6.2 Paraboloidal Reflector Illuminated by a Raised-Cosine Feed

Model

The paraboloidal-reflector geometry is depicted in Fig 2.8. The paraboloidal reflec-
tor has a diameter of 200, a focal length of 60\, and an edge angle of 79.61°. Its
focus is located at the origin of the principal coordinate system, as illustrated in
Fig. 2.8. This reflector is illuminated by an z-polarized RCF model radiating to-
wards the negative Z-direction and located at the paraboloid focus. In this case, the
feed radiation is given by Eqs. 2.126-2.129, with the angle r substituted by = —6p

(0F € [7/2,7]) in Egs. 2.128 and 2.129. It was desired to illuminate the reflector
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Figure 2.8: Geometry of the PEC Paraboloidal Reflector.
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with a 10 dB taper towards the rim, in which case the parameters e = h = 0.6721
were used in Egs. 2.128 and 2.129. A total of 1000 segments were used to represent
the reflector generating curve (about 10 segments per wavelength), in which case
Nr =999 and Np = 1000.

The antenna far-zone patterns at the plane ¢ = 45° (obtained from the re-
sults of Sect. 2.5) are shown in Fig. 2.9. In this figure, the results obtained from
the MoM formulation are compared with the ones obtained from the Physical Op-
tics (PO) approximation [8]. The co- and cross-polarizations are defined accord-
ingly to Ludwig Third definition [45]. The excellent agreement between the results
is expected since the paraboloidal reflector has a smoothly curved surface with
large electric dimensions. The boresight gain obtained from the MoM analysis is
55.08 dBi, while the PO analysis obtains 55.01 dBi. Also, the MoM technique
gives a cross-polarization peak level 7.34 dB higher than the one predicted by the

PO approximation.
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Figure 2.9: Far-Zone Patterns (Plane ¢ = 45°) of the PEC Paraboloidal Reflector
[Muminated by a RCF Model.



70

Chapter 3
SCATTERING FROM BODIES OF REVOLUTION

WITH AN IMPEDANCE BOUNDARY CONDITION

Chapter 2 presented a technique for the rigorous (in a numerical sense) analy-
sis of PEC axially-symmetric antennas, and the excitation was assumed to be a
spherical-wave point source. However, to accomplish a more accurate analysis of
the reflector-antenna system, the radiation effects of the feed structure must be
included. One of the highest-performance feed used in reflector-antenna applica-
tions is the corrugated-horn feed (see Fig. 3.1). The corrugations present over the
interior horn surface create an anisotropic surface impedance that enables the prop-
agation of a balanced hybrid mode inside the horn up to its aperture, producing
a circularly-symmetric feed pattern [37]-[39]. This circularly-symmetric pattern
reduces the cross-polarization levels of the antenna radiation, produces a more uni-
form illumination of the reflector surfaces, and, consequently, improves the overall
antenna performance [4].

The analysis of corrugated horns may be performed using the procedure of

Chapter 2, with a proper excitation. However, to achieve the desired numerical
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Figure 3.1: Basic Geometry of a Corrugated Horn.
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accuracy, an extremely large number of segments must be employed to describe
the corrugations over the horn generating curve (see Fig. 3.1). A more efficient and
accurate way to analyze such horns is to apply the scattering matrix technique [46].
This technique is capable of analyzing a large variety of waveguide and horn com-
ponents within the the measurements accuracy, but its numerical implementation
is somewhat involving.

A different approach in the analysis of corrugated horns is to use the Impedance
Boundary Condition (IBC) technique together with the EFIE [35]. The IBC may be
used to simulate the anisotropic boundary conditions created by the corrugations
over the interior surface of the horn. It may also be used to simulate a matched load
for the feed [35]. This technique can successfully predict the radiation characteris-
tics of the corrugated horn without the hassle of using a large number of segments
to describe the horn contour (see Fig. 3.1), providing a useful numerical tool for the
antenna design. However, due to the fact that the IBC can not accurately model the
mode conversion at the horn throat (specially in an oversized waveguide), this cor-
rugation simulation precludes the correct prediction of the reflection losses related
to the energy that is radiated back into the feed circular waveguide (as illustrated in
Sect. 3.6.2). In this case, the scattering matrix technique may be used or the PEC
corrugations correctly represented by a large number of segments. As the present

work is primarily concerned with the radiation characteristics of axially-symmetric
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reflector-antenna systems, the IBC technique suffices for many applications and
hence it is presented in this chapter.

The IBC is presented in Sect. 3.1. The EFIE including the IBC is then formu-
lated and numerically solved using the MoM technique, as discussed in Sect. 3.2.
The equations of the near- and far-zone fields radiated by a BOR with an IBC are
presented in Sects. 3.3 and 3.4, respectively. The calculation of the feed return
loss is discussed in Sect. 3.5. Finally, Sect. 3.6 presents two illustrative test cases:
the propagation of the fundamental TFE;; mode inside a circular waveguide and the
radiation characteristics of a corrugated-horn feed.

The formulation of the present chapter, built over the basis provided throughout
Chapter 2, constitutes an improvement with respect to Ref. [35]. Instead of using
only triangle functions [35], the present triangle/pulse representation of the induced
electric currents is more accurate and, consequently, yields a stabler numerical

procedure (as discussed in Sect. 2.3.2).

3.1 The Impedance Boundary Condition

The IBC represents the relation between the tangential components of the electric
and magnetic fields over a surface. In this work, to simulate either the anisotropic
surface impedance created by corrugations (discussed in Sect. 3.6.2) or a matched

load for the feed waveguide (discussed in Sect. 3.5), the required relations for the
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tangential field components over a BOR surface are described in terms of IBCs as:

—E

z[pe = 3.1

t Hd) ? ( )
E

zsc _ ¢ 3.2

] Ht, ( )

where the subscripts £ and ¢ associate the several terms with respect to the curvi-
linear orthonormal coordinate system illustrated in Fig. 2.1. Using vector algebra

and with the help of Fig. 2.1, Egs. 3.1 and 3.2 can be conveniently formulated as
—ax E(f) = Zpc-{ax [ax HP|}, (3.3)

where 7 is the unit normal at the BOR surface and ?IBC is the IBC dyadic given
by

Zipe = 2{%°¢¢ + 2IPC i1, (3.4)
To define an equivalent problem in terms of the equivalence principle, the boundary-
condition information contained in Eqgs. 3.1-3.4 must be transfered into the defini-

tion of the equivalent currents over the BOR surface (see Fig. 2.3). From Egs. 2.5,

2.6, and 3.1-3.4, the equivalent currents are defined such that
M) = 2;P°Jy(7) & - 2{°° 7(7) 6, (3.5)

where J,(7) and J,(7) are the components of J(7). This equation indicates that
M (7) is related to J(7) through the IBC. For a PEC BOR, 2/P¢ = 2P = 0 and,

consequently, M (7) is not present.
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3.2 The Method of Moments with an Impedance Boundary

Condition

The EFIE in the presence of an IBC is given by Eq. 2.8, with M (7) obtained from
Eq. 3.5. The MoM solution of Eq. 2.8 follows exactly the same steps presented in
Sect. 2.3, with the exception that now some extra terms related to M (7) are present
at the impedance matrix of Eq. 2.23. The basis and weighting functions to be used
are still the same ones given by Egs. 2.21 and 2.22.

It is extremely important to observe here that Eq. 2.8 can not be used in the
analysis of infinitely thin open shells [11]. This is due to the fact that, as the closed
surface is shrunk into an infinitely thin one, the term M (7) appearing outside
the integral in Eq. 2.8 will correspond to the summation between the magnetic
currents at both sides of the surface (at point 7), while the one inside the integral
will correspond to the difference. As the magnetic currents at both sides of the
open surface can not be combined into a single one, the proper solution of Eq. 2.8
requires a finite thickness (i.e., closed surface). However, the PEC reflector surfaces
may still be represented by infinitely thin shells, since at these surfaces M (7) =0

and Eq. 2.8 reduces to Eq. 2.9.
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3.2.1 The IBC Matrix Equation

The matrix equation to be solved is still the one of Eq. 2.23, where the elements of
the sub-matrices V7 and VT are given by Eqgs. 2.24 and 2.25, respectively, and the
elements of the sub-matrices I and Ip are the unknown coefficients I7; and I}, of
Eq. 2.21, respectively. Following Sect. 2.3.1 (where now the EFIE to be used is the
one of Eq 2.8), the impedance-matrix elements including the terms related to M (7)

are obtained from

Zij = 47ka S/s' {RWi() - J(7) = [V-Wi(®)] [V'- (7]} © ds' ds
_ 2170 S/Wim [32;(7) x 7] ds
4 47:% V() - [W5(7) x V'] ds' ds, (3.6)

instead of Eq. 2.20. From Eqgs. 2.21, 2.22, 3.5 and 3.6 one obtains the terms of the

impedance matrix of Eq. 2.23 when the IBC is present, which is now rewritten as

Zige Zise
2] = ) (3.7)
Zise Zige

where the sub-matrix elements are given by

Zipcliy = Zi" + YT, (3.8)
Zipcliy = Zit + Y5©, (3.9)
Zipcliy = Z§" + Y57, (3.10)
Ziscly = ZiT + YT, (3.11)



with ZLT ZIP ZPT and ZPP

ij 2 “ig o

ij

corresponding to M(7) given by

TT
Y

- 471,

X

= 2770

+

—1 Ti(t) T;(t)
- /ZthBC ﬂ J_t) en—m)o 4o
2770 p

// IBC t) T;(t') oi(ng' —ma)
47”7" s g /

t- ((;5 X V\Il) ds’ds, i=1,..,Nrand j =1,...,

1 / / Z’BC B(t) pi(ng' ~m)

5 & Pi

4

i
= //ZIBC i '(tl) el (ng'—ma)

/
Ao 4, P

6- (¢ XV\II) ds’ds, i=1,..,Npandj=1,...,

/ZIBC Pyt j(t) pIn—m)$ g
i PJ'

/ / IBC (t’) oi(ng' —ma)
47“'770 . .

5 g Pi

b - (t' x V \Il) ds'ds, 1=1,..,Npand j=1,...,

"'x V \Il) ds'ds, i=1,.,Nrandj=1,..,
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given by Eqgs. 2.26-2.29, respectively, and the terms

Nr,  (3.12)
Np, (3.13)

Nr,  (3.14)
Np.  (3.15)

In Egs. 3.12-3.15, the unprimed and primed coordinates refer to the observation

point 7 over the surface S and to the source point 7/ over the surface S’, respectively,

and Z[P¢ and ZP¢ correspond to the Z/P¢ associated with the triangle basis

function T}(¢') and to the Z[P¢ associated with the pulse basis function P;(t'),

respectively. Obviously, when

IBC _ zIBC
2[B¢ = 2]

to the one of Sect. 2.3.3 for a PEC BOR.

= 0 the present formulation reduces
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The numerical evaluation of Eqgs. 3.12-3.15 is discussed in Sects. 3.2.2 and 3.2.3,
where it will be shown that the impedance-matrix elements with m # n are zero
and, consequently, Eq. 2.23 (with the impedance matrix now given by Eq. 3.7)
may be decomposed into several independent matrix systems for each different
mode m = n. The evaluation of the voltage-matrix elements for the proper feed

excitation is discussed in Sect. 3.2.4.

3.2.2 Impedance-Matrix Evaluation for the IBC Terms

The evaluation of the surface integrals of Eqs. 3.12-3.15 will follow the same steps
done for Egs. 2.26-2.29 in Sect. 2.3.3. From Eqgs. 2.1 and 2.170-2.173, one obtains

the following relations:

i (#x B) = {psinu cosu—[o cosu/ — (¢ — 2) sinu/] sinu} sin(¢ — ¢, (3.16)
¢ (f x R)=pcosu' — [p/cosu' — (¢ — z)sinu/] cos(¢ — ¢) (3.17)
£ (¢' x B)=p cosu—[pcosu+ (2 — z) sinu cos(¢ — ¢), (3.18)
6- (¢ x B)= (' - 2)sin(¢ — ¢). (3.19)

Using Egs. 2.30, 2.168, and 3.16-3.19, Egs. 3.12-3.15 may be rewritten as

- ////ZIBCT L(t') ednd'—me) {p’cosu
47r770

— [peosu+ (7 —z)sinu] cos(¢— ¢)} Gu dt' dg' dt do, (3.20)

ZIBC
Ti(t) ™% gt dgp
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2w /
X/i’;"P = / / / / ZIBC CZ—’Z ) p ej(nd”_md)) {p Sin u’ coSs U
47r770 Pj

— [p cosu’ — (z — z)sinu/] sin u} sin(¢p — @) Gy di' d¢' dt do, (3.21)

2w

—k3 . .
YifT - 47r77 ////ZIBC Fi(t I) pﬁ el e =m?) (2' — 2) sin(¢ — ¢')
x Gy dt' d¢' dt do, (3.22)
ZIBC
PP _ P j(n—m)e
Y 2n, / / Pi Pj Fit) € atdo
7 1BC PO g —me) !
+ 47”70 ////Z Py(t) P;(t )pipje {pcosu
— [p'cosu’ — (2 — 2)sinu] cos(¢ — ¢')} Gu dt' dg' dt dg, (3.23)

where G is given by Eq. 2.183, R is given by Eq. 2.36, and the integration limits
t and ¢’ will depend on the weighting and basis functions being used, respectively.
From Eq. 2.41 one observes that Eqgs. 3.20-3.23 are equal to zero whenever m # n
and, consequently, the matrix equation given by Eq. 2.23 (with the impedance
matrix given by Eq. 3.7) may be decomposed into several ones for each different
mode m = n. For a particular mode m and from Eq. 2.41, Egs. 3.20-3.23 may be

rewritten as

YT = — - o //ZIBCT ){p’cosu Gi(t, 1)
+ [(p — p)cosu — (z — z)sinu] Got, t')} dt' dt, (3.24)
— /
VP = jk //ZIBC T;(t) P(t ’)% {p sin v cosu

— [p cosu' — (2 — 2) smu]sinu} Gs(t,t') dt’ dt, (3.25)
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PT _ IBC Py ' /
YPT = //z P TH(7) 2 (7 = 2) Gslt,t) dt db, (3.26)
/
VPP = + e //ZIBCR Py(t )ﬂ {p cosu’ Gi(t,1')
PipPj
- [(p — p)cosu’ — (z — z)sin] Gy(t,t)} dt dt, (3.27)

where

1
Fl = /ZIBC T(4) Ty(t) — dt, (3.28)
p
Fj = /Zifc Fi(t) P5(t) p.pp. dt (3.29)
i Pj

2w

Gi(t, 1) = ;/(1 —cosd) eI Gy dp = 2/sm 2% Cosme G dd, (3.30)
0

Ga(t,t) = % / cos ¢ eI Gy dp = / cos ¢ cosme Gy di (3.31)
0 0
. 27 i

Ca(t, ') = % / sing e Gy do = / sin¢ sinme Gy dé, (3.32)
0 0

and R is now given by Eq. 2.49.

The integrals F;; and F}; in Eqs. 3.28 and 3.29, respectively, can be evaluated
in closed form. When T;(t) and Tj(t) do not overlap then Fj; = 0. However, three
types of overlaps occur, as illustrated in Fig. 3.2. When T}(¢) coincides with T} (%),
the overlapping occurs at the observation segment p related to T;(¢). In this case,

from Eqgs. 2.50-2.56,

)A(-i-a)

T _
Fj =

ZIBC A & 1—
tp P / ( da = FL(t,) — FY (). (3.33)
-1

8 pp + 52 sinu,

When T;(t) coincides with T;(t), the overlapping occurs at both p — 1 and p obser-
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/SEGMENT B -
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Figure 3.2: Different Overlapping Situations for the Triangle Functions.
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vation segments and

T — z[Pq A19_1/1 (1+a)? da N Z,{I?CA,,/I (1-a)? da

Ap_1 - Ap
8 | Pp-1 t a5t siny, 8 J pptaFFsiny,

= FlT(tp—l) + FlT(tp) + F2T(tp—1) - F2T(tp) + Fg(tp—l) + Fg(tp) . (3-34)

When T}(t) coincides with T;_;(¢), the overlapping occurs at the observation seg-

ment p — 1 and

ZIBCA, | | (1+a)1—-a) da
pp = Sl p U oe) b prg BTG, ). (335)

1

Ap_1
) Pp—1 Tt 5 S Up_;

In Egs. 3.33-3.35,

z[5° ppt 5k sinuy,
4 sinuy pk_é& sinug |
ZIBCA, ¢ da
FT(4) = bk / = 4 A 3.36
1 (k) 3 J pk+04 E gin g 0, if pp ==+ sin uy, , ( )
ZtI’?CAk . . _
T if sinu, = 0,
{
ZIBC
IBC 1 .t,k
F2T(tk) _ Z / oz_dfz — sinug [ ] 3 37
S PR sin 0, if sinuy = 0,
\
IBC A L 2 =il FI(t)
FT () = 2ok 2 / e _ ) Besim T2 TR (3.38)
3 8 pk—i—a%& sin ug zZlBon, .. . .
-1 | iz o if sinugy = 0,

where the subscript k represents the observation segments p — 1 and p associated

with T;(¢). For the integral FP in Eq. 3.29, applying Egs. 2.51 and 2.57 one obtains

IBC A, 1 IBC A, . .
i%I(pz—l—a—@smuz) dazé’;%, i=17,

FP = - (3.39)
0, L F

where the subscript ¢ characterizes the observation segment related to P;(t).
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For the remaining integrals on Eqs. 3.24-3.27, the integrals with respect to ¢
are evaluated using the approximation given by Eq. 2.58 and the integration vari-
able ¢’ is transformed into « using Eqgs. 2.50-2.57. After straightforward algebraic

manipulations, Eqs. 3.24-3.27 are finally rewritten as

_7"— p q .
yoT = ; Z > {Z,{ZBC Ay A [[(pl — pr) cosuy, — (2 — 2) sin ug]
0 Mo k=p—1l=¢g—-1

A
X [Gga(tk,tl) - (—1)q_lG2b(tk,tl)] -+ ?l (COS U, Sinu; — sinuy Cos ul)

X [G2b(tk;tl) - (_1)q_lG2c(tk7tl)] + pi cosuy [Gla(tkatl)

A; sinu
— (=)' G (ty, 1) + ﬁ [Glb(tk,tl) — (—1)q—lGlc(tk,tl)]H } (3.40)
k
Y;}"P = IBCA Z {Ak [pj sinug cosu; — [pg COS uy
477 k=p—1
A sin .
+ (Zj — Zk) sin uk] sin Uj] [G3a(tk, tj) -+ %G%(tk, tj)] }, (341)
j
q
YT = 477 A Y {ZIBC [ 2 — %) [G3a(ti7tl) - (_1)q_lG3b(ti7tl)]
o l g—1
A
+ ?l COS Uy [G3b(ti,tl) — (—1)q_lG3c(ti,tl)]] }, (342)
PP = T pp i Z;BO N A, [( — p;) cos u; — (z~—z~)sinu~]
15 770 17 277 7 J J 7 J
Aj sinu;
X GQa(ti, tj) + 7G2b(ti, tj)
2 pj
A sin u.
— pPi COSUy [Gla(ti,tj) + %Glb(ti,t_j)‘l }, (343)
j

where Z/P¢ and ZJP¢ are located over the source segment I, Gua(tk,%;) and

Gu(ty, t;) are given by Egs. 2.68 and 2.69 (with v = 1,2, 3), respectively, Gy.(tx, t;)
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is given by
1

Goelti,t)) = /Gv(tk,tl) o da, v=1,23, (3.44)

-1

and the distance R of Gy on Eqs. 3.30-3.32 is given by Eqs. 2.51, 2.52, and 2.63.

From Eqgs. 3.40-3.43, one observes that for a particular mode m

i), = (7). (3.45)
vr), = - ("), (3.46)
), = - ") (3.47)
¥n), = &), (3.48)

such that the results for a positive mode m may be used to obtain the terms

corresponding to the negative mode —m

3.2.3 Numerical Evaluation of the IBC Impedance-Matrix

Integrals

The numerical evaluation of the double integrals of Eqs. 3.40-3.43 follows the pro-
cedure adopted in Sect. 2.3.4. The integrals with respect to o and ¢ are evaluated
using a n,- and ny-Gaussian quadratures, respectively. On doing so, Gy, (2, t;) and
Gup(tg, t;) are evaluated from Egs. 2.78 and 2.79 (with v = 1,2, 3), respectively, and

Gue(ti, t) is given by

Gvc tk,tl ZA& Clg tk,tl) v = 1,2,3. (349)
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Furthermore, Eqs. 3.30-3.32 are evaluated from

ng

Giti,t;)) = ™ > Ag sin2% cos mog G, (3.50)
p=1
ng

Golt, t1) = g > Ag cosdg cosmds G, (3.51)
B=1
ng

Gs(ty,t) = g S Ag singy sinmes G, (3.52)
p=1

where ¢g is given by Eq. 2.83 and the distance R of Gy is given by Eqgs. 2.84-2.86.
As in Sect. 2.3.4, n, = 2 and ny is calculated from Eq. 2.92.

Numerical singularities arise in the evaluation of the above mentioned inte-
grals whenever the observation point 7 is sufficiently close to the source point 7.
The singularities are removed using the three methods previously explained in
Sect. 2.3.4. In the present case and when required, Method 1 is applied to the

following a-integrals (see Eqs. 2.68, 2.69, 3.30-3.32, and 3.44):

1

GH = /GH do = GI +GI, (3.53)
21
1
Gl = /GHada - GE +GH, (3.54)
21
1
Gl = /GH ?da = GE +GH, (3.55)
21
where
1
G = / (Gn - GY) da, (3.56)
21
1
G = / e da, (3.57)
21
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1
GE = / (G - GX) ada, (3.58)
el
1
GE = / G o da, (3.59)
21
1
G = / (Gr - GE) o? da, (3.60)
el
1
GE = / G o? da, (3.61)
el
Gy is given by Eq. 2.183, and
1 1 j
7 = - 3.62
Cr = GomEp T 2R T 3 (3.62)

The integrals of Egs. 3.56, 3.58, and 3.60 do not present any singularities and may
be numerically evaluated using a n,-point Gaussian quadrature. In this case, the

following relation is useful:

Gy — G = LHIKR _sn 1 Lo

(koR)? (kB _ 2%E T 3
cosk(,R—l-i-@ _ [sink(,R—koR-l—@

(koR)? (koR)?

|cosk,R—1+ @ sink, R — k. R
g (koR)? (kR)Z

(3.63)

from which one observes that no singularity is present when R — 0. The integrals
of Egs. 3.57, 3.59, and 3.61 can be evaluated in closed form applying Eqs. 2.271

and 2.272 of Ref. [44]:

Ga = o -3, (3.64)



87

2 2
G = (k Az) (of - kayall) (3.65)
2 \? 9
Gg = (k Az) [af — ko (af — kaoa{{)] - 9’ (3.66)
where
A 1 4 o2 1
H l E E 0 E
= - — T 3.67
ol = s et [ o] 2% (3.67)
2k, a0d\; (1 1
H ot =]
=%, E\s T 7. . E E 3.68
@2 af +af <2+k§afa§> ’ (3.68)

off = 2 l(af +af) (E 1 E) (kq0o)” ] + [1 - (kod)2] 1Z, (3.69)

2 4 ofaf ) of +dF 4
and g, d?, IZ, of , and of are given by Egs. 2.105, 2.106, 2.109, 2.113, and 2.114,
respectively. Finally, when Method 1 is required the integrals with respect to ¢
in Egs. 2.68, 2.69, and 3.44 (with v = 1,2,3) are evaluated using the following

ne-point Gaussian quadrature:

ng

Grape(ti,t)) = m ) Ag Gl sin® % cos meg, (3.70)
p=1
ng

Goapelte, ) = g > Ag Gé{b,c coS g COS Mg, (3.71)
B=1
ng

Gaape(te, tr) = g > Ag Gl . singg sinmgg, (3.72)
B=1

where ¢g is given by Eq. 2.83 and GZ, GIf, and G¥ are given by Egs. 3.53-3.69
with ¢ = ¢g.

When Method 2 is required (see Sect. 2.3.4), the singularity elimination is ap-
plied to the integrals with respect to ¢ in Eqgs. 3.30-3.32, where the singularities

occur near the point ¢ = 0. At this region, the integrand of Eq. 3.30 has the
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approximate behavior

2 3
2

lim |2 sin® g cos mae GH] N [(p’ — o)’ + (2 — )+ pkp'¢2] B

lim % . (3.73)

and, following the concepts explained in Sect. 2.3.4, G1(tx, t;) is then calculated by

(from Egs. 3.50 and 3.73):

Gi(ti, 1) = 7 D Ag sin2% cosmes G + 5D
=1
n o AﬂQS%

4 B=1 kg

M9

(0 = o) + (2 = z)* + pep'd3] * . (3.74)

where, from Eq. 2.272.4 of Ref. [44]

Il == /
0

1
= —— [ln(vl + 4/1 +v%) -
(k2prp’) V1 + v

and ¢g, R, p', 2/, v1, and Gy are given by Egs. 2.83-2.86, 2.121, and 2.183, respec-

M9

(0 = p)? + (2 — 2)? + prp'9?] 7 dgp

S w

, (3.75)

M%)

tively. Similarly, the integrand of Eq. 3.31 is approximated as

M9

. 1 -
g_{f{l} [cos¢ cosme Gy] =~ w3 [(P’ —p)* + (¢ = =)’ + Pkpl¢2] ,  (3.76)

[}

and, from Egs. 3.51 and 3.76, G(tx, t;) is given by:

e

Ga(tg,t)) = g ZAg cos pg cosmpg Gg + I
f=1
T A 3
-5 Zk—f (0 = o)+ (&' = =)+ wp'dy] © 0 (377)
B=1 "Yo
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where, from Eq. 2.271.5 of Ref. [44]

iy 1 3
I, = /k— (0 = o)+ (2 — %) + e ¢°] * dop
0
_3
ks 1+ v?
Finally, the approximation for the integrand of Eq. 3.32 is
. . . m ¢ ’ 2 ' 2 1 2]" 3
il_I)I(l) [sin¢g sinm¢ G| =~ & [(p —pr) + (2= z) + prp'd ] ,  (3.79)
and, from Egs. 3.52 and 3.79, G3(t, t;) is evaluated from:
T &
G3(tk,tl) = 5 ZAﬂ Sin(ﬁﬂ sinmqﬁﬂ GH + mI1
mm quﬁ _3
- —Z ? [P — o)+ (2 — @)+ pepd}] 7, (3.80)
p=1

where I, is obtained from Eq. 3.75. So, when Method 2 is required, Egs. 2.78, 2.79,
and 3.49 (with v = 1,2, 3) are evaluated using Egs. 3.74, 3.77, and 3.80 instead of
Egs. 3.50-3.52.

Method 3 is applied whenever the observation segment k£ coincides with the
source segment [ (i.e., k = [). From Egs. 2.68, 2.69, and 3.44 (with v = 1,2,3)
one observes that the only integrals with a non-bounded integrand are G1,(tx, %),
Goo(tr, t1), Gaalty,t1), Gap(ty,t;), and Go.(tx,t;). However, from Eqs. 3.40-3.43,
Goo(ti, t1), Gao(tr, t1), Gap(tr,t1), and Gac(ty,t;) are multiplied by terms that van-
ish to zero whenever £ = | and, consequently, these integrals do not need to be

calculated. So, Method 3 is only used in the evaluation of Gi,(ix,t;). Following
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the concepts of Sect. 2.3.4, at the region where both « and ¢ are close to zero, the

integrand of G1,(t, ;) is approximated as [from Eq. 2.68 (with v = 1) and 3.30]

: 9 ¢ ¢? Ag)? 2
alggo 2 sin 2 cos mae GH] R o [(a 7) +(pk¢)] , (3.81)

M9

and G1,(tx,1;) evaluated from

gy Na
Gioltg,t)) = ZAg sin2% cos meg ZA?E Gy + I,

B=1 £=1
R e A Ap\? E
— I A Y [(04&7]6) +(pk¢ﬂ)2] ,  (3.82)
p=1 £&=1 "o

where

- [ [ ]

M9

[}

= & 2 7 ln( +4/1 + v%), (3.83)

and ¢g, R, v2, and Gy are given by Eqgs. 2.83, 2.84, 2.125, and 2.183, respectively.
So, when Method 3 is required, Gi,(tx,t;) is evaluated from Eq. 3.82 instead of

Egs. 2.78 (with v = 1) and 3.50.

3.2.4 Voltage-Matrix Evaluation for the Fundamental Mode of a

Circular Waveguide

The purpose of the IBC introduced in this chapter is to provide a tool for modeling
a corrugated horn feed. In the present work, the horn feed and, consequently, the

PEC reflector surfaces of the antenna system are excited by the fundamental TE;
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mode of the circular waveguide connected to the horn throat (see Fig. 3.3). This
circular waveguide has a cross-section radius a, and is assumed to only allow the
propagation of the TFy; mode. The formulation presented below also assumes that
the feed points towards the positive Z-direction.

Accordingly to Ref. [34], the TE}; excitation may be simulated by a distribu-
tion of equivalent electric and magnetic currents represented as J,(7) and M,(7),
respectively. These currents are placed inside the circular waveguide, over the cross-
section plane located at z = z, (see Fig. 3.3). The currents are defined such that
they only excite the fundamental TFE,; mode towards the positive Z-direction at
z > z, and no fields towards the negative Z-direction at z < z, (see Fig. 3.3).

The electromagnetic field of a Z-polarized TE;; mode is [47]

- + + +
Erg,, = EP ‘_ p+ E¢ ‘_
k Ji(k R .
= Kp [ lli oP) cos¢p p + Ji(k,p) sind qﬁ] eTIVkkiZ (3 .84)
0P
- + + .
Hip,, —H,,\_p+H¢\ 3
k2 .
- AZZO Tk, p) sing FVEH S (3.85)

where the positive and negative indices correspond to the TE;; mode propagating

towards the positive and negative Z-direction, respectively,

k,a,)> —1
A = Jlucpag)@%, (3.36)
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Wlko kono

Zrp = ——22 = ol 3.87
S A e
1.8411
g, = LS8 (3.88)
g
Ji(kya) = 0.58187, (3.89)

Ji(z) is the Bessel function of the first order, and Ji(z) its first derivative with
respect to the argument z. The field components of Egs. 3.84 and 3.85 have been
normalized by the parameter A such that the power associated with the TF;; mode
is 1 Watt. From Ref. [34] and Egs. 3.84 and 3.85, the modal currents J,(7) and

M,(7) are derived using equivalence and given by

- R — k J (k p) R
— HE [ [ 1\vp
JQ(F) z X TE11 AZTE kpp COS¢ P
— Ji(k,p) sing (;AS] e Ik 7 p<ay,, (3.90)
My(7) = —2xEBfp, = Zrp £xJ(7), p<a,. (3.91)

Once the horn feed and the reflector surfaces are substituted by their equivalent
surface currents J(7') and M (7') [where M (7"') is only present over the horn-surface
regions with an IBC], the EFIE (Eq. 2.8) can be used with E¢(7) produced by
the above .J,(7) and M,(7) radiating in free space. From Eq. 116a in Chap. 3 of

Ref. [21]:

ine _ —J . AR vl 2 7 (= . T (= ' /
E™(7) = Trwe, /[jwa(T YV + k5 Ty (F) W — jwe, My(7) X V\Il] ds',
g

(3.92)

where S, is the circular area of radius a, at 2 = 2, containing the equivalent modal
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currents and pg(7') is the electric charge density [present along the rim of S, and
caused by the abrupt termination of .J,(7') at the waveguide wall]. Although the
continuity equation could be used to express pgr(7') directly in terms of j_;(F ") in
Eq. 3.92, the resulting expression turns out to be arduous to solve numerically [21].
On the contrary, the continuity equation is used to represent pp(7') only along the

rim of S, as [21]

=y

-] . 7 J
pE( ) = jp"]g(p’:agvz,:zg) = ;Hg(p’:ag,zlzzg), (3'93)

where H J is given by Eq. 3.85. The substitution of Eq. 3.93 into Eq. 3.92 yields

Hinc _ —J 2 7 (= o T (=2 / /
Br() = oo /[kng(r)\Il jweo M, (") x V'] ds
Sg
J / + o ’
H W df 3.94
Amwe, E sV ’ (3:94)
g

where C, represents the rim of the surface S,. Applying Egs. 2.170, 2.172, 2.173,

3.90, and 3.91 to Eq. 3.94 one obtains

2w Qg
ine _ jTIOkg jkoZTE _
Eire(r) = 0/0/{[GE+ T (2 = #) G

[H sin(¢/ — ¢)

+ Hcos(@/ = )] b+ [H sin(¢' = 9) — H cos(¢/ — )] 4

kOZ / / : / 2 / / /
_J . TE Hf [p' — pcos(¢’ — ¢)] — H, psin(¢’ — qﬁ)]GH z}p dp' d¢
4 dek 7H+{[ — aycos(¢' — §)] p— asin(¢’ — 9) ¢

A / 6 1P g P g
— (24— 2)2} Gy ay d¢’, (3.95)

where the unprimed coordinates refer to the observation point 7, H; is given by

Eq. 3.85, and G and Gy are given by Eqgs. 2.182 and 2.183, respectively. The
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magnetic field radiated by the equivalent modal currents will be also required in
Sect. 3.3 to obtain the expressions for the total field radiated by the horn feed.
So, from Eq. 116b in Chap. 3 of Ref. [21] and proceeding in the same way done to

obtain Eq. 3.95, the magnetic field radiated by J,(7') and M,(7") is given by

rrine _ —J 2 1 (= . T (= ' '
H™(7) = Trop, /[ko M,(F) U + jwp, Jo(F') x V\Il] ds

-2 [l

— Hj cos(¢' — qﬁ)] p— [Hj sin(¢' — @) + HJ cos(¢' — qﬁ)] q@]

((ea = )G

[H; sin(¢' — ¢)

+ jko H

+ Jjko

lp— 7' cos(d = )] p— p'sin(¢! — 9) & (z — 2) 2| G
H; | = peos(¢! - §)) + Hj psin(@ - ¢)] G

}p dp' d¢', (3.96)

where H is given by Eq. 3.85. Notice from Eq. 3.91 that p - Mg(F’) is zero at
p' = a, and for this reason Eq. 3.96 has no contributions from equivalent magnetic
charge distributions over C,.

One obtains the voltage matrix of Eq. 2.23 by substituting Eq. 3.95 into Eqs. 2.24

and 2.25 to get

0

jkoZTE

[H sin(¢' - ¢)

+ Hj cos(qS’ — qﬁ)] sinu —

H} [p' = peos(¢’ — ¢)] — H psin(¢' — ¢)
2 2

X Gy cosu}p’dp’d¢’dt dé + ///T )e~Ime Gy H

X {[p —agcos(¢’ — ¢)] sinu — (2, — 2) cos u} ag d¢' dt do, (3.97)
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‘/;P:@()////Pi(t)p - [G RELT YT

S pi Mo
X [H;' sin(¢' — ¢) — H;f cos(¢' — (;5)] o dp' d¢’ dt do
2r 27
L (1) P o—ime bl AN 2 g
A O/t/O/R(t) p e Gy Hf sin(¢' — ¢) a; d¢' dt d¢. (3.98)

Substituting Egs. 3.84 and 3.85 into Egs. 3.97 and 3.98 and solving the integrals
with respect to ¢’ using Eq. 2.41, one obtains that V;I and V;© are different from

zero only when m = +1 and

r gk k2 _jneke, // Ji(k, ) n | GkeZrm
S = = C Zrg 9 T R S L A _
v, A Zr e /) 3 (1) Y sinu | Gs(t, p') + - (2 — 2)

cosu (4 Galt.) + (4 = ) Gatt )|
jkoZTE

0

52
x Galt, pl)> _ JkoZrE

0

+ mJ(k, o) lsinu (Gﬁ(t, o) + (2 — 2) Gs(t, p’))

ik, 2
4 LEo=TE p cos u Gs(t, p’)] } p dp dt

Mo
k k2 —jcko J k
_ ;J\IJ?TOEG T55% g, Ik aag /T {Slnu pGi(t,ag) = (ag — p)
g

x Galt,a,)| — (24 — 2) cosu [Gi(t, a,) + Galt, ag)]} dt, m==+1, (3.99)

k k2 _ ﬂu ) jk TE
‘rP _ _"Ypo IzZrg?s o _
¢ o 2AZTE //P { p [G6( ) To (zg Z)

Z
kp kg _]Mzg 2 B
T 9AZrs C /P Gs (t,ag) dt, m==£1, (3.100)

where G4 (t, '), Ga(t, '), Gs(t, p'), Gs(t, p'), and Gg(t, p') are respectively given by
Eqgs. 3.30-3.32, 2.46, and 2.47. The variable of integration £ may be transformed

into « applying the same procedure used to evaluate the integrals with respect to
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t' in Sects. 2.3.3 and 3.2.2. From Egs. 2.50-2.57 [for the weighting functions T;(t)

and P;(t)], Egs. 3.99 and 3.100 may be rewritten as

)

N Y I I - '
VT — M e_]%zg/{ Z % lM (Sinuk [G5a(tk,pl)

2AZTE 4 kp pP

k=p—1

ko2 _
- (—1)p_kG5b(tk,P')] ~ " L (P’ COS Ug [Gla(tkypl) — (1) kGlb(tk,P')]

+ [(0' = pr) cosuy — (24 — 2) sinug] [Gaa(ts, ) — (1P *Gay(ts, ,/)]))

ko2
+ mJ{(k, 0) (Sin g [Goa(ta, ) = (=17 *Ganlti, )] + 2T [y cosuy
+ (2, — 2) sinwg] [G3a(tk, o) = (=1 *Gay(ty, ;/)])] } p dpf
_ Jkp kg —j%%z_q 1(k ag 2oA . _ _
SAZ s e k,, . kzl 1 [pk sinuy — (2, — 21) cos uk]

X

[Gla(tk,ag)+G2a(tk,ag) (=1~ [Glb(tkyag)JrG%(tk,%)]]

Ay

+ 5 Gl 0) + Gty 05) = (<17 Gl 05) + Gclth, )

— a4 sinuy, [GQa(tk, ag) — (=1 Gyt ag)] } , m==1, (3.101)

B R ymeken Ay [Tk, ) A sinyg
- 2AZTE € 9 /{ kpp’ G6a(tzap)+ 2pz G6b( z:p)

ko Z A i
4 D218 ((zg — %) [Gsa(ti, o)+ 42smu

A;
770 Gy (ti, 0 )] - cosu;

1
A; sinu;
2 p;

X

(Galtns) + S50 Gl )] )| + m 15,1 Gt )

A; sinu; ko2 A; sin u;
=5, Galtss) + *’n—”(( ~ ) |Gaalti, ) + —g, Galtis)
Ai A i
— 5 cosu; [G%(ti,p’) + %GQC(&,/))D]} p dp'
_ kpkg e —j%re 2 a2 Ji(kpag) A
2AZTE g kp Qg 2

A, sin u;
2 pi

X

|:G3a(ti, ag) + G3b(ti, ag)] y m = *£1 y (3102)
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where Gua(ty, p'), Gupl(te, p'), and Gy.(tg, p') (with v = 1,2,3,5,6) are given by
Eqgs. 2.68, 2.69, and 3.44, respectively, and the subscript £ represents the observation

segments p — 1, p, and . Notice that here the distance R is given by

2

A 2 A
R = [(p’—pk—aTksinuk) + (zg—zk—achosuk)

(NI

A
+ 40 (pk +a 7’“ sin uk) sin? g] : (3.103)

where p' varies from 0 to a, (being equal to a, for the terms associated with the
equivalent electric charge density). Finally, to evaluate the integrals with respect

to p' in Egs. 3.101 and 3.102 one may apply the following approximation:

ag Ng
/ F(p)dd ~ A, S Flp,), (3.104)
0 ng=1
where
a
A = Y 1
g Ng’ (3.105)
1
Pn, = (ng—i) Ay, (3.106)

and N, = 50 in this work.

The integrals Gua(tk, 0'), Gub(te, 0'), and Guc(ty, p') (with v = 1,2,3,5,6) of
Egs. 3.101 and 3.102 are evaluated in the same way done in Sects. 2.3.4 and 3.2.3,
where the present case does not require the application of Method 3. However, to
avoid possible numerical difficulties whenever p’ = q,, the surface S, is placed in be-
tween two adjacent generating-curve segments representing the waveguide internal

wall (where p = a, and z = 2,), as illustrated in Fig. 3.3.
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As a final comment, from Egs. 3.101 and 3.102 one observes that Eqs. 2.159 and
2.160 are still valid for the TFE;; modal excitation. Consequently, from Eqs. 2.23,

2.70-2.73, 3.7, and 3.45-3.48, Egs. 2.161 and 2.162 are also valid in this case.

3.2.5 Resonance Problems

When the EFIE of Eq. 2.8 is applied over the BOR closed surface representing the
horn feed, one may experience resonance problems. These problems are caused by
the modes that can be excited inside the cavity described by the closed surface.
These modes also satisfy the surface boundary conditions related to Eq. 2.8 at
a particular frequency [15], and their currents do not radiate outside the cavity.
The final consequence is that, when the resonant cavity modes are excited, the
currents J(7') and M (') induced over the BOR closed surface will have spurious
components related to these internal modes. Since these cavity-mode currents can
be substantially larger then the currents of interest, numerical instability may occur.
One way to avoid this resonance problem is to apply a combination of the Electric
and Magnetic Field Integral Equations [15]. However, this problem can be corrected
without complicating the previously presented formulation, as explained below.
The resonance problems are eliminated by extending the weighting functions of
Eq. 2.22 over dummy observation segments located inside the BOR. closed surface
(see Fig. 3.4) and enforcing the tangential electric field to be zero over these seg-

ments [48]. On doing so, for the efficient elimination of the resonances, the dummy
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A
p INTERNAL DUMMY

OBSERVATION
A SEGMENTS [

Ny

Figure 3.4: Geometry of a BOR Closed Surface Representing a Horn Feed with
Internal Dummy Observation Segments.
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segments must be judiciously placed. For example, in the geometry of Fig. 3.4 the
dummy segments are placed perpendicular to the inner and outer surfaces of the
feed, because this is the expected orientation of the electric field (if present) inside
the cavity. The proper location and number of dummy segments will depend on
the geometry being analyzed and this is the major disadvantage of the procedure.
However, the resonance problem can be detected by inspecting the surface-current
behavior after the MoM analysis. For example, assuming that the circular wave-
guide allows only the propagation of the fundamental TFE;; mode and a matched
load is placed over the waveguide end wall, at the waveguide surface between the
planes z = 2, and z = %z, (see Fig. 3.3) the current amplitude must be constant.
An oscillatory behavior of the current at this region is a clear indication that ei-
ther resonances are present (and the number of internal dummy segments must be
increased) or the number of basis functions representing the surface currents is in-
sufficient. In all cases analyzed by the author to the present moment, the resonance
detection and correction was successfully accomplished by this procedure.

In order to use the dummy segments, the weighting functions are now repre-

sented as
W@ = SWE + S, (3.107)
where WG(F) represents the usual weighting functions over the BOR surfaces and

WT(F) represents the extended weighting functions over the internal dummy seg-

ments. W, (7) is also given by Eq. 2.22 with the subscript ¢ changed into 7. As no
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field must be present inside the BOR. closed surface, Eq. 2.8 may still be applied
to enforce zero tangential electric field over the internal dummy surfaces (being
assumed PEC). From the procedure adopted on Sects. 2.3.1 and 3.2.1, when the
extended weighting functions WT(F) are used, Eq. 2.23 (with the impedance matrix

given by Eq. 3.7) is rewritten as

VT 7 7R
Ve Zg, 2 | | 1T
- . (3.108)
v, zi7 oty | |
v, | | 2oz |

In Eq. 3.108, the elements of the sub-matrices VI, and V.F, are given by Eqgs. 2.24
and 2.25, respectively, with the integration surface S representing the dummy ob-
servation segments, the subscript ¢ replaced by 7, and Nr and Np replaced by Nr,_,
(the total number of extended triangles) and Np_, (the total number of extended

pulses), respectively. The evaluation of VL, and V.2

f .zt follows exactly the procedures

of Sects. 2.3.5 (for a spherical-wave source) and 3.2.4 (for the TE); excitation).
Likewise, the elements of the sub-matrices ZLL, ZTP ZPT and ZPF are given by
Egs. 3.8-3.11, respectively, with the subscript ¢ replaced by 7. The evaluation of
these extended impedance-matrix elements follows the procedures of Sects. 2.3.3
and 3.2.2.

Finally, Eq. 3.108 turns out to be an overdetermined system of linear equations.

In this work, the Moore-Penrose pseudo-inverse technique is applied to provide the
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minimum-norm least squares solution [48]. This technique consists of multiplying

both sides of Eq. 3.108 by the transpose-conjugate of the impedance matrix:
(1" vl = (27 12111, (3.109)

where the symbol * denotes the complex conjugate and the superscript 7" represents
the transpose matrix. The new system represented by Eq. 3.109 has a square matrix

and the electric-current coefficients of Eq. 2.21 may be finally obtained.

3.3 Radiated Near-Zone Fields

In the case where an IBC and, consequently, M (7') are present, the total electric

and magnetic near-zone fields radiated by the antenna system are given by

Enp(®) = EXp(®) + ENo(®) + ERE(7), (3.110)
Hyp(F) = Hip(®) + HYp(®) + HYE(@), (3.111)

where Eine (7) and Hime () are the electric and magnetic fields produced by the ex-
ternal sources, respectively, E¥-(7) and H (7) are the electric and magnetic fields
radiated by the electric current J| (7') (given by Egs. 2.185-2.198), respectively, and
EM_(7) and HM,.(7) are the electric and magnetic fields radiated by the magnetic
current M (7'), respectively. The later are given from Egs. 120 and 121 in Chap. 3

of Ref. [21] as

— —1 —
EM (A = = / M) x V'¥ ds', (3.112)
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—J

AM.(7) = / [[M@)- V] V' + M) T} ds', (3.113)

ATw o A

where U is given by Eq. 2.4. Applying Egs. 2.167-2.173 [with J (7') substituted by

M (7")] and 3.5 into Eqgs. 3.112 and 3.113, straightforward algebraic manipulations

yield

where

M —
ENFp -

M —
ENFz -

+

ENp(P) = ENp,p + ENpy & + ENg, 2, (3.114)
HYp(7) = Hyp, p + Hirgé + Hyp, 2, (3.115)
—nokd [ ZP¢
ks [{EZ05 0 (1 2) ostdf = )
T L1
ZIBC

©_ J(7") [ cosu' — (7' — z) sinw'] sin(¢ — ¢)} G ds', (3.116)

B 5 IBC ZIBC
nok, /{Zt J(7") (7' = 2) sin(¢ — §) — 2 Jo(7")

47(- Tlo No
[[p’ cosu' — (7' — 2) sinu'] cos(¢’ — ¢) — p cos u’]} Gy ds', (3.117)
_ okg ZIBC .
ke [{E5 04 o st - ) -]
s °
ZIBC
‘; J(7') p sinu' sin(¢’ — ¢)} Gy ds', (3.118)

—ik2 IBC
i:“ /{Z:7 Jt(F’) [Sin(¢’ — (;5) (GE — GH) + kgp Sin(qS’ _ ¢)
g o

[p— o' cos(¢' — )] GEH]

IBC
%o o) [sind cos(d) — 9) (G~ G) + 2o — o conle! — 9]

0

[sin o (p cos(¢ — ¢) — p’) —cosu' (7 — z)] GEH] } ds', (3.119)
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1.2 IBC
Hypy = %/{Zn S (7 )[COSW —8) (G — Gn) + kpp'sin®(¢' — ¢) Gen
ZIB(;
- S )[sin u'sin(¢ — ¢) (Gr— Gr) — K20 sin(¢/ — o)
X [sin o (p cos(¢ — ¢) — p’) —cosu' (7 — z)] GEH] } ds', (3.120)
1.2 IBC
Hyp, = '74]:: /{Zn Jo(7") kop (2 = 2) sin(¢’ — ¢) Grn
IBC
- Zn G )[cosu' (G — Gu) — K2(2' — 2)
X [sin u'(p cos(¢' — @) — p’) —cosu' (2 — z)] GEH] } ds', (3.121)

and Gg, Gy, and Ggg are given by Eqgs. 2.182-2.184, respectively. Substituting
Eq. 2.21 into Egs. 3.114-3.121 (with the modal parameter n in Eq. 2.21 conveniently
changed into m) and solving the two-dimension integrals following the procedure

of Sects. 2.3.3 and 3.2.2:

B = 3 { 15 (BN, 7+ (BNe,),, 6+ (B¥).,
& op M P M P
+ 2 Iny [(ENFp)m] p+ (ENF¢>) é + (ENFz)mj Z] ,  (3.122)
j=1
Ay (7) = X_: {Z [(HZZ\\I/IF/)):W. p+ (HZZ\\I4F¢) ¢ + (HZ]\\//IFz)T 5]
+ ;I,ﬁj [(H}{Fp); p+ (H%M); $+ (H%Fz); z]} (3.123)
where
IBC
(E,A;Fp); = ;7;’“0 jme gq; bl Al{(zl—z) |Gaa(7, 1) — (=1)77 G (7, 11)]
l=¢—1 o
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—jnok . ZrC
= Ik sy 2 {zl—z> (Gl ) — (~1)Gon(7, )]
T I=g—1 770
A
+ ?l cos w |Gy (7, 1) — (—1) ' Gie(, t,)]} , (3.125)
IBC

Mok b !
— o ]m
j 81 I Xq:

A o= ) [Guutrit) = ()Gt 0]

1770

A . — —
+ o [GualFy 1) = (=1 Gu(F )] + 5 sinw [Glb(r,tl) + Gy (7, 1)

— (D) [Gre(F, 1) + Gae(T, tz)]]} , (3.126)
M0k jmp 2oy .
= T4 /™ ‘;’ A; [pj cosu; — (z; — 2) sinu;]
A sinus
y [Gsa(ﬁ )+ S Gy m] | (3.127)
j
Moy ims Zag- .
= o eI ;] A; < [(p; — p) cosu; — (27 — 2) sinuy]
. A; sinu;
X lG2a(T, tj) -+ T] ng( )]
j
. A; sinu; .
— P COSU; Gla(T, tj) + T Glb(T, tj) . (3128)
j
IBC .
Joks emé 24 N G (7 Aj sinu; .
= > . . " ,t. ,t' ,
An o j p sinu; |Gy (7 5)+ 2 ps 3b(7 25)
(3.129)
K2 e & 2P
= é e]m¢ Z y Al {G6a(r,tl) — G3a(7?, tl)
l=¢—1 o

[an(??, t1) — (=17 Gre(7, tl)”} ; (3.130)
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IBC

{G2a(F, t) — Gso (7o 1)) — (=1)77 [Gop (7 1)

1770

(HNF¢)T jk2 e]m¢l2q:
=q

~ GaF, )]k??ﬂaﬂ t) = Ghoa(F, ) + G1za(F, 1)

A S. — — —
(Bt (1) () = G ) + G )
!
A; sinu . . .
— (_1)q—l % [GBC(T, tl) — GIOC(Ty tl) + G12c(7", tl)]] } , (3131)
T q IBC
(H¥r:) s = 50 Ko e Z —— kfﬂ{(zz — 2) [Goal7, 1)) = (=1)7' Gy (7, 1)]
I=g-1 o
Al — -1 —
+ 5 cosu [Gou(7,12) = (—1)""Goe(7, 1)) ¢ (3.132)
P —ik2 i ZI,BC . 5 . A sinu;
(H%Fp)mj = 47-(- 6‘7 o f’: Aj smuj G5a(7",tj) —_ GQa(T,tj) + ]27p]]

<[Galrt) = Gulrs )] + K| 2 sins + o5 = ) [y = psny

A sinu,
+ (2; — 2) cos u]]] [Gsa(ﬁ ;) + % G (7, tj)]

7
A
+ k2 ][ p—i—smu][(pj—g)sinuj-i-(zj—z)cosujH
A sin w kA
X ng(mj)+ﬂagc(mj)]+( 2]) sinu;

2p;

[ A; sin u;
X |Gy (7, t5) + % Gsq(T, tj)] — K2 p_2p] sin u;
J

. A sinu; . A; sinu; > .
j

3
— kg [% sin Uy -+ (Zj — Z) COS ’Uzj:| |:G12a(7?7 tj)

A 02,
n Aj sinu; G12b(7“ . )] _kgp_] <1+sm u]>

2 p; 2 2

A
xlaﬁma»w—gﬁﬁam(uﬂ}, (3.133)
J



108

N k2 ¢{BC . B . A, sinu;
(HZZ\\/'/IF¢)mj s = elm? nj Aj {sin ;| Goa (7, 8) = Gaa(785) + ]27%]

X [Gep(7,t5) — Gap(T, tj)]] + k2 p; [p; sinu; + (2; — 2) cos u;]

Aj sinu; a
— GglT
2 pj

A
X [GQa(Fy t;) + (7, )] +k2=2 [p] + sinu; [p; sin u;

A, kA 2
+ (% — #) cos “j]]ngb(Fa t;) + % Goc(7, )] + ( 5 ]> sin u;
j

A sin u;
j j
——— Gogg

X [GQC(F,tj)Jr (F,tj)] k?””ﬂ sin u; lGua(F,tj)

2p;
Aj sinu; A; sinu;

p e — L =) G A7 L5 3.134

+ 205 G (7, t5) + ( 2 p; ) 1¢(7, ])]} ) ( )
P —jk2 . ZIBC . . .
(I_IZZ\\/'le)m_7 = Am 6‘7 ¢ f’j Aj COS’U,]' G7a(r7tj)_Gla(r7tj)_G2a(T7tj)
A; sinu; R
S [Gn(r5) - Gua ) - Gl ]| + K~
P
A sin ws
X [(pj — p)sinu; + (z; — 2) cos u;] [Gsa(F, t;) + % Gy (T, tj)]
j

A,
+ k22 [z] — z+cosu,; [(p; — p)sinu; + (z; — 2) cos u]]] [ng(F, t;)

Aj sinu; kol ? . A sinu;
+ TJGSC( )] + ( 5 -7> COS Uy ngC(T,tj) + ‘727]‘7

X ng(F, tj)] + kg (Zj — Z) [pj sin u; + (Zj — Z) Ccos Uj] lGlga(F, t]‘)

Aj sinu, A
e R G1a(T, )] + k2L [z] — 2+ cosu; [p; sinuy;

2 pj
. A; sinu;
+ (Zj — Z) COS ’LL]]] G12b(7",tj) + T G12c( t])
j
kA . A . B
+ ( . ’> cos u; lGuc(r,tj)-l— %Gm(r,@)”, (3.135)
j

the integrals Gua (7, 11), Gus (7, 1), and Gy(7, ;) are given by Egs. 2.199-2.215, Z/P¢
and ZJP¢ are associated with the source segment 7, and the subscript [ represents

the source segments ¢ — 1, ¢, and j. The double integrals of Eqgs. 3.124-3.135 can
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be numerically evaluated with a n,- and ng-point Gaussian quadratures for the
integrals with respect to o and ¢, respectively, accordingly to the procedures of
Sects. 2.3.4 and 3.2.3. As far as the observation point 7 is sufficiently distant from
the source point 7', no singularity problems will occur in these integrals.

To take care of the situations with negative indices m, Eqgs. 2.199-2.215 and

3.124-3.135 yield

()L, om0 = (58, o, -
(ENrs ,Tnj e = - (E%M)ij e, (3.137)
(BN ,Tnj et = (EMp,) o™, (3.138)

e = — (BM,) ™, (3.139)
e~imé = (E%F¢)1j ™ (3.140)
e ime = _ (H%Fp)f e (3.142)
e = (Hyg,) €™, (3.143)
e ™ = — (H¥p,) &™), (3.144)
e~imé = (H%Fp)lj el (3.145)
e~imé = _ (H%F¢)Ij el (3.146)

)
)
)
)
)
(BM.). e = = (BM) e, (3.141)
)
)
)
)
)
)

; P .
e = (H¥r) . @™, (3.147)
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which allow the results for a positive mode m to be used to obtain the terms
corresponding to a negative mode —m. Notice that for the external excitations
presented in Sects. 2.3.5 and 3.2.4 only the modes m = +1 are present.

The near-zone fields Ei%(7) and Hi(7) produced by an external spherical-
wave source were discussed in Sect. 2.4. For the modal currents .J,(7') and M, (")
that excite the fundamental TF;; mode of the circular waveguide (as discussed in
Sect. 3.2.4), Eirc(7) and Hirc(7) are given by Egs. 3.95 and 3.96, respectively.
Aiming their numerical calculation, the substitution of Egs. 3.84 and 3.85 into
Eqgs. 3.95 and 3.96 yields

ag

inc _jnokpkg —jmz/ o jkOZTE o
B = IR R it [ G _G
wnr(7) A Zrg € e / 5(7,p') + o (24 — 2) Ga(7, p')

x [Jllg’:f;f’) cos p — Ji(k, )smqsqs] [ o(7, 0)
# BT = 0 Gulr )| | 000 cos 5 = B ing ¢]
_ Jk"iTE l‘hg:’;,p’) (pIGI(T A)+ (' = p) Ga(T, ¢ )

jnokpko e Jﬂ"—""z a Ji(kp ag)
27TAZTE 9 k,,ag

X {[pGl(F, ag) — (ag — p) Ga(T, ag)] cos @ p + ayG3(7,ay)

X sing ¢ — (2 — 2) [GL(F, ag) + Ga(F, ag)| cos ¢ z} , (3.148)
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Qg

. —k, k2 _inoko, 12 > >
e = g e 5 / {[J L Gl ) = o (2 = 2) G2(r,p>]

X lJ{(k,, p) sing p + W cos ¢ q@] + ljZTE Ge(7, p')

o P Mo

= hotay =)o) [ 2150 s+ 10k, ) cos )

+ jk”ﬂh(k )[[pGl(r p) = (0" = p) Ga(T, p)] sin¢g p

— ¢ G3(7, p) cos ¢ ¢] l ( op G (7 7(]“”7)722”

x f (zg = 2) [Gi(7, p) + GalF, )] ) ) ko |0/ G1(7, )

+ (' = p) Go(T, p’)]] Slnéz} pdp, (3.149)

where the integrals G, (7, p') (with v = 1,2,3,5,6) are given by Egs. 3.50-3.52,
2.81, and 2.82, respectively, and R is directly given by Eq. 2.49 with 2’ = z, and
¢ varying from 0 to a, (being equal to a, for the terms corresponding to the ring
electric charge in Eq. 3.148). The integrals with respect to p’ in Eqgs. 3.148 and
3.149 can be numerically evaluated using Eqgs. 3.104-3.106, with N, = 50 in the

present work.

3.4 Radiated Far-Zone Fields

When the radiated field is calculated in the far-zone region of the antenna, the
expressions obtained are somewhat simpler than in Sect. 3.3. In the case where an

IBC is present over the BOR surface, Eq. 2.230 is expanded into

Epp(7) = Efp(f) + Epp(7) + EFE() (3.150)
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where Einc(7) is the electric far-zone field radiated by the external sources, £ ()
is given by Egs. 2.239-2.245, and EM,.(7) is the electric far-zone field radiated by
the equivalent magnetic current M(7’) and obtained from Eq. 128 in Chap. 3 of

Ref. [21] as

B = ke e [ [y x 7] " as (3.151)
FF - AT r . .
Sl

The total magnetic far-zone field H rr(7) is directly given by Eq. 2.231.

Using Eqgs. 2.169, 2.233-2.235, and 3.5, one may rewrite Eq. 3.151 as

Eﬁlp(ﬁ = EIZ«YIFBQA + EIAT‘/IF¢ QAS, (3-152)
where
Jnok, edker zIBC
iy = [ ) conte - o
s L T
ZIBC ) . , ,
_ ;#; J¢(FI) sinu’ Sin(¢/ _ ¢)] e]ko[p sin @ cos(¢’ —¢) + 2’ cosd] ds' : (3_153)
JNoke e~ Jkor ZIBC . . ZIBC . .
Efpy = il /{ :70 Jy(7") cos @ sin(¢’ — @) — ‘;O Js (7' [cos u' sinf
Sl
— sin ul cos @ COS(¢I _ ¢):|} ejko[p' sin @ cos(¢’ —¢) + 2’ cosf] dsl ) (3154)

Substituting Eq. 2.21 into Egs. 3.152-3.154 (with the modal parameter n in Eq. 2.21
conveniently changed into m), following the procedures of Sects. 2.3.3 and 3.2.2,

and solving the integrals with respect to ¢’ in closed form, straightforward algebraic
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manipulations yield

o - A T T .
EX.(A) = Y {ZIZU. [(EFF,,) 0 + (EFF¢) ¢]
m=—oo | j=1
Ne P P P N
+ SIE, [(EFF,,) 0+ (BM). ¢] , (3.155)
j=1
where
—jkor IBC
M T _ _noko . i m € ko 4 Zt,l
(EFFB)mj = 16 (.76 ) " z:zq;1 e Ar 4 Fing1,a(t)
— Fro16(t) — (—1)7 [Fm+1,b(tl) — Fra b(tz)]} , (3.156)
1 r IBC
M T N j’r’oko . ]¢ m € ]ko q
(EFF¢)mj T (je ) cos 6 ZXq:l " 13 Fri1,0(81)
+ Fa-1,a(tr) — (1) [ m+1 () + Fm—l,b(tl)]} , (3.157)
P —iNoko 1. sg\m e7IFeT ZIBC
(E%Fe)mj = —5 (]eW) Tn—A sinu; ¢ Frng1,0(t5)
A; sinu;
+ Fr1a(ty) + #[me( )+ Fr1s(t )]} (3.158)
j
P — ko ;. g\m eIReT ZIBC .
A sinus
+ - ]2S;n. Uj meb(tj)‘l — j cos @ sinu; [Ferl,a(tj) — Fm—1,a(tj)
j
A sinu;
+ ]2p. [ Fnra(t) = Fm—l,b(tj)]]} : (3.159)
j

the integrals F,, ,(t;) and F, ,(¢;) (withn = m—1,m, m+1) are given by Egs. 2.244
and 2.245, respectively, and Z/P¢ and ZJ7¢ are associated with the source seg-
ment [ (where [ = ¢—1, ¢, j). The integrals F}, ,(¢;) and Fy, ,(#;) can be numerically
evaluated with a n,-point Gaussian quadrature accordingly to Sects. 2.3.4 and 3.2.3

(with n, = 2 in this work).
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From Eqs. 2.244, 2.245, and 3.156-3.159 one obtains the following relations:

(BYo). ()" = (0" (Be) ()", (3160)
(E%M),Tnj (4e*) " = (-pm (E%M)ij (5¢*)" , (3.161)
(E%Fe); (@) " = (™ (Eﬁlpa)ljmj (7€)",  (3162)
(E%%); (Ge) ™ = (=pm (E%(»)]_ij (je*)" (3.163)

from where the results for a positive mode m can be used to obtain the terms
corresponding to a negative mode —m (recalling that for the external excitations
presented in Sects. 2.3.5 and 3.2.4 only the modes m = +1 are present).

The electric far-zone field E}%‘ﬁ(?) produced by an external spherical-wave source
was previously discussed in Sect. 2.5. For the TE;; mode excitation of Sect. 3.2.4,

the substitution of Egs. 3.84-3.91 into Eq. 128 in Chap. 3 of Ref. [21] yields

[ine _ —Jkoko eIk jk"(cosa_?";_E)z-" o Ji(k,ag)
Ji(k, ag sin 6) ( o ) N
N J 000007 1
X { k, ag sin 6 + - cosf| cos¢p 0
Ji(k, a4 sin ) n S
— ky 5 0+ > 3.164
kp k?,— (Fo5in 6)? (cos + ZTE) sing ¢, ( )

where the contribution due to the equivalent electric charge distribution is already

being taken into account [21].
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3.5 Horn-Feed Return Loss

For the TE;; mode excitation discussed in Sect. 3.2.4 (see Fig. 3.3), part of the
energy exciting the horn is radiated by the antenna system towards the surrounding
environment (radiated energy) while the remaining part is reflected back into the
circular waveguide connected to the horn (returned energy). Assuming that the
waveguide is specified to allow only the fundamental TFE;; mode propagation, well
inside the circular waveguide this returned energy is completely transfered to the
TFE;; mode propagating towards the negative Z-direction. In order to simulate a
matched load for the feed structure while accomplishing a small (and numerically
tractable) dimension for the geometry, the waveguide is truncated at z = z. (see
Fig. 3.3) and an IBC is specified over its end wall. This procedure also allows the
direct determination of the feed return loss.

Since only the fundamental mode is allowed to propagate (this is controlled by
the waveguide radius a,) and assuming no discontinuities present for the waveguide
geometry (i.e., the horn throat is sufficiently away from the waveguide end wall),
at the plane z = 2, the total waveguide field is represented by a linear combination
between the TE}; modes propagating towards the positive and negative 2-directions.
So, the matched load is obtained by specifying the necessary boundary condition (in
terms of the IBC) that is completely satisfied by the returned mode and, thus, avoids

its reflection. From Egs. 3.1, 3.2, 3.84, and 3.85 (and observing the orientation of
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t in Fig. 3.3) the IBC simulating the matched load is

.

ZPC = L = —Zip, (3.165)
Hy
s

ZiPC = ;}_ = —Zrg, (3.166)
T

where the field components are those associated with the returned TFE;; mode and
(7

Zrr is given by Eq. 3.87. Consequently, the electric current J(7') induced over the

waveguide end wall is related to the returned TE;; mode by
Ty = KE)V T+ Jo(7) ¢ = 2x Hp, = Hy I +H, ¢ . (3.167)

From Ref. [47] and Eqgs. 3.84, 3.85, and 3.167 (recalling from Sect. 3.2.4 that the
excited TF;; mode has unit power), the power associated with the returned TFE;,
mode (return loss) is given by:

27 Qg
1 - T — % A~ / / /
Pgp, = 3 Re //(ETEH X HTEH) -z pdp do
00
Z 2w Qg
TE _ _
= 5 [ [ (51 + 157 o do' dg
00

ag

2w

Z

= T [ [P + VaF)P) o def df, ot 2=z, (3.168)
00

where the symbol * denotes the complex conjugate. As explained at the end of
Sect. 3.2.4, for the excitation provided by the equivalent modal currents j_;(F ") and
M,(7"), only the modes m = £1 are excited and Egs. 2.161 and 2.162 can be used
together with Eq. 2.21 to yield

T;(t')
0

J(F") = 2cos¢’ D I : (3.169)
J
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P;(t
Jo(F') = j2sing’ Y I ’(t), (3.170)
j Pj

where here the subscript j represents only the basis functions located at the inner
surface of the waveguide end wall (z = z,). Substituting Egs. 3.169 and 3.170 into

Eq. 3.168 and evaluating the integrals with respect to ¢’ in closed form, one obtains

ag
1
Y

/
b L ne)| as | (3.171)

J
'3 Mi

where here the subscript ¢ represents only the basis functions located over the
waveguide end wall. From Eqs. 2.50-2.57, the integrals of Eq. 3.171 can be evaluated

in closed form with the same approach used to evaluate Eqs. 3.28 and 3.29, yielding

Pr. = 27 Zrs [ZZ(I{]. s Ff) + Z(u{jﬁﬂfj)] , (3.172)

i i
where Ff; is given by Egs. 3.33-3.38 (depending on the situations illustrated in
Fig. 3.2) and FZI; is given by Eq. 3.39. Notice from Fig. 3.3 that sinu = —1 for all
the generating-curve segments representing the inner surface of the waveguide end

wall, as £ = —p at this surface.

3.6 Numerical Examples with the Impedance Boundary

Condition

The computer code developed in Chapter 2 was augmented to include the formula-

tion of the present chapter. To demonstrate this code, two test cases are discussed
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below: the propagation of the fundamental TE;; mode inside a circular waveguide
and the radiation characteristics of a corrugated-horn feed. This examples (to-
gether with several others successfully accomplished and compared against the re-
sults available in the open literature) demonstrate the correctness and accuracy of

the code and, consequently, the present formulation.

3.6.1 Fundamental-Mode Propagation in a Circular Waveguide

The geometry of a circular waveguide is depicted in Fig. 3.5. The operation fre-
quency is such that the free-space wavelength A\ = 1 meter. The waveguide cross-
section radius a, = 0.37) enables only the propagation of the fundamental TE};
mode [47]. The equivalent modal currents .J,(7') and M,(7’) previously explained
in Sect. 3.2.4 are located at z = 0. The waveguide is truncated at 2 = —2\ and
z = 2. As the unit surface normal 7 must point towards the region where the exci-
tation sources are present, the generating curve of the present geometry is described
in the counterclockwise sense, from z = 2\ to 2 = —2A. A total of 60 segments are
used to describe the generating curve (5 on each end wall and 50 on the remaining
region corresponding to p = a,), such that approximately 20 segments per )\, are
used (where A\, = 1.637878)\ is the guided wavelength of the TE}; mode).

The portion of the waveguide surface where p = a, is assumed a PEC. An
IBC is placed over the end-wall surface at 2 = 2 in order to match the TE;; mode

excited by J,(7') and M,(7") towards the positive 3-direction. In this situation, the
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OBSERVATION
CIRCULAR SPHERE

WAVEGUIDE (Fl=1))

KIBC MATCHING

TE,;, MODE

Figure 3.5: Geometry of the Circular Waveguide Excited by the TE;; Equivalent
Modal Currents J, (') and M, (7).
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present example is simulating the propagation of the TE;; mode inside an infinite
waveguide at the region z > 0 and no fields should be present at the region where
z < 0. However, due to numerical limitations, this is not exactly true. In order
to measure the accuracy of the numerical procedure, another IBC is placed over
the end-wall surface at z = —2\ to match any possible returned TFE;; mode and
permit the calculation of its associated power using Eq. 3.172. On both end walls,
the IBC components are given by Egs. 3.165 and 3.166. Although p =1t at z = 2),
over this surface the IBC is matching a TF1; mode propagating along the positive
Z-direction and Egs. 3.165 and 3.166 still apply (see Egs. 3.1, 3.2, 3.84, and 3.85).

For this geometry, the total electric and magnetic fields (calculated from the
results of Sect. 3.3) are shown in Fig. 3.6. In these plots, the observation point 7
is located over the plane ¢ = 45° with |#] = 1\ (see Fig. 3.5). From Fig. 3.6, it is
observed that the fields outside the waveguide (21.716° < 6 < 158.284°) and inside
the waveguide at z < 0 (f > 158.284°) are negligible, as expected. At the regions
where the observation point is close to the waveguide PEC surface (§ = 21.716°
and 158.284°), one observes the electric-field singularities of Egs. 2.199-2.214, as
previously discussed in Sect. 2.6.1. At the observation point located over the z-axis
(z = 1)) the electric and magnetic fields can be analytically determined using

Eqgs. 3.84-3.89 as

Efp, = T7.528/—39.80°% V/m, (3.173)

Hip, = 0.12565/—39.80°9 A/m. (3.174)
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Figure 3.6: Field Inside the Circular Waveguide Excited by the TE;; Mode.
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At the same location, the numerical results give:

By, = T1.219/-39.40°% V/m), (3.175)

Hip = 012495/ —40.00°§ A/m, (3.176)

corresponding to an error of about —45 dB in the power associated with the excited
TE; mode, which is equal to 1 Watt. The application of Eq. 3.172 at the waveguide

end wall at z = —2) gives
Pr;, = 2123 x 107> Watts (3.177)

instead of the expected Pg; = 0, which corresponds, once more, to an error of

about —45 dB.

3.6.2 Far-Zone Pattern of a Corrugated Horn

The presented formulation may be used to analyze a corrugated horn by either
describing its PEC corrugations on the generating curve or by applying an IBC
to simulate these corrugations. Both cases are discussed in this section and the
corresponding feed geometries are illustrated in Fig. 3.7. Again, the operation
frequency is set such that the free-space wavelength A = 1 meter. Both geometries
have the same basic dimensions. The cross-section radius of the internal circular
waveguide is a, = 0.37\, ensuring that only the fundamental TFE;; mode is able to
propagate. The internal length of the waveguide is equal to 1.5\ and the equivalent

modal currents .J,(7') and M,(7') are placed exactly at its center. The thickness
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of the waveguide wall is 0.05\. The IBC given by Eqs. 3.165 and 3.166 is placed
over the inner surface of the waveguide end wall to simulate a matched load. The
horn has an aperture radius of 1.25\ and a flare angle of 45°. The flare width along
the z-direction is 0.35\. The origin of the coordinate system is placed at the horn
phase center, which is located over the z-axis at a distance of 0.553\ to the right
of the conical-horn vertex (see Fig. 3.7).

In the case where the PEC corrugations are present, 12 corrugations are placed
over the horn-flare surface (see Fig. 3.7). The dimension of each corrugation aper-
ture is w = 0.0489) along the radial direction. The tooth-thickness of each corruga-
tion is 0 = 0.0244\. The depth of each corrugation along the 2-direction, measured
from their aperture center, is ( = 0.2720\. In the case where an IBC is used to
simulate the PEC corrugations over the internal surface of the horn flare, the IBC

components of Eq. 3.4 are given by [35]

ZIBC _ —ij_HstankOC, (3.178)

zZ;P¢ = o0, (3.179)

where w, §, and ¢ are the parameters associated with the corrugation geometry
previously described. Equations 3.178 and 3.179 are derived by averaging the
fundamental TEM-mode impedances associated with the several shorted coaxial
waveguides formed by the corrugations [37]. About 30 segments per A are used

to represent both generating curves, which are covered clockwise (marching from
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the outer surface to the inner surface of the horn) with the unit normal vector 7
pointing towards the region where J,(7") and M,(7') are present (see Fig. 3.7).
The far-zone radiation patterns, obtained from Eq. 3.150, are shown in Fig. 3.8.
The co- and cross-polarizations are defined accordingly to Ludwig Third defini-
tion [45]. From this figure, one may observe the excellent agreement obtained when
the IBC is applied to simulate the radiation of a corrugated horn. The boresight
gain obtained for the horn with PEC corrugations is 14.22 dBi, while the one
obtained for the horn with the IBC is 14.24 dBi. However, from Eq. 3.172, the
calculated return loss for the horn with PEC corrugations is —14.55 dB, while for
the other one the return loss is —17.03 dB. This indicates that, although the IBC
can be successfully used to simulate the radiation of a corrugated horn, it can not

be used to obtain the return loss with a high accuracy.
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Chapter 4
GENERALIZED CLASSICAL AXIALLY-SYMMETRIC

DUAL-REFLECTOR ANTENNAS

Chapters 2 and 3 presented the necessary tools to rigorously analyze an axially-
symmetric dual-reflector antenna system based on the EFIE formulation and the
MoM technique. Although accurate, the inherent complexity of the formulation
does not allow simple physical insights for the antenna design. However, for antenna
systems with electrically large reflectors, a simpler analysis based on the Geometri-
cal Optics (GO) approximation may be adopted. Although the GO approximation
does not provide the desired accuracy, its simplicity enables the necessary insights
to establish the basic parameters for the design procedure. In this chapter, the
GO approximation is used to obtain closed-form design equations for generalized
classical axially-symmetric dual-reflector antennas. Although a rigorous analysis is
not conducted in this particular chapter, due to the axial symmetry these antenna
configurations can be treated as bodies of revolution (BOR) and analyzed with the

numerical tools presented in the last two chapters.
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Classical axially-symmetric Cassegrain and Gregorian reflectors are widely used
in high-gain antenna applications [25],[26]. The main disadvantage of these config-
urations is the subreflector blockage, which causes a number of deleterious effects
such as the decrease of the antenna aperture efficiency. However, this problem can
be minimized by reducing the main-reflector radiation towards the subreflector.
This may be accomplished by either shaping both reflectors [27] or using alternative
classical configurations [28]—[31]. In this chapter, the second option is considered by
presenting, in a unified way, generalized classical axially-symmetric dual-reflector
configurations that prevent, from a GO stand point, the main-reflector scattered
energy from striking the subreflector surface. The formulation presented in this
chapter can be applied to determine the optimum classical geometry or even to
establish an initial configuration for a shaping procedure, which is discussed in
Chapter 5.

The basic characteristics of the generalized classical axially-symmetric dual-
reflector configurations are introduced in Sect. 4.1. Then, starting from initial de-
sign variables, closed-form expressions are derived for the relevant reflector param-
eters in Sect. 4.2. The blockage effects associated with the different configurations
are briefly discussed in Sect. 4.3. Closed-form expressions for the GO aperture field
distribution are obtained in Sect. 4.4. From these expressions, the gain, efficiency,

and radiation pattern of the generalized classical configurations are established in
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Sect. 4.5. Finally, Sect. 4.6 presents a parametric comparison among the different

classical configurations to investigate their particular tradeoffs.

4.1 Generalized Classical Axially-Symmetric Dual-Reflector

Geometries

There are four distinct types of classical axially-symmetric dual-reflector config-
urations that avoid the main-reflector scattering towards the subreflector. Their
generating curves and relevant parameters are depicted in Figs. 4.1-4.4. They
are obtained from GO concepts by imposing a uniform-phase field distribution over
the antenna aperture (herein assumed at the plane z = 0), starting from a spherical-
wave feed source at the antenna primary focus (located at the coordinate-system
origin). The three-dimensional reflector surfaces are yield by spinning the gen-
erating curves about the z-axis (the symmetry axis of the BOR). At the y = 0
plane of Figs. 4.1-4.4, the basic geometric parameters of the four configurations
are defined as follows. Dy, and Dg are the main- and subreflector diameters, re-
spectively. The edge of the subreflector generating curve is located at x = X and,
consequently, Dg = 2|Xg|. Dp is the blockage diameter, which locates the main-
reflector generating-curve lower point at x = Dp/2. Dp is not necessarily equal
to Dg and its value can be set to reduce the main-reflector illumination over the

subreflector surface. Vs and Vg are, respectively, the z-coordinates of the main-
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and subreflector points corresponding to the principal ray (leaving the feed along
the z-axis). F' is the focal length of the parabola generating the main reflector and
2c and e are the inter-focal distance and eccentricity of the hyperbola or ellipse
generating the subreflector, respectively. 0 is the subreflector edge angle and 3 is
the tilt angle between the z-axis and the axis of the subreflector generating conic
section. A7, and 6y are the lower and upper angles of the main reflector. Finally,
the angle 0r defines an arbitrary feed-ray direction in the y = 0 plane. It is im-
portant to note that, in this work, positive (negative) angular values correspond to
counterclockwise (clockwise) angles in the y = 0 plane shown in Figs. 4.1-4.4.
The four classical configurations are basically characterized by the location of
the two subreflector caustic regions. One caustic (a ring caustic) is located by the
rotation of the parabola focal point about the symmetry axis (z-axis). The second
caustic (a line caustic) is located by the intersection of the subreflector reflected ray
with the symmetry axis. The Classical Geometry I (CG I) illustrated in Fig. 4.1 is
defined such that the feed-rays with 6 > 0 are reflected towards the aperture re-
gion with z > 0. The subreflector edge ray (8r = 0 > 0) is reflected to x = Dy,/2.
Consequently, this configuration has virtual ring and line caustics. CG I was previ-
ously studied in Ref. [28] and named Axially Tilted Hyperbola (ATH). The Classical
Geometry II (CG II) illustrated in Fig. 4.2 is defined such that the feed-rays with
fr > 0 are reflected towards the aperture region with x > 0. The subreflector

edge ray (0p = 0 > 0) is reflected to © = Dp/2. This configuration has a real



135

ring caustic and a virtual line caustic. CG II was previously studied in Ref. [28]
under the denomination Axially Tilted Ellipse (ATE) and is also referred in the
literature as the Axially Displaced Ellipse (ADE) configuration [30]. The Classi-
cal Geometry IIT (CG III) illustrated in Fig. 4.3 is defined such that the feed-rays
with 6 < 0 are reflected towards the aperture region with z > 0. The subreflector
edge ray (r = 0 < 0) is reflected to = Djys/2. This configuration has real
ring and line caustics. Finally, the Classical Geometry IV (CG IV) illustrated in
Fig. 4.4 is defined such that the feed-rays with 8 < 0 are reflected towards the
aperture region with z > 0. The subreflector edge ray (0r = 0r < 0) is reflected to
x = Dpg/2. This configuration has a virtual ring caustic and a real line caustic. To
the best knowledge of this author, CG III and IV were never presented in the open
literature before Ref. [31]. In all these configurations the main-reflector generating
curve is a parabola, while the subreflector generating curve is a hyperbola for CG I
and IV and an ellipse for CG II and III. The feed is located at one of the hyper-
bola/ellipse foci and the parabola focus coincides with the other hyperbola/ellipse
focus. In CG I and IV the hyperbola can be convex (e > 1) or concave (e < —1),
and |e| — oo yields a straight line. In all geometries Vs is a positive quantity and
Vi can be either positive or negative. The basic parameters of the four antenna

configurations are summarized in Table 4.1.



Geometry I IT II1 v
Main Reflector Parabola Parabola Parabola Parabola
Subreflector Hyperbola Ellipse Ellipse Hyperbola
e le|] > 1 0<exl1 0<exl1 le|] > 1
8 —rT<PB<0] 0<fB<m | 0<PB<Tm |—T7<P<O
Or 0 >0 0 >0 0r <0 0r <0
0r 0 >0 0 >0 0 <0 0 <0
2% Oy <0 Oy <0 Oy <0 Oy <0
Xg Xs>0 Xs>0 Xs<0 Xs<0
D, D, = Dg D, = Dy, D, = Dg D, = Dy,
D, D, = Dy, D, = Dp D, = Dy, D, = Dp
6, 0,=0;, <0 |0,=0;<0|60,=0;,<0 |60, =0;<0
0, =0y <0 | 0;=0;,<0|0=0;<0]|0,=06;,<0

Table 4.1: Parameters of the Generalized Classical Geometries.

136



137

4.2 Design Equations

For design purposes, the reflector generating curves of Figs. 4.1-4.4 can be conve-
niently established from the starting parameters Dy, Ds = 2|Xs|, Dp, 0, and
£,, where £, is the total path length from the feed to the antenna aperture (plane
z = 0). Note from Figs. 4.1-4.4 that £,/2 is approximately equal to the distance
between the main- and subreflector surfaces. All expressions to be derived in this
section are valid for the four different antenna configurations. For this reason it
is imperative to observe the sign convention adopted in Sect. 4.1 for the several
antenna parameters, which is summarized in Table 4.1.

To obtain the generating-curve parameters, the equations describing the conic
sections are defined as follows. The parabola generating the main reflector in

Figs. 4.1-4.4 is described by the equation

_ 2F
PM = ——m—— 4.1
1 + cosfy’ (1)

where PM is the distance from the parabola focal point P to the main-reflector
point M (associated with the feed-ray 0r) and the negative angle 8, is illustrated
in Figs. 4.1-4.4. The conic section generating the subreflector is described by

+ 5P = X% (4.2)
€

W

where OS is the distance from the feed located at the origin (point O) to the sub-
reflector point S, SP is the distance from point S to P, and the positive (negative)

sign corresponds to the ellipse (hyperbola) conic section.
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Starting from the five input parameters, the design process first establishes the
values of §; and 6, (see Table 4.1), then the values of 3, Vs, and V), and finally

the conic sections parameters 2¢, e, and F'. From Figs. 4.1-4.4 one directly obtains

Dy
tan 01 = - m y (43)

where, accordingly to Table 4.1, the negative angle 6, is either 67, or 6y and D, is
either Dp or Dy;. From the same figures, the constant path length ¢, (from the
feed to the aperture plane z = 0) associated with the principal-ray (§r = 0) and

the subreflector-edge-ray (0 = 0g) directions are respectively given by

Vo — Vur 1
6 = Vet+r S M vy (Ve -V (1 ) 4.4
s+ cos 6, M (Vs ) +c0s01 (44)

Xg Dy, — 2Xg Xg Dy — 2 Xg

L, = - — . — -
sin 0 2 sin 6, tanfg 2 tan 6y
Or D, — 2Xg 6,

= Xgt ) - == —= 4,
san<2> 5 cot(2 , (4.5)

where the negative angle 5 is either 6y or 87, and Dy is either Dy, or Dp (accordingly

to Table 4.1). Combining Eqs. 4.3 and 4.4, 6; is obtained from

0\ D
tan (5) = 2£0 . (46)

Similarly, Eq. 4.5 yields 65 as

0 Dy — 2Xg
P2y _ _ _ 4.
tan ( 2) 24, — 2 X5 tan(6g/2) (4.7)

To derive the remaining antenna parameters, one applies Eq. 4.2 and the law of

sines to the triangle OPQ) in Figs. 4.1-4.4 to obtain

2¢c Vs 2¢c/e — Vg
sin 6, sin(g3 — 6,) sing ’ (48)
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and also to the triangle OPR in the same figures to obtain

2¢ _ Xg/sinflp  2c/e — Xg/sinfg (4.9)
sin(fp —6;)  sin(B—6,) sin(f — 0g) '
From Eqgs. 4.8 and 4.9 one obtains that
Vs sin 91 Xs sin(0E - 92)
9% = — = 4.10
¢ sin(3 — 6y) sin O sin(8 — 6s) ’ (4.10)
2¢ sin 3 Xs sin(3 — 0g)
— = 1 —| = 1 —_— . 4.11
e Vs [ * sin(g — 01)] sin g [ * sin(3 — 62) (4.11)
The division of Eq. 4.10 by Eq. 4.11 yields
sin 6, _ sin(fg — 62) (4.12)
sin 8 + sin(8 — 6,) sin(f8 — 6,) + sin(8 —6g) ’ '
which can be trigonometrically manipulated to establish the value of 3:
tanﬂ _ sin 0E + sin 02 + sin(0E - 02) (413)

cosfp + cosfy + sin(fg — 62)/tan(6,/2) ’

where the quadrant ambiguity of 3 is removed using Table 4.1. From Eq. 4.10, Vg

is given by
XS sin(0E - 02) Sin(ﬂ - 01)

V — 4.14
o sinfg sinf; sin(8 —6y) ' (4.14)

and from Eq. 4.3, V}, is then given by

D,

Vu = V. . 4.15
M o + 2tan 01 ( )

Note that, although Vy is always a positive quantity, V3, may assume either positive

or negative values.
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With the values of 8y, 62, 3, Vs, and V), established from Eqgs. 4.6, 4.7, and
4.13-4.15, respectively, the conic-section parameters are finally obtained. From
Eqgs. 4.10 and 4.11, the inter-focal distance 2¢ and the eccentricity e of the conic

section generating the subreflector are given by

Vs sin 6,
2c = — ————— 4.16
¢ sin(8— 0;) ’ (4.16)
o - _ sin 6, (4.17)

sin 3 + sin(8 —6y)
From Figs. 4.1-4.4 and Eq. 4.1 (with ), = 6;), the focal length F' of the parabola

generating the main reflector is then given by

Dy — 4csin 3

E = = a2

(4.18)

The commonly encountered classical Cassegrain and Gregorian configurations
can be directly derived from CG I and III, respectively, by taking the limit Dg — 0
in Egs. 4.3-4.18. Note that, from Table 4.1 and for CG I and III, D; = Dg,
Dy = Dy, 61 =05, and 6, = 0. Under these circumstances, the antenna parame-

ters of the classical Cassegrain and Gregorian configurations are given by
b = 08 = 0, (4.19)

by Dy — 2Xs
)= - 4.20
tan( ) 20, — 2 Xg tan(05/2) ’ (4:20)

= (1) ()] am

£
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2Vs sin(0E — GU)

2 = — 4.23

¢ sinfy + sinfg — sin(0E — GU) ’ ( )
2c

e — 4.24

© T v — 2’ (4.24)

F = 2¢c — Vy, (4.25)

where Egs. 4.19-4.25 are valid for both Cassegrain and Gregorian configurations
as far as one observes the sign convention defined in Sect. 4.1 for the antenna

parameters associated with CG I and III, respectively.

4.3 Blockage Considerations

For the generalized classical axially-symmetric dual-reflector antennas presented in
this chapter, three blockage mechanisms may be present (not considering the block-
age provided by the subreflector supporting structure): the rays reflected by the
subreflector may intersect the subreflector surface (self blockage); the rays reflected
by the subreflector may intersect the feed structure (feed blockage); and the rays
reflected by the main reflector may intersect the subreflector surface (subreflector
blockage).

The GO concepts used to derive the formulation of Sect. 4.2 do not take into
account that the spinning of the subreflector generating curve about the z-axis
may result in a ray leaving the subreflector lower half and striking the subreflector
upper half, which characterizes the self blockage. By inspection of Figs. 4.1-4.4 one

observes that the self blockage can only occur for CG III and IV. The necessary
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conditions to avoid this blockage mechanism are obtained by imposing allowable
ranges for the angles 6;, and 0y. Here, following the notation of Table 4.1, these
conditions are obtained in terms of the angles #; and 6, in order to handle CG III
and IV in a general way. The condition for f is directly obtained by spinning
the geometry of Fig. 4.3 about the z-axis and observing that the self blockage
corresponding to this angle occurs whenever the z-coordinate of the main-reflector
point U is greater than the z-coordinate of the subreflector point E. So, the self

blockage corresponding to 6, is avoided whenever

|02 < (4.26)

(R

Note from Fig. 4.4 that this condition is not relevant for CG IV as |6;] < |6,] for
this geometry. The two necessary conditions for #; are obtained with the help of

Fig. 4.5. The first condition is obtained from (see Fig. 4.5a)

6] < st (4.27)
6] = 201, (4.28)
Ost + Os1 = g : (4.29)

where s is the positive angle between the z-axis and the surface tangent (in the
plane of the figure) at the subreflector vertex and sy is the positive angle between
the principal feed ray and the surface normal. The combination of Eqgs. 4.27-4.29
yields

0] < (4.30)

wlx



143

;TANGENT AT
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+ (LOWER HALF)
'

' Z
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TANGENT AT VERTEX
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a) First Condition

b) Second Condition

Figure 4.5: 6; Conditions to Avoid the Self Blockage in CG III and IV.
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The second condition is given by
6| < bor , (4.31)

where, from the triangle OQFE in Fig. 4.5b,

X sinfg

tan 00E (432)

Xg coslp — Vg sinfg '’
noticing that pr > 0 and, accordingly to the sign convention of Sect. 4.1, both
X and 0 are negative. Observe that, depending on the geometry, Eq. 4.30 or
Eq. 4.31 will be the limiting condition for ;.

The feed blockage depends on the physical dimensions of the feed. For this rea-
son, it is impossible to obtain specific conditions to avoid this blockage mechanism
without specific feed details. The GO formulation adopted in Sect. 4.2 always as-
sume the feed illumination to be produced by a point source. Under this condition,
the subreflector of CG I and II will never scatter towards the feed (see Figs. 4.1
and 4.2). For CG III and IV the scattering towards the feed point source can be
avoided, provided that the real line caustic is located between the point source and

the subreflector vertex. From Figs. 4.3 and 4.4, this is provided by the condition
05| < 162, (4.33)

where, accordingly to Table 4.1, 6, is 6y and 6, for CG III and IV, respectively,
and 0 < 0.

From Figs. 4.1-4.4, the subreflector blockage is directly avoided by specifying

Dp > Ds. (4.34)
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This condition will also prevent the main-reflector scattering towards the feed struc-

ture as long as the feed maximum diameter does not exceed Dy.

4.4 Aperture Field Distribution

The basic antenna radiation characteristics (e.g., gain, efficiency, radiation pattern,
etc.) can be calculated from the GO aperture field distribution. However, diffrac-
tion effects are ignored by GO and this might be a significant source of inaccuracy
in all but reflector systems with very large electric dimensions (when GO is the
dominant effect). Besides the diffraction effects, the GO aperture field distribution
also neglects the direct feed contribution to the antenna radiation pattern, multiple
bounces over the reflector structure, etc.. In any event, for antenna-design purposes
the information contained in the GO aperture distribution is very useful, and hence
this section will concentrate on it.

The GO field distribution over the aperture plane is obtained from the geome-
tries described in Figs. 4.1-4.4 and from the corresponding conic-section equations
(given by Egs. 4.1 and 4.2). On doing so one must recall that Figs. 4.1-4.4 rep-
resent the generating-curve geometries in the y = 0 plane—the three-dimensional
configurations are obtained by spinning these generating curves about the symme-
try axis (z-axis). However, assuming that an aperture point is described by the

usual cylindrical coordinates ps and ¢4 (with z4 = 0), due to the axial symmetry
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the aperture field over an arbitrary ¢4-constant plane can still be obtained using
Figs. 4.1-4.4.

The spherical-wave feed source illuminating the antennas will be assumed to be
given by

— ~ e_jkOTF

Ep(7r) = [Eo(Or,¢r) Or + Ey(0r, or) or] e (4.35)

— 1 ~ = —
HF(TF) = 77— T'r X EF(’I"F) . (436)

where Ep(7r) and Hp(7p) are the electric and magnetic fields of the feed TEM
radiation and rr, 0, and ¢F are the usual spherical coordinates associated with the
feed system. The TEM representation of the feed radiation assumes that the feed is
sufficiently away from the subreflector, which generally occurs. Equations 4.35 and
4.36 allows the representation of most practical feeds, including the RCF model
given by Eqgs. 2.126-2.129. Using GO concepts and Figs. 4.1-4.4 one observes that,
after the reflection by the two surfaces, the feed electric field polarized in the positive
(negative) @p-direction is mapped at the aperture in the positive j4-direction and
the feed electric field polarized in the positive (negative) ¢p-direction is mapped
at the aperture in the positive @4-direction for CG I and II (CG III and IV).
Also, noticing that the path length £, is constant for all the feed rays propagating

towards the aperture (uniform phase distribution), the GO electric-field Cartesian
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components E$C and ES© at the aperture plane can be written as

ESO(pa, da) | cos $a —singy cos(¢r — ¢a) Eo(Or, or)
E$C(pa, da) sings  cosga cos(¢r — ¢a) Ep(Or, ér)
X Ago(ep) e’ (Ba —kolo) , (4.37)

where @ is the Gouy phase shift [49] and Ago(fF) is the amplitude of the GO

aperture fields. The value of ¢ is obtained from:

b4 for Geometries I and IT ,
or = (4.38)
¢a+7 for Geometries III and IV .

The Gouy phase shift ®¢ is obtained by adding a 7/2 phase shift each time a ray

leaving the feed crosses a real caustic [49]. From Figs. 4.1-4.4 one then has

(

0, for Geometry I ,

/2, for Geometry II ,

7w,  for Geometry IIT ,

/2, for Geometry IV .
The amplitude Ago(fr) is obtained using GO concepts, with the help of Egs. 4.1
and 4.2 and Figs. 4.1-4.4. The expressions to be derived are valid for all the

different classical configurations, as long as one observes the sign convention defined

in Sect. 4.1 for the antenna parameters. Ago(fr) is represented as [9]

rr \ |(Rsu + p%) (Rsm + p5,)
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where rr is the distance between the primary focus and the subreflector surface
along the feed-ray 65 (segment OS), Rgys is the distance between the sub- and
main-reflector surfaces along the reflected feed-ray 0 (segment SM), and p7. and
p5. are the subreflector-reflected wavefront principal radii of curvature at point S
(associated with the ring and line caustics, respectively). p. and p5. are positive
(divergent wave) or negative (convergent wave) if the corresponding caustics are
virtual or real, respectively. The absolute values of p7. and p5. are given by the
lengths of SP and T'S, respectively. From Figs. 4.1-4.4 and Eq. 4.2, the distance

rr is given by

= COCSE;:;F/)G)— 1’ (441)

and the principal radius of curvature pf{. is given by

2c
Py = TP — ~ (4.42)

Note that Eq. 4.42 already takes into account the correct sign of p?. for the different
classical geometries. The distance Rgsus + pf. corresponds to the length of PM,

which is given by Eq. 4.1 as

2F

. 4.43
1 + cosOu ( )

Rsy + py =

Applying the law of sines to the triangle OT'S in Figs. 4.1-4.4, the principal radius

of curvature p5. is given by

rr sinfp
- 77

5 4.44
Par sin eM ( )
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noticing that 3 is a negative angle, accordingly to Table 4.1. Similarly to pf. in
Eq. 4.42, this equation already accounts for the sign of p5.. The distance Rgys + o5,
corresponds to the length of TM and is obtained from Eq. 4.1 and by applying the
law of sines to the triangle OPT"

2F 2¢ sin 3
R S = — : 4.45
SM T Par 1 + cosfOy sin 0y ( )

Substituting Eqgs. 4.41-4.45 into Eq. 4.40 one obtains

sinfp [1 — (2¢)/(err)] (1 + cosbu) ‘ _ (4.46)

Ago(Or) =
6o(0r) MM [csinB — (F sinfy)/(1 + cosfy)]
In order to eliminate 6y, from Eq. 4.46, from Figs. 4.1-4.4 and Eq. 4.2 one obtains

the following relation:

tan (ﬂ;9F> G - Z) tan (ﬁ _29M> : (4.47)

which yields, after some trigonometric manipulations,

sinfy Ou) _  esinB(l+cosbr) — (1 +ecosp)sinbp (4.48)

1+cosfy 2 )  (1—ecosf)(1+cosfp) —esinBsinfp’

2 [(1 — e cos B) (1 4 cosbr) — e sin B sin fr]”
1+ cosfy = 5 =
1 4 tan?(0,/2) [e2— 2e cos(B — Op) + 1] (1 + cosbF)
(4.49)
From Eq. 4.41 one obtains
L 2 _ e2 — 2e cc;s(ﬁ— Or) + 1 (4.50)
erp e — 1

which can be substituted, together with Egs. 4.48 and 4.49, into Eq. 4.46 to yield

A (0 ) N tan(ﬁp/2) [A1 (1 -+ Ccos 0}7‘) — A2 Sinep]?’
GOVF) = N|4F (2 —1) [A5(1 + cosfp) — Ay sinfp] |’

(4.51)
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A = 1—ecosf, (4.52)
Ay = esing, (4.53)
A; = (cAi + eF)sing, (4.54)
Ay = F(1+4+ecosf)+ cAysing. (4.55)

To conclude the derivation of the aperture electric-field components E$C (p4, d4)

and E¢9(p4, d4), one substitutes Eq. 4.51 into 4.37 to obtain

E)((%O(pA7 ¢A)

EFO(pa, da)

cos¢ps —singa cos(pr — ¢a) Eg(OF, or)

sings cosdu cos(¢r — ¢4) Ey(OF, dr)

X

tan(ﬁp/2) [A1 (1 -+ Ccos 0}7) — A2 sin 0}7]3
4F (e2—1) [As(1 +cosfr) — Ay sinbp]

x ¢l (P —kobo) (4.56)

where ¢ and ®¢ are given by Eqgs. 4.38 and 4.39, respectively, and A;, Ay, A3, and

A, are given by Eqs. 4.52-4.55, respectively. Finally, the angle 8, corresponding

to the feed-ray direction in the plane of Figs. 4.1-4.4, can be obtained from Egs. 4.1

and 4.48 as

where

tan (0_F> _ e(sinf + Acosf) — A (4.57)

2 e(cosf — Asing) + 1~

pa — 2c sin 3 O
- _ M .
A = 5 tan( 5 > (4.58)



151

Note that the correct sign of the angle 05 is already taken into account by Egs. 4.57
and 4.58, as long as one observes the sign convention defined in Sect. 4.1 for the
antenna parameters.

The analysis to be performed in the following sections is based on the Z-polarized
RCF model given by Eqgs.2.126-2.129 with the parameter e = h in order to provide
a circularly-symmetric radiation pattern, which characterizes most of the practical

feeds used in antenna applications. In this case, Eq. 4.35 is rewritten as

cos O (cos pr Op — sin ¢r o) % , for |0p| < m/2,

Er(fp) = (4.59)
0, for |0r| > 7/2,

where the parameter A controls the circularly-symmetric pattern of the RCF model.
Substituting Eqgs. 4.38 and 4.59 into Eq. 4.58 one obtains that the GO aperture

electric field for the above RCF illumination is given by (assuming |0r| < 7/2)
EEO(PA) = cos"Op Aco(br) el (Ba—kobo) 7 (4.60)

which indicates that the GO aperture electric field has the same polarization of the

RCF model and does not depend on ¢ 4.

4.5 Radiation Characteristics of the Aperture Field Dis-

tribution

Useful estimates for the antenna radiation characteristics (i.e., radiation pattern,

gain, and efficiency) can be obtained from the GO aperture field distribution de-
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rived in Sect. 4.4 for the generalized classical axially-symmetric dual-reflector con-
figurations. As already mentioned in the beginning of Sect. 4.4, although the GO
approximation ignores diffraction effects, the results still carry sufficient accuracy
to assume their usefulness for design purposes.

In this section, the reflector illumination is provided by the RCF model described
in Eq. 4.59 and, consequently, the GO aperture electric field is given by Eq. 4.60.
The electric far-zone field radiated by the aperture distribution of Eq. 4.60 is ob-

tained from [21]

— jka e_jkOT N . R
Epp(7) = I (14 cosf) (cos¢p § — sin¢ ¢)
A
2 Dy /2
X / / Efo(pA)-i eihopasindcos(va=9) o, de, , (4.61)
0 Dg/2

where r, 0, and ¢ are the usual spherical coordinates of the far-zone observation
point. Note that the integration with respect to p4 is evaluated from Dpg/2 to
Dyr/2 because the GO aperture illumination is zero outside this range. Dp/2 is
the lower limit for the p4-integration in Eq. 4.61 assuming that Eq. 4.34 is satisfied
(i.e., the subreflector does not block the aperture illumination). Due to the fact
that EG9(p4) does not depend on ¢4, the integration with respect to ¢4 can be

evaluated in closed form, yielding

— jko e_jkOT N . R
Epp(f) = > (1 +cosf) (cos¢p O — sin¢ ¢)
D /2
x / ESO(pa) - & Jolke pa sind) pa dpa, (4.62)

Dp/2
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where Jy(k, pa sin ) is the Bessel function of order zero and argument k, p4 sin 6.
This equation provides the far-zone pattern radiated by the GO aperture distribu-
tion and, consequently, does not take into account any kind of spillover contribu-
tions.

The antenna gain G is defined as the ratio between the peak power density (in
the present case occurring at the boresight direction § = 0) radiated by the antenna

and the one of an isotropic source radiating the same total feed power P, [50]:

o1 12 |Epp(0 = 0))2
G = 27 |Err(0=0) , (4.63)
Mo P

where Epp(f = 0) is obtained from Eq. 4.62 (noticing that the feed direct contri-

bution is blocked by the subreflector at § = 0) as

Dur/2

/ ES%(pa) pa dpa . (4.64)

Dp/2

e—jkor

Epp(0=0) = jk,

For the RCF model of Eq. 4.59, the power radiated inside a spherical sector with

half-angle |#r| and radius rF is obtained from

|0r| 27

1 -
Precalfr) = / / |Br(7e)2 r% sind dg do'
21 4
1 — 2h+1 0

= o (4.65)

e  2h+1

and, consequently,
™

P, = Prog0p==+1/2) = —— . 4.66
teed (OF 7/2) o (2h + 1) ( )

The antenna efficiency 7 is defined in order to take into account the several losses

associated with the antenna system (e.g., poor aperture illumination, spillover,
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feed return loss, polarization mismatch, ohmic losses, etc.). In the present study,
only the efficiencies associated with the aperture illumination and feed spillover are

considered and 7 is then defined as

n = MNans, (467)

where 774 and 7s represent the aperture and feed-spillover efficiencies, respectively.
The aperture efficiency 74 is defined as the ratio between the gain of the actual
aperture and the one of an unblocked aperture with a uniform illumination and
diameter Dy, (which provides the maximum possible gain), both radiating the

same power P, [21]:

o 12 |Epp(6 = 0))2 ( DM)—2
= = . 4.68
1A e Pore T (4.68)

From the GO concepts used to obtain the aperture illumination, the power P,p.

radiated by the aperture is the one that the feed radiates towards the subreflector.

From Eq. 4.65 one obtains

7 1 — cos?tl o,
Poe = Pieegl0r =20 = —
p teed(0F = On) Py

(4.69)

The feed-spillover efficiency 7g is then defined as the ratio between the power P,
radiated by the aperture and the total power P, radiated by the feed. From

Eqgs. 4.66 and 4.69:

ng = —2 = 1 — cos® Ml (4.70)

| S
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Finally, from Eqs. 4.63, 4.68, and 4.70 one obtains

D 2
G = (7r TM) Na Ns - (4.71)

4.6 Efficiencies of the Generalized Classical Geometries

In this section, a numerical study based on the results of Sects. 4.4 and 4.5 is con-
ducted in order to determine the optimum generalized classical geometries capable
of yielding the highest possible gain. Due to the GO concepts used throughout
this chapter, the aperture and feed-spillover efficiencies given by Egs. 4.68 and 4.70
are identical for similar antennas when the same feed illumination is applied. An
antenna is considered similar to another if they only differ by a scale factor and,
consequently, all the angular dimensions remain unchanged. Due to this property
and under a GO perspective, it is then possible to study the efficiencies of different
antenna geometries using any one of the antenna linear dimensions as a normaliza-
tion factor (consequently reducing the number of possible variables by one).

From Sect. 4.2, the geometries of the four possible generalized classical config-
urations are obtained by specifying the values of Dy, Dg, Dpg, £,, and 6. From
Sects. 4.4 and 4.5, the aperture illumination and, consequently, the antenna effi-
ciency are further obtained by also specifying the feed radiation. In the present
study, the feed is modeled by the raised-cosine pattern of Eq. 4.59, in which case

the feed radiation is completely determined by the parameter h. However, it is
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desirable to instead specify the feed radiation by its taper towards the subreflector-
edge direction. The relation between this feed taper Fi,, (in dB) and the parameter
h is obtained from Eq. 4.59 as

|Er(0r = 0E)\]
‘EF(QF = 0)‘

Fip = 20 logy, = 20 h log,y(cosbg) . (4.72)

Due to the fact that the antenna gain can not be obtained in closed-form (see
Egs. 4.60 and 4.64), its parametric study is performed by normalizing all linear
dimensions to Dys. Also, in order to provide the maximum illuminated aperture
area, Dp is always assumed equal to Dg. On doing so, a convenient set of antenna
parameters to consider is formed by Ds/Dys, £,/Dyr, 0g, and Fi,,. Also, since
the antenna gain (which is the primary concern of this section) is directly obtained
from Eq. 4.71, the present study needs to be concerned only with the aperture and
feed-spillover efficiencies given by Egs. 4.68 and 4.70, respectively. Furthermore, it
was observed that CG I and III have the same efficiency characteristics, and the
same being true between CG II and IV. For this reason, the following study is

conducted in two separate subsections.

4.6.1 Efficiencies of Classical Geometries I and II1

A parametric study of the CG I and III (see Figs. 4.1 and 4.3, respectively) efficien-
cies was performed for specific values of £,/Dys and 0. For CG I, the parameter
£,/ Dys was varied from 0.5 up to 2, corresponding to representative distances be-

tween reflectors of about Djs/4 to Dy, respectively. However, it was found for
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CG III that the condition given by Eq. 4.26 to prevent the subreflector self block-
age was never satisfied when £,/Dy; = 0.5. Due to this, £,/ Dy, started at 0.6 for
CG III. For both geometries, the subreflector edge angle |fg| (recalling that 6 is
negative for CG III, see Table 4.1) was varied from 10° to 60°. For each pair of pa-
rameters £,/ Dy, and 0, the values of Dg/Dys and Fi,, were numerically obtained
from the results of Sect. 4.5 in order to provide the maximum possible antenna
efficiency 7. The results obtained are shown in Tables 4.2 and 4.3 for CG I and III,
respectively. Furthermore, in Table 4.3, the symbol { in the column associated
with 7 depicts the CG III configurations where the condition given by Eq. 4.33 (to
prevent the subreflector rays from striking the feed point source) is not satisfied.
Besides the values of ¢,/Duy, 0, Ds/Du, Fiap, B, ns, na, and 7, Tables 4.2
and 4.3 also show the results for F'/D,, Vs/Dy, and Vi;/Dys. The parameter
F/D, is provided since it impacts the main-reflector manufacturing cost (the main
reflector is the largest and usually the most expensive surface to manufacture in
the dual-reflector system). F' is the generating-parabola focal length and D, is
the main-reflector diameter assuming that the symmetry axis coincides with the
parabola axis (D, # Dys). From Figs. 4.1-4.4 and Eq. 4.1 (with 6y = 0y), F/D,

is given for all geometries by

L. F S S (4.73)
D, Dy —4csing  4tan(fy/2) '
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o % | oy | Fw | B | o, | oy | oy |75 | M| 7 |
0.5 [ 10° | 0.100 | =11 db | —1.1° | 0.275 | 0.261 | 0.013 | 0.92 | 0.90 | 0.83
0.5 [20°]0.095 | —11db | —1.9° | 0.272 | 0.111 | —0.137 | 0.93 | 0.90 | 0.83
0.5 [ 30°]0.095 | —11db | —2.7° | 0.269 | 0.065 | —0.183 | 0.93 | 0.89 | 0.83
0.5 | 40° | 0.085 | =10 db | —3.0° | 0.265 | 0.037 | —0.211 | 0.92 | 0.90 | 0.83
0.5 [ 50°]0.075 | =9db | =3.0° | 0.261 | 0.021 | —0.227 | 0.92 | 0.90 | 0.83
0.5 | 60° | 0.065 | —8db | —3.0° | 0.257 | 0.012 | —0.237 | 0.92 | 0.90 | 0.83
1.0 | 10° | 0.100 | =11 db | —1.0° | 0.553 | 0.273 | —0.225 | 0.92 | 0.90 | 0.83
1.0 | 20° | 0.100 | =11 db | —1.8° | 0.551 | 0.129 | —0.369 | 0.93 | 0.90 | 0.83
1.0 | 30° | 0.100 | =11 db | —2.3° | 0.548 | 0.081 | —0.418 | 0.93 | 0.89 | 0.83
1.0 | 40° | 0.095 | =10 db | —2.6° | 0.543 | 0.053 | —0.445 | 0.92 | 0.90 | 0.83
1.0 | 50° | 0.095 | =10 db | —2.9° | 0.540 | 0.039 | —0.460 | 0.94 | 0.89 | 0.83
1.0 | 60° | 0.090 | —=9db | —3.0° | 0.535 | 0.028 | —0.471 | 0.94 | 0.89 | 0.83
1.5 | 10° | 0.100 | =11 db | —0.9° | 0.831 | 0.277 | —0.472 | 0.92 | 0.90 | 0.83
1.5 |20° | 0.100 | =11 db | —1.5° | 0.828 | 0.133 | —0.616 | 0.93 | 0.90 | 0.83
1.5 | 30° | 0.105 | =11 db | —2.0° | 0.830 | 0.089 | —0.660 | 0.93 | 0.89 | 0.83
1.5 | 40° | 0.095 | =10 db | —2.1° | 0.819 | 0.057 | —0.692 | 0.92 | 0.90 | 0.83
1.5 | 50° | 0.100 | =10 db | —2.4° | 0.820 | 0.045 | —0.704 | 0.94 | 0.89 | 0.83
1.5 | 60° | 0.095 | —=9db | —2.9°|0.814 | 0.033 | —0.716 | 0.94 | 0.89 | 0.84
2.0 [ 10° | 0.100 | =11 db | —0.9° | 1.109 | 0.280 | —0.720 | 0.92 | 0.90 | 0.83
2.0 {20°|0.105 | =11 db | —1.4° | 1.112 | 0.142 | —0.857 | 0.93 | 0.90 | 0.83
2.0 [ 30°]0.105 | =11 db | —1.7° | 1.109 | 0.091 | —0.908 | 0.93 | 0.89 | 0.83
2.0 | 40° | 0.100 | =10 db | —1.8° | 1.101 | 0.062 | —0.937 | 0.92 | 0.90 | 0.83
2.0 | 50° | 0.105 | =10 db | —2.1° | 1.104 | 0.050 | —0.950 | 0.94 | 0.89 | 0.83
2.0 | 60°]0.100 | =9db | —2.1° | 1.095 | 0.037 | —0.962 | 0.94 | 0.89 | 0.84

Table 4.2: Maximum-Efficiency Configurations of CG I for Prescribed Values of
KO/DM and GE, with DB = DS.
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o |6l | o | Fp | B | 5, | oo | Dy [ 75 | M| 7|
0.6 | 10° | 0.115 | —12dB | 1° |0.267 | 0.359 | 0.061 | 0.94 | 0.89 | 0.83
0.6 | 20° | 0.110 | =11 dB | 2° | 0.266 | 0.185 | —0.113 | 0.93 | 0.90 | 0.83
0.6 | 30° | 0.115 | =11 dB | 4° |0.262 | 0.138 | —0.159 | 0.93 | 0.90 | 0.84
0.6 | 40° | 0.125 | —11dB | 8 |0.257 |0.121 | —0.176 | 0.94 | 0.89 | 0.84
0.6 | 50° | 0.120 | =10 dB | 11° | 0.255 | 0.098 | —0.199 | 0.94 | 0.90 | 0.84
0.6 | 60° | 0.120 | —9dB | 17° | 0.252 | 0.086 | —0.211 | 0.94 | 0.91 | 0.8
1.0 | 10° | 0.115 | —12dB | 1° | 0.446 | 0.346 | —0.152 | 0.94 | 0.89 | 0.83
1.0 | 20° | 0.110 | —11dB | 3° | 0.446 | 0.173 | —0.325 | 0.93 | 0.90 | 0.83
1.0 | 30° | 0.115 | —11dB | 7° | 0.442 | 0.125 | —0.373 | 0.93 | 0.90 | 0.83
1.0 | 40° | 0.120 | =11 dB | 15° | 0.437 | 0.102 | —0.396 | 0.94 | 0.89 | 0.84
1.0 | 50° | 0.120 | —10 dB | 40° | 0.434 | 0.084 | —0.414 | 0.94 | 0.90 | 0.84
1.0 | 60° | 0.115 | —9dB | 120° | 0.434 | 0.069 | —0.430 | 0.94 | 0.90 | 0.84;
1.5 | 10° | 0.115 | —=12dB | 1° | 0.670 | 0.340 | —0.408 | 0.94 | 0.89 | 0.83
1.5 | 20° | 0.105 | =11 dB | 4° | 0.675 | 0.160 | —0.590 | 0.93 | 0.90 | 0.83
1.5 | 30° | 0.110 | =11 dB | 15° | 0.669 | 0.114 | —0.635 | 0.93 | 0.90 | 0.83
1.5 | 40° | 0.115 | =11 dB | 125° | 0.663 | 0.091 | —0.658 | 0.94 | 0.89 | 0.83
1.5 | 50° | 0.115 | =10 dB | 163° | 0.661 | 0.074 | —0.675 | 0.94 | 0.90 | 0.84;
1.5 | 60° | 0.115 | —9dB | 169° | 0.658 | 0.062 | —0.687 | 0.94 | 0.90 | 0.84;
2.0 | 10° | 0.115 | —12dB | 1° | 0.895 | 0.337 | —0.662 | 0.94 | 0.89 | 0.83
2.0 | 20° | 0.105 | =11 dB | 7° |0.901 | 0.157 | —0.842 | 0.93 | 0.90 | 0.83
2.0 | 30° | 0.110 | =11 dB | 133° | 0.894 | 0.111 | —0.888 | 0.93 | 0.89 | 0.83
2.0 | 40° | 0.115 | =11 dB | 169° | 0.887 | 0.088 | —0.911 | 0.94 | 0.89 | 0.83;
2.0 | 50° | 0.115 | =10 dB | 172° | 0.885 | 0.071 | —0.928 | 0.94 | 0.89 | 0.84
2.0 | 60° | 0.110 | —9dB | 174° | 0.887 | 0.056 | —0.943 | 0.94 | 0.90 | 0.84;

Table 4.3: Maximum-Efficiency Configurations of CG III for Prescribed Values of
KO/DM and GE, with DB = DS.
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The parameter Vs/Dys (Vi /Dyr) is proportional to the distance between the feed
location and the subreflector vertex (main-reflector lower point L), as illustrated in
Figs. 4.1 and 4.3. A positive value of Vj;/Djs indicates that the feed point source
is located behind the main reflector, and hence an appropriate access hole must be
carved on the main-reflector surface.

The results of Tables 4.2 and 4.3 indicate that the maximum 7 possible for both
CG I and III is about 83%, obtained when Dg =~ 0.1 Dy; and Fj,, ~ —11 dB for
the wide range of the parameters £,/ Dys and 6 used. These results come with
no surprise. As Dg < Dy, CG I and III approximate the classical Cassegrain
and Gregorian configurations, respectively. It is known that the GO aperture fields
of the classical Cassegrain and Gregorian can be determined using an equivalent

paraboloid of focal length [25]

le* — 1]

F, =F
“ e2 + 1

, (4.74)

with the same aperture diameter and feed illumination (where in Eq. 4.74 F and e
are the main-reflector focal length and the subreflector eccentricity of the classical
Cassegrain or Gregorian configuration, respectively). So, the present CG I and
IIT approximately behave (under the GO perspective) as axially-symmetric parab-
oloidal reflectors, for which the maximum efficiency and corresponding feed taper

are known to be n = 83% and Fj,, ~ —11 dB, respectively [21].
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From Tables 4.2 and 4.3 it can also be observed that the main-reflector curvature
(which is proportional to D,/F') decreases as the distance between both reflectors
increases, as expected. The distance |V| increases with |fg|, while Vi remains
negative for practically all cases. Consequently, Vs decreases as |fg| increases,
which may result in a prohibitively small distance between the feed aperture and
the subreflector for large values of |#z|. On the other hand, to provide the desired
illumination for small values of |fg| the feed is required to have a higher gain
(larger aperture), which may result in the feed structure blocking the subreflector
radiation. These observations indicate that great care must be exercised to avoid
the undesirable feed blockage for both CG I and III.

In Figs. 4.6 and 4.7 some representative configurations providing maximum
efficiency 7 are shown for CG I (with Dg = Dp = 0.1 Dy) and CG III (with
Dgs = Dp = 0.115 Dy;), respectively. These figures demonstrate that the feed block-
age will be of less concern for small values of 4,/Dy; and |fg|. Furthermore, in
Figs. 4.8 and 4.9 the characteristics of the aperture illumination for the con-
figurations depicted in Figs. 4.6d and 4.7d, respectively, are illustrated, where
Fip = —11 dB on both cases. Although presented for particular configurations,
these figures show the general trend of the aperture illumination provided by CG I
and III. The total aperture field illumination is given by Eq. 4.60, where the GO and
feed contributions are associated with the terms Ago(fr) and cos” 8, respectively

(each curve is independently normalized). Figures 4.8 and 4.9 show that the GO
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a) p= = 0.5 and fp = 10° b) p- = 0.5 and O = 30°

c) & =1and 65 = 10° d) $& =1and 05 = 30°

Figure 4.6: Representative Configurations of CG I (Dg = D = 0.1 Dyy).
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a) p= = 0.6 and |#p| = 10° b) A = 0.6 and |0z| = 30°

Dy

c) = =1and |fg| = 10° d) ge =1 and |0p| = 30°

Figure 4.7: Representative Configurations of CG III (Dg = Dp = 0.115 Dyy).
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Figure 4.8: Characteristics of the Aperture Illumination for CG I, with Parameters
DS = DB =0.1 DM, go = DM, 0E = 300, and F;&ap =-11 dB (7’] = 83%)
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Figure 4.9: Characteristics of the Aperture lllumination for CG III, with Parame-
ters Dg = Dp = 0.115 Dy, £, = Dy, |05| = 30°, and Fy,p = —11 dB (n = 84%).
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contribution provides, outside the blocked region, an almost uniform illumination.
However, the feed tapering precludes the total aperture illumination from being
almost uniform. The ultimate consequence is that the maximum possible value of

the antenna efficiencies for CG I and III (under a GO perspective) is = 83%.

4.6.2 Efficiencies of Classical Geometries IT and IV

The parametric study of the efficiencies of CG II and IV (see Fig. 4.2 and 4.4,
respectively) was conducted in the same manner as in Sect. 4.6.1. For CG II,
the specific values of £,/Dy; and 05 used were exactly the same ones adopted for
CG 1. However, it was observed for CG IV that the conditions given by Eqs. 4.30
(to prevent the subreflector self blockage) and 4.33 (to prevent the feed blockage)
were not satisfied for small values of £,/D)ys and large values of |0g|, respectively.
Due to these facts, the results of CG IV were obtained for 1 < £,/Djy; < 2 and
5° < |0g| < 20°, recalling that 0 < 0 for CG IV (accordingly to Table 4.1).
Furthermore, it was found for both CG II and IV that the maximum efficiency
(n ~ 94%) was always obtained in the limit when Dg — 0 and for large |Fi,p|
values, which is obviously not practical. So, for both geometries, the efficiency
results are presented for Dg/Dys values fixed at 0.1 and 0.2. Tables 4.4 and 4.5
show the results of CG II with Dg/Dy; = 0.1 and 0.2, respectively, while Table 4.6
presents the results obtained for CG IV. In Table 4.6, the symbol { in the column

associated with 7 depicts the CG IV configurations where Eq. 4.33 was not satisfied.
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VI
to 05 Ds Ftap Jé; F Vs M ns Na n

0.5 | 10°]0.100 | —21dB | 11° | 0.250 | 0.261 | 0.036 | 0.99 | 0.92 | 0.91
0.5 | 20°|0.100 | —20dB | 23° | 0.250 | 0.117 | —0.108 | 0.99 | 0.93 | 0.92
0.5 | 30° | 0.100 | —18 dB | 36° | 0.250 | 0.068 | —0.157 | 0.99 | 0.93 | 0.92
0.5 | 40° | 0.100 | —16 dB | 49° | 0.250 | 0.044 | —0.181 | 0.98 | 0.94 | 0.92
0.5 | 50° | 0.100 | —14 dB | 60° | 0.250 | 0.029 | —0.196 | 0.97 | 0.94 | 0.92
0.5 | 60° | 0.100 | —12dB | 70° | 0.250 | 0.018 | —0.207 | 0.97 | 0.94 | 0.91
1.0 | 10° | 0.100 | =21 dB | 12° | 0.500 | 0.273 | —0.214 | 0.99 | 0.92 | 0.91
1.0 | 20° | 0.100 | =21 dB | 28° | 0.500 | 0.129 | —0.358 | 0.99 | 0.92 | 0.91
1.0 | 30° | 0.100 | =20 dB | 49° | 0.500 | 0.081 | —0.407 | 0.99 | 0.92 | 0.92
1.0 | 40° | 0.100 | —19dB | 69° | 0.500 | 0.056 | —0.431 | 0.99 | 0.93 | 0.92
1.0 | 50° | 0.100 | =17 dB | 86° | 0.500 | 0.041 | —0.446 | 0.99 | 0.93 | 0.92
1.0 | 60° | 0.100 | =16 dB | 97° | 0.500 | 0.031 | —0.457 | 0.99 | 0.93 | 0.92
1.5 | 10° | 0.100 | =22 dB | 13° | 0.750 | 0.277 | —0.464 | 0.99 | 0.92 | 0.91
1.5 | 20° | 0.100 | =21 dB | 37° | 0.750 | 0.133 | —0.608 | 0.99 | 0.92 | 0.91
1.5 | 30° | 0.100 | =20 dB | 70° | 0.750 | 0.085 | —0.657 | 0.99 | 0.92 | 0.91
1.5 | 40° | 0.100 | =19dB | 97° | 0.750 | 0.060 | —0.681 | 0.99 | 0.92 | 0.92
1.5 | 50° | 0.100 | =18 dB | 113° | 0.750 | 0.045 | —0.696 | 0.99 | 0.93 | 0.92
1.5 | 60° | 0.100 | =16 dB | 122° | 0.750 | 0.035 | —0.707 | 0.99 | 0.93 | 0.92
2.0 | 10° | 0.100 | —22dB | 15° | 1.000 | 0.280 | —0.714 | 0.99 | 0.92 | 0.91
2.0 | 20°|0.100 | =21 dB | 50° | 1.000 | 0.136 | —0.858 | 0.99 | 0.92 | 0.91
2.0 | 30°]0.100 | —21dB | 97° | 1.000 | 0.087 | —0.907 | 0.99 | 0.92 | 0.91
2.0 | 40° | 0.100 | —20 dB | 122° | 1.000 | 0.062 | —0.931 | 0.99 | 0.92 | 0.91
2.0 | 50° | 0.100 | —18 dB | 133° | 1.000 | 0.047 | —0.946 | 0.99 | 0.92 | 0.92
2.0 | 60° | 0.100 | —18 dB | 138° | 1.000 | 0.037 | —0.957 | 0.99 | 0.92 | 0.92

Table 4.4: Maximum-Efficiency Configurations of CG II for Prescribed Values of
KO/DM and GE, with DB = Ds and DS/DM =0.1.
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VI
to 05 Ds Ftap Jé; F Vs M ns Na n

0.5 ] 10°]0.200 | —19dB | 11° | 0.250 | 0.522 | 0.322 | 0.99 | 0.89 | 0.88
0.5 ]20°|0.200 | —18dB | 23° | 0.250 | 0.234 | 0.034 | 0.99 | 0.90 | 0.88
0.5 | 30°|0.200 | —17dB | 36° | 0.250 | 0.137 | —0.063 | 0.98 | 0.90 | 0.88
0.5 | 40° | 0.200 | —15dB | 49° | 0.250 | 0.087 | —0.113 | 0.98 | 0.91 | 0.88
0.5 | 50° | 0.200 | —13dB | 60° | 0.250 | 0.057 | —0.143 | 0.97 | 0.91 | 0.88
0.5 | 60°]0.200 | =11 dB | 70° | 0.250 | 0.037 | —0.163 | 0.96 | 0.90 | 0.87
1.0 | 10° | 0.200 | =20 dB | 12° | 0.500 | 0.547 | 0.072 | 0.99 | 0.89 | 0.88
1.0 | 20° | 0.200 | —19dB | 28> | 0.500 | 0.259 | —0.216 | 0.99 | 0.89 | 0.88
1.0 | 30° | 0.200 | =18 dB | 49° | 0.500 | 0.162 | —0.313 | 0.99 | 0.90 | 0.88
1.0 | 40° | 0.200 | =17 dB | 69° | 0.500 | 0.112 | —0.363 | 0.98 | 0.90 | 0.88
1.0 | 50° | 0.200 | —16 dB | 86° | 0.500 | 0.082 | —0.393 | 0.98 | 0.90 | 0.89
1.0 | 60° | 0.200 | =13 dB | 97° | 0.500 | 0.062 | —0.413 | 0.98 | 0.90 | 0.89
1.5 | 10° | 0.200 | =20 dB | 13° | 0.750 | 0.555 | —0.178 | 0.99 | 0.89 | 0.88
1.5 | 20° | 0.200 | =19dB | 37° | 0.750 | 0.267 | —0.466 | 0.99 | 0.89 | 0.88
1.5 | 30° | 0.200 | =18 dB | 70° | 0.750 | 0.170 | —0.563 | 0.99 | 0.89 | 0.88
1.5 | 40° | 0.200 | =18 dB | 97° | 0.750 | 0.121 | —0.613 | 0.99 | 0.89 | 0.88
1.5 | 50° | 0.200 | =17 dB | 113° | 0.750 | 0.091 | —0.643 | 0.99 | 0.90 | 0.88
1.5 | 60° | 0.200 | =15 dB | 122° | 0.750 | 0.070 | —0.663 | 0.98 | 0.90 | 0.89
2.0 | 10° | 0.200 | —20 dB | 15° | 1.000 | 0.559 | —0.428 | 0.99 | 0.89 | 0.88
2.0 | 20°|0.200 | —19dB | 50° | 1.000 | 0.271 | —0.716 | 0.99 | 0.89 | 0.88
2.0 | 30°|0.200 | —18dB | 97° | 1.000 | 0.174 | —0.813 | 0.99 | 0.89 | 0.88
2.0 | 40° | 0.200 | —18 dB | 122° | 1.000 | 0.125 | —0.863 | 0.99 | 0.89 | 0.88
2.0 | 50° | 0.200 | =17 dB | 133° | 1.000 | 0.095 | —0.893 | 0.99 | 0.89 | 0.88
2.0 | 60°|0.200 | —16 dB | 138° | 1.000 | 0.074 | —0.913 | 0.99 | 0.90 | 0.88

Table 4.5: Maximum-Efficiency Configurations of CG II for Prescribed Values of
KO/DM and GE, with DB = Ds and DS/DM = 0.2.
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DZ_OM |0E| DD_;[ Ftap ﬂ Dip g_f/[ XA;[ UK A n

1.0 | 5° |0.100 | —22dB | —5° | 0.500 | 0.588 | 0.078 | 0.99 | 0.91 | 0.91
1.0 | 10° | 0.100 | —23 dB | —10° | 0.500 | 0.301 | —0.209 | 1.00 | 0.91 | 0.91
1.0 | 15° | 0.100 | =22 dB | —13° | 0.500 | 0.205 | —0.305 | 1.00 | 0.91 | 0.91;4
1.0 | 20° | 0.100 | =23 dB | —17° | 0.500 | 0.157 | —0.353 | 1.00 | 0.91 | 0.904
1.5 | 5° |0.100 | —22dB | —5° | 0.750 | 0.583 | —0.174 | 0.99 | 0.91 | 0.91
1.5 | 10° | 0.100 | —22dB | —9° | 0.750 | 0.296 | —0.461 | 0.99 | 0.91 | 0.914
1.5 | 15° | 0.100 | =22 dB | —12° | 0.750 | 0.200 | —0.557 | 1.00 | 0.91 | 0.914
1.5 | 20° | 0.100 | =23 dB | —14° | 0.750 | 0.152 | —0.605 | 1.00 | 0.91 | 0.914
2.0 | 5° |0.100 | —22dB | —4° | 1.000 | 0.580 | —0.425 | 0.99 | 0.91 | 0.91
2.0 | 10° | 0.100 | —22dB | —8° | 1.000 | 0.293 | —=0.712 | 0.99 | 0.91 | 0.91+
2.0 | 15° | 0.100 | =22 dB | —11° | 1.000 | 0.197 | —0.808 | 0.99 | 0.91 | 0.91+
2.0 | 20° | 0.100 | =22 dB | —13° | 1.000 | 0.149 | —0.856 | 0.99 | 0.91 | 0.91+

1.0 | 5° |0.200 | —20dB | —7° | 0.500 | 1.180 | 0.665 | 0.99 | 0.89 | 0.88
1.0 | 10° | 0.200 | =21 dB | —12° | 0.500 | 0.607 | 0.092 | 0.99 | 0.88 | 0.88
1.0 | 15° | 0.200 | =21 dB | —17° | 0.500 | 0.416 | —0.100 | 0.99 | 0.88 | 0.88
1.0 | 20° | 0.200 | —21 dB | —20° | 0.500 | 0.320 | —0.196 | 0.99 | 0.88 | 0.87
1.5 | 5° [0.200 | —20dB | —6° | 0.750 | 1.169 | 0.409 | 0.99 | 0.89 | 0.88
1.5 | 10° | 0.200 | =20 dB | —11° | 0.750 | 0.595 | —0.165 | 0.99 | 0.89 | 0.88
1.5 | 15° | 0.200 | —19dB | —14° | 0.750 | 0.403 | —0.357 | 0.99 | 0.88 | 0.88
1.5 | 20° | 0.200 | =20 dB | —17° | 0.750 | 0.307 | —0.453 | 0.99 | 0.88 | 0.88;
20| 5° |0.200 | —20dB | —6° | 1.000 | 1.163 | 0.155 | 0.99 | 0.89 | 0.88
2.0 | 10° | 0.200 | —20 dB | —10° | 1.000 | 0.589 | —0.418 | 0.99 | 0.89 | 0.88
2.0 | 15° 1 0.200 | —=19dB | —13° | 1.000 | 0.397 | —0.610 | 0.99 | 0.89 | 0.88+
2.0 | 20° | 0.200 | —20 dB | —15° | 1.000 | 0.301 | —0.706 | 0.99 | 0.88 | 0.88+

Table 4.6: Maximum-Efficiency Configurations of CG IV for Prescribed Values of
KO/DM and 0E, with DB = DS and DS/DM = 0.1 and 0.2.
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In Tables 4.4-4.6, the results are presented for the same parameters illustrated in
Tables 4.2 and 4.3 of Sect. 4.6.1, with the exception that here the distance between
the feed and the main-reflector lower point L is now proportional to the parameter
Vir/ D (for CG II and IV, Vj, is the z-coordinate of the main-reflector point L).

From Figs. 4.2 and 4.4, Vj, is directly given by

Dpg
Vi, = V. 4.75
M s + 2 tan eL ’ ( )

and a positive value of V},; corresponds to a feed point source located behind the
main reflector. For both CG II and 1V, the results show that the maximum 7 values
are about 92% and 88% for Dg/Dy; = 0.1 and 0.2, respectively, indicating that 7
is not strongly dependent on the subreflector diameter. However, for CG II, Fi,,
is considerably dependent on fg, decreasing in magnitude (i.e., less taper) as 0
increases. For both CG II and IV and for small values of |0g|, |Fiap| achieves very
large values, indicating that a high-gain feed (larger feed aperture) must be em-
ployed in this situation. As the subreflector inverts the feed illumination (i.e., the
feed-boresight radiation is reflected towards the main-reflector outer rim as illus-
trated in Figs. 4.2 and 4.4), the equivalent-paraboloid concept can not be applied
to CG II and IV, even for small values of Dg.

It can also be observed from Tables 4.4-4.6 that the main-reflector curvature
(proportional to D,/F) decreases as £,/Dy; increases, as expected. The distance

|Vis| increases with |0g|, while V}; remains negative for practically all cases. Con-
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sequently, Vs decreases as |fg| increases, which arouses some concerns about the
distance between the feed aperture and the subreflector surface for large values of
|0r|. In Figs. 4.10 and 4.11 some representative configurations of CG II and IV,
respectively, are illustrated. Comparing Figs. 4.6, 4.7, 4.10, and 4.11, it is observed
that among the generalized classical geometries the feed blockage is of less concern
in CG II and a great problem in CG IV. Actually, CG II allows the feed structure
to be closer to the subreflector, in which case the subreflector may be supported
by a radome directly attached to the feed, avoiding the supporting struts and the
associated blockage effects. In Figs. 4.12 and 4.13 the aperture-illumination char-
acteristics for the configurations of Figs. 4.10d (with Fj,, = —20 dB) and 4.11a
(with Fi,, = —22 dB), respectively, are illustrated, where the several plots are in-
dependently normalized. These figures show that, as the feed boresight radiation is
reflected towards the aperture outer rim in CG II and IV, the feed contribution to
the aperture illumination is inverted (being maximum at ps = Djs/2). The com-
bination of the GO and feed contributions then provides a more uniform aperture
illumination (when compared with the results of Figs. 4.8 and 4.9 for CG I and III,

respectively), enabling the achievement of an antenna efficiency 7 higher than 90%.
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a) p= = 0.5 and fp = 10° b) $- = 0.5 and O = 30°

c) = =1and 6y = 10° d) ze =1 and g = 30°

Figure 4.10: Representative Configurations of CG II (Dg = Dp = 0.1 Dy).
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a)5°_1|9E|—5° Ds=0.1Dy b) €°_15|9E|—50 Ds =0.1Dyu

c) p= =1, |0p[ =10°, Dy =0.2Dy  d) g =15, |0 = 10°, Dg = 0.2 Dy,

Figure 4.11: Representative Configurations of CG IV (Dg = Dp).
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Chapter 5
DESIGN OF GENERALIZED AXIALLY-SYMMETRIC

DUAL-REFLECTOR ANTENNAS WITH HIGH GAIN

AND A PRESCRIBED SIDELOBE ENVELOPE

Chapter 4 introduced generalized classical axially-symmetric dual-reflector anten-
nas that prevent (under a GO perspective) the main-reflector radiation to strike
the subreflector. The configurations have improved aperture efficiencies. However,
in practical antenna designs it is also desired to obtain radiation patterns with
low sidelobe levels to minimize the interference on other communication systems
and/or to reduce the antenna noise temperature. It will be shown in this chapter
that (besides the spillover and diffraction effects) the major contribution to the
antenna sidelobe levels comes from the field distribution at the blocked aperture
rims (ps = Dp/2 and Dy /2), which must be highly tapered to accomplish the
desired sidelobe pattern. However, from the results of Chapter 4 it was observed
that the classical geometries can provide a reduced illumination (while maintaining

a high efficiency) only at one of the aperture rims (region illuminated by the feed
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boresight). An alternative solution to this difficulty is to obtain the desired aper-
ture illumination through a shaped-reflector configuration [27], in which case the
classical geometries presented in Chapter 4 can be successfully applied to establish
the initial design parameters.

In Sect. 5.1, a closed-form asymptotic expression for the wide-angle sidelobe
envelope is derived to provide the necessary insights to determine the desired aper-
ture illumination. This expression indicates that the aperture-radiation sidelobe
levels can be entirely controlled from the field distribution at the aperture rims.
Then, Sect. 5.2 proposes an aperture field distribution that yields a high efficiency
while controlling the aperture-rim illumination. The proposed distribution can be
accomplished through reflector shaping (using GO principles), which is explained
in Sect. 5.3. However, the spillover and diffraction mechanisms (not considered
by the GO approximations) also contribute to the antenna radiation pattern and,
consequently, their effects must be taken into account. So, in Sect. 5.4 the feed
and subreflector spillovers are analyzed by an asymptotic theory, which provides
some useful insights for controlling their impacts on the antenna radiation pattern.
Then, in Sect. 5.5 the effects of the subreflector-edge diffraction on the aperture
illumination are investigated. Finally, as a case study, Sect. 5.6 presents the syn-
thesis and analysis of a shaped axially-symmetric Cassegrain antenna, where the

complete formulation derived throughout this work is applied.
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5.1 Control of the Sidelobes Radiated by a Blocked Cir-

cular Aperture

For both the classical and shaped axially-symmetric dual-reflector configurations
discussed in this work, the uniform-phase aperture illumination is present at the
annular region with Dg/2 < p4 < Dys/2, where Dg and Dy, are the blockage and
aperture diameters, respectively. Furthermore, it was shown at the end of Sect. 4.4
that for a classical geometry excited by a circularly-symmetric RCF model (which
can be applied to characterize most of the feeds used in practical antenna applica-
tions) the aperture illumination varies only with p4. Under a GO perspective, this
p4 dependence remains valid for any axially-symmetric configuration (classical or

shaped), in which case the aperture electric field can be represented as

E§%(pa) = Eo f(pa)éa, (5.1)

where F, is an arbitrary complex amplitude, f(p4) defines the aperture-illumination
distribution, and €4 describes the linear polarization of the aperture electric field.
As an example, for the classical geometries illuminated by the Z-polarized RCF
model given by Eq. 4.59, Eq. 5.1 describes the aperture electric field given by
Eq. 4.60 (with é4 = £). If the feed radiation is not linearly polarized, then Eq. 5.1
may represent each component describing the actual aperture electric field.
Without losing generality, it is assumed that é4 = £ and the far-zone radiation

provided by the aperture illumination of Eq. 5.1 is evaluated from Eq. 4.62, which
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can be integrated in closed form to obtain the wide-angle radiation characteristics.
This is done by assuming the aperture dimensions Dg and Dj; much larger than the
operation wavelength and applying the asymptotic formula for the Bessel function

given by Eq. 9.2.1 of Ref. [51]:

lim Jo(z) = \/g cos(z — w/4) . (5.2)

Substituting Egs. 5.1 (with é4 = £) and 5.2 into Eq. 4.62 one obtains for 6 # 0

that
Epp(7) ~ iko €t E, (1+cosb) (cos¢ f — sin¢ ¢)
Vvomr T
Dur/2
cos(k, pa sinf — w/4
X / f(pa) (Eo s . /Y pa dpa. (5.3)
bl kopa sinf

The above integral can be successively integrated by parts, yielding

/f(pA) cos(ko pa sinf — m/4) pa dpa = Frm(pa) + O [(k(,sinﬁ)‘%] . (5.4)

kopa sinf
where
2
Frim(pa) = —— {f(pA) sin(k, pa sinf — w/4)
(ko pa sinf)2
f(pa) d f(pa) cos(k, pa sinf — 7w /4)
i l 2 dps ™ kopa sinf - (69

Substituting Eq. 5.4 into Eq. 5.3 one obtains

jho e
Vo
X Frim(pA = DM/2) - Frim(pA = DB/2) 5 (56)

EFF(m ~ E, (1+cosb) (cos¢ f — sin¢ ¢)
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from which (and Eq. 5.5) the expression for the sidelobe envelope is obtained as

ko (1 + cos®) D% f5 + Dp f5\’
W ~ +——= |E —_— 2 <
FF(F) 2\/77_(_7‘ | 0| [ (kO_DB sm&)% fB + ko-DB sin @

D}, 2 fu + Dy fir 2
— 5.7
N (ko Dy sin6)? JfM - ( ko Dy sin@ ’ (5:7)

where

fo = flpa=Dg/2), (5.8)
fu = flpa=Du/2), (5.9)
f = d’%f(pAZDB/2), (5.10)
fu = d’%f(pA:DM/2)- (5.11)

Note that Eq. 5.7 does not depend on the polarization-direction € 4 and was derived
assuming both f(pa) and its first derivative continuous at Dg/2 < pa < Dy /2.
Also, Egs. 5.6 and 5.7 show that the sidelobe levels of the aperture radiation can
be entirely controlled by Dg, Dy, fB, fu, fi, and fj,;. As previously mentioned in
Sect. 4.5, the radiation characteristics obtained from the aperture illumination does
not take into account neither diffraction effects associated with multiple bounces

nor spillover.
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5.2 Proposed Aperture Illumination for High Efficiency

and Low Sidelobe Levels

Aperture distributions capable of successfully reducing the wide-angle sidelobe lev-
els in blocked circular apertures have been proposed by Ludwig in terms of a gen-
eralization of Taylor’s aperture synthesis [32]. However, these distributions do not
provide an almost-uniform aperture illumination and, consequently, it was observed
that 74 < 80% [32]. In order to provide an almost-uniform illumination over the
aperture (required to obtain a high aperture efficiency 74) while controlling the
illumination characteristics at the aperture rims (to obtain low sidelobe levels), the

following representation for f(p4) of Eq. 5.1 is proposed here (see Fig. 5.1):

(

0, 0<pa<Dgp/2,
exp[—ap (pa — pint)®] s Dp/2 < pa < Pint

f(pA) =191 ) Pint < pA < Pext » (512)

eXp[_aM (pA - pewt)2] y  Pext S pPA S DM/2 ’

07 PA>DM/27

\

where the parameters ap, pint and aas, pPes+ control the illumination at pg = Dp/2

and Dy, /2, respectively. For the distribution of Eq. 5.12, Egs. 5.8-5.11 become

fp = e on(Pp/2pnd)” (5.13)

?

fM — e_aM(DM/2_pe:ct)2

: (5.14)

f5 = —2a5(Dp/2— pint) f5 , (5.15)
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Figure 5.1: Proposed High-Efficiency Aperture-Illumination Distribution.
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f]l\l = _2aM(DM/2_pewt)fM7 (516)

respectively. Hence, once the values of fg, fir, fp, and f}, are established from
the desired sidelobe-envelope characteristics given by Eq. 5.7, then the required ap,
O, Pint, and pez: can be obtained from Egs. 5.13-5.16. Furthermore, note that
the proposed distribution (illustrated in Fig. 5.1) assumes ap > 0, ap > 0, and
Dg/2 < pint < Peat < Dur/2.

The aperture efficiency 74 associated with the above distribution can be eval-
uated in closed form from the results of Sect. 4.5. From Egs. 4.64, 5.1, 5.12, and

Eq. 7.1.1 of Ref. [51], the electric far-zone field in the antenna boresight direction

is given by
- .ko e_jkoT N 1 - 1 -
EFF(Q = 0) = j2 EO €A { pzwt - pz2nt + fM - fB
r Qs ap
b V7| L alani(Du 2 o)
- f/)i% erf[\/ap(Dp/2 — pm)]] } : (5.17)
and the power radiated by the aperture is given by
D)2
w — 2
Ppe = — / ‘EEO(PA)‘ padpa
o D2
_ T |E0|2 p2 _ p2 + \/f pewt erf[ /2 CYM(DM/2 _ pewt)]
9 To ext int 92 \/W

n 1 - y 1 - 5
- % erf[V2aB(DB/2_pint)]] + 2aAJ;M - 2@53 }7 (5.18)
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where erf(z) is the Error function [51]:

Z

erf(z) = % [ et (5.19)

Finally, substituting Eqs. 5.17 and 5.18 into Eq. 4.68 one obtains the aperture
efficiency 74.

To illustrate the application of the proposed aperture distribution, f(p4) of
Eq. 5.12 will be now specified in order to provide a far-zone radiation satisfying
the envelope requirements of the ITU Recommendations 465-5 and 580-5 for earth
stations operating in satellite communications [41]. These recommendations require
the gain (relative to an isotropic radiator) of at least 90% of the sidelobe peaks to

not exceed the envelope given by

(

29 — 25log, 0 dBi, for O, <0 <20°,

—3.526 dBi, for 20° < 0 < 26.4°,

Grru(0) = o (5.20)
32 — 25log,, 0 dBi, for 26.4° < § < 47.9° ,

~10 dBi, for 47.9° < § < 180° ,

\

where 6,,;, is 1° or 100A/Dj, whichever is the greater. The diameters Dg = 20\
and Dj; = 100X are chosen together with fg = 0.1, far = 0.1778, f = 0.03/A,
and fj; = —0.041/X in order to obtain tapers of 20 dB (20 log,, fp = —20) and
15 dB (20 logo fir = —15) for the aperture distribution at ps = 10\ and 50,
respectively, and derivatives of 2.6 dB/A and —3 dB/A, respectively. In this case,

the normalized aperture distribution given by Egs. 5.12-5.16 is shown in Fig. 5.2a.
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In the present case, n4 = 82% from Eqs. 4.68, 5.17, and 5.18. Figure 5.2b shows the
GO-aperture radiation pattern obtained from the numerical evaluation of Eq. 4.62,
together with the sidelobe and the ITU envelopes given by Egs. 5.7 and 5.20,
respectively. Note from this figure that the sidelobe envelope agrees very with the
radiation pattern only for 8 > 5°, due to the asymptotic approximation adopted
(Eq. 5.2). However, even for § < 5° Eq. 5.7 provides useful design information. The
specified illumination is capable of placing all but the first sidelobe below the ITU
envelope. To reduce the first sidelobe level a higher illumination taper should be
set at pa = Dys/2, which would dramatically decrease the aperture efficiency. The
tradeoff to obtain a high efficiency in this case is then to allow the first sidelobe to
violate the requirements.

It must be recalled that the radiation characteristics obtained from the GO aper-
ture illumination do not take into account several spillover and diffraction mecha-
nisms, which are specially relevant at directions away from the antenna boresight.
At these directions, the spillover and diffraction effects must be added to the results

of Sects. 5.1 and 5.2 for a practical design.
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5.3 GO Shaping of Axially-Symmetric Dual-Reflector An-

tennas

The proposed aperture illumination given by Egs. 5.1 and 5.12 can only be ac-
complished through a shaped-reflector antenna. The shaping of axially-symmetric
dual-reflector antennas for a prescribed aperture illumination was considered by
Galindo [27]. However, in the present work an elegant and more efficient formu-
lation [40] will be adopted. In this procedure, Fermat’s principle and the law of
the optical path are applied to obtain the sub- and main-reflector surfaces, respec-
tively, while the conservation of power is applied to establish the desired aperture
illumination.

Four different shaped configurations can in principle (i.e., from a GO stand
point) provide the same desired aperture illumination, apart from phase differences
associated with the Gouy phase shift [49]. Their generating curves (assumed in the
y = 0 plane) are illustrated in Figs. 5.3-5.6.  Observe that these shaped geometries
are similar to the classical ones presented in Chapter 4 (see Figs. 4.1-4.4). Their
three-dimensional surfaces are obtained by spinning their generating curves about
the z-axis (axis of symmetry). In Figs. 5.3-5.6 the feed is assumed a spherical-
wave point source located at the coordinate-system origin and the aperture plane is
located at z = 0. The point S of the subreflector generating curve is located by the

spherical coordinates rr and 6, where rr is the distance from the feed to point S
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Figure 5.3: Basic Parameters of Shaped Geometry I.
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Figure 5.4: Basic Parameters of Shaped Geometry II.
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Figure 5.5: Basic Parameters of Shaped Geometry III.
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Ny

Figure 5.6: Basic Parameters of Shaped Geometry IV.
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and the angle 0 is positive (counterclockwise) or negative (clockwise) depending
on its orientation with respect to the z-axis. The subreflector vertex is located at
z = Vs and its rim defined by the edge angle g, such that |0r| < |fg| and its
sign convention follows the one adopted for O (see Figs. 5.3-5.6). The point M of
the main-reflector generating curve (associated with the feed-ray 0r) is located by
the Cartesian coordinates zj; and zy, where Dp/2 < z3r < Dys/2 and Dp and
Dy are blockage and aperture diameters, respectively. The negative angles 6y, 0/,
and fy are associated with main-reflector points L, M, and U, respectively (see
Figs. 5.3-5.6). Finally, the constant path length ¢, from the feed to the aperture
plane enforces a uniform-phase aperture illumination.

The basic differences among the shaped geometries of Figs. 5.3-5.6 are similar
to those explained in Sect. 4.1 for the generalized classical geometries, with the
exception that now the caustic region associated with both sub- and main-reflectors
is not necessarily a ring anymore. The other subreflector caustic region remains
over the z-axis (line caustic) due to the axial symmetry. The Shaped Geometry I
(SG 1), illustrated in Fig. 5.3, is similar to CG I of Fig. 4.1, with a positive
associated with a positive 8 and 0r = 8 > 0 being reflected to xpr = Dps/2. The
subreflector line caustic is virtual. The other caustic region may be present behind
the subreflector (virtual) or behind the main reflector (real, but the subreflector-
reflected rays never intercept it). The Shaped Geometry II (SG II), represented by

Fig. 5.4, is similar to CG II of Fig. 4.2, with a positive x,; associated with a positive
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fr and 0r = O > 0 being reflected to s = Dp/2. In this case, the line caustic
is virtual and the other caustic is present between both reflectors (real caustic).
The Shaped Geometry III (SG III), illustrated in Fig. 5.5, is similar to CG III of
Fig. 4.3, with a positive s associated with a negative 6 and 0r = 0 < 0 being
reflected to zyr = Dy,/2. In this geometry, the line caustic is real and the other
caustic behaves like in SG II. Finally, the Shaped Geometry IV (SG IV), shown in
Fig. 5.6, is similar to the CG IV of Fig. 4.4, with a positive x,; associated with a
negative fr and 0 = g < 0 being reflected to zp; = Dp/2. The line caustic is
real and the other caustic behaves like in SG I.

The shaping equations to be derived next are applicable to all the above four
different geometries, as long as the angular sign convention previously defined in
this section is observed. Following Ref. [40], the subreflector equation is obtained
using Fermat’s principle. With the help of Figs. 5.3-5.6, the path length OSM

from the feed to the subreflector and to the main reflector is given by

OSM = rr + \/(IEM — rpsinfp)? + (2 — 7F cosfp)? . (5.21)

Since S corresponds to a reflection point at the subreflector, Fermat’s principle

ensures that

= 0. (5.22)
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From Egs. 5.21 and 5.22 and noticing that r is a function of 67, after some algebraic

manipulations the subreflector equation is obtained as

dTF TrF (IEM COSQF — ZM sinﬁp)

= ) 5.23
dfr OSM — (zp sinfp + zp cosfp) (523)

Note that if the subreflector satisfies Eq. 5.23 then Snell’s law is automatically
satisfied at an arbitrary point S.

Since high gain is desired from the antenna, its aperture illumination is speci-
fied with a uniform phase [21]. Hence, the main-reflector equation is obtained by
enforcing that the total path length associated with an arbitrary feed-ray 6 must

be equal to ¢,. From Figs. 5.3-5.6, £, is given by

¢, = OSM — zy . (5.24)

After some algebraic manipulations, Eqgs. 5.21 and 5.24 yield

o (zp — 7 sinfp)? — (b, — 77)? + (rp cosOp)? ) (5.25)
2 [, —rp(1 —cosfp)]

Note that if the main reflector satisfies Eq. 5.25 then Snell’s law is automatically
satisfied at an arbitrary point M.

In order to obtain the desired aperture-field distribution of Eq. 5.1, the conser-
vation of power is applied. Assuming a circularly-symmetric spherical-wave feed,
its electric field is given by

e_jkOTF

Ep(fr) = g(0r) : (5.26)
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where g(fr) defines the circularly-symmetric feed pattern. The power Pfeeq(0r),

radiated by this feed inside a spherical sector with half-angle |#r| and radius rp, is

|0F| 2«

2 \|2
Prealtr) = [ [ 7|EF2(;F)| r2 sing' ¢ df’

- T / G2(0') sin¢ do' . (5.27)

For the RCF model of Eq. 4.59, g(8r) = cos™ fr (assuming 0r < 7/2) and Eq. 5.27
reduces to Eq. 4.65. Furthermore, GO principles ensure that the total power P,
radiated by the aperture must be equal to the feed power illuminating the subre-

flector, in which case

Pape = Pfeed(eF = eE) - (528)

From Eq. 5.1, the power flowing through the aperture annular region with inner

and outer radii Dp/2 and ps (where Dg/2 < ps < Dy/2), respectively, is given

by
pPA 2T | =
EGO pl 2
Poon) = [ [ EOL pagag
Dg/2 0 "o
- pA
= ZIBE [ ) e de, (5.29)
Mo Dg/2
and, consequently,
Pye = Puplpa=Du/2). (5.30)

The amplitude of E, is then established by equating Eqs. 5.28 and 5.30 to ensure

power conservation. Its phase (with respect to the feed radiation) is obtained by
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recalling the uniform-phase aperture illumination and any possible contribution

from the Gouy phase shift ®¢ [49]. On doing so:
05| >
[ g%(0') sin@ d¢’
E, = |2 ed(®a —kobo) (5.31)
lep F2(e) o dpf

Dp/2

where @ is still given by Eq. 4.39. Finally, the power inside the feed cone with half-
angle |#r| must be equal to the power inside the aperture annular region defined
by this feed cone after the reflections on both reflector surfaces. From Figs. 5.3-5.6
it is clear that this aperture annular region is located at Dp/2 < pa < zp for SG I
and IIT and at 23 < pa < Dy/2 for SG I and IV. So, from Egs. 5.27 and 5.29,

conservation of power requires that

Pop(pa=2zum) , for SG I and III ,
Pfeed(eF) = (532)

Pup(pa = Dun/2) — Pap(pa = zym), for SGII and IV,

with E, given by Eq. 5.31.

Equations 5.23, 5.25 and 5.32 form a system of three equations with three
unknowns (namely rr, x5, and 2y, assuming 0 as the variable), which can be
solved to yield the reflector surfaces. The coordinates of the reflector generating
curves are obtained by solving the first-order non-linear differential equation given
by Eq. 5.23, with z; and 23, given by Eqs. 5.32 and 5.25, respectively. An initial
condition is required for this task, and a convenient one is established by the location
of the subreflector vertex
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Finally, the non-linear differential equation may be numerically integrated using
any widely available method. In this work, a fourth-order Runge-Kutta method
was adopted [43].

From Eqgs. 5.23, 5.25, 5.32, and 5.33 it is clear that the surfaces of axially-
symmetric dual-reflector antennas are obtained once the desired aperture illumi-
nation [given by f(p4)], feed pattern [given by ¢g(fr)], and geometric parameters
Dy, Dpg, 0, £,, and Vg are established, together with the desired basic geometry
(i.e.,, SG I, II, III, or IV). Although the surfaces of the shaped geometries are not
conic sections, the classical geometries studied in Chapter 4 (for which closed-form
design equations were derived) are still very useful to establish the basic initial pa-
rameters of a particular design. Also, note that the shaping equations presented in
this section do not directly consider the subreflector diameter Dg. Hence, after the
shaping procedure is carried out one may end up with Dg > Dp (indicating that
the subreflector blocks part of the aperture illumination) or even that the clear-
ance between Dg and Dp is over specified (indicating that an even higher aperture
efficiency could be obtained). In either case the problem is overcome by starting
the shaping procedure from a highly efficient classical configuration where both Dg
and Dpg are specified. Most probably, the shaping procedure given above will then
provide a value of Dg very close to the desired one, and if necessary this value can

be further adjusted by small increments on the initial antenna parameters.
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The formulation presented in Chapter 4 can also be used to test the accuracy of
the shaping code. Starting with prescribed values of Dy, Dg, Dg, 0, and £, (Vs
is then given by Eq. 4.14), and specifying the feed and aperture illuminations from
Eqgs. 4.59 and 4.60, respectively, the shaping procedure must yield the associated

classical reflector surfaces.

5.4 Impact of the Feed and Subreflector Spillovers on the

Antenna Pattern

The formulations presented for the classical (Chapter 4) and shaped (beginning of
this chapter) geometries were obtained in terms of GO concepts and, consequently,
do not consider the diffraction effects caused by the multiple interactions among
the various antenna elements (e.g., main reflector, subreflector, feed, etc.) or the
spillover radiation of the feed (past the subreflector rim) and subreflector (past
the main-reflector rim). These combined effects preclude the determination of the
antenna pattern using only the aperture-field radiation, and hence must be consid-
ered in the antenna design if a desired sidelobe envelope is to be achieved. The
present section concentrates only on two spillover mechanisms and their effects to
the antenna radiation pattern: the forward feed spillover (associated with the feed
radiation that does not illuminate the subreflector) and the backward subreflector

spillover (associated with the subreflector radiation that does not illuminate the
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main reflector). Their analysis will be carried out using the Geometrical Theory of
Diffraction (GTD) [9], which provides closed-form results that yield design insights.
Note that the GTD approximation has the necessary accuracy for reflector surfaces
with an overall electrical dimension of about 10\ or higher.

The main-reflector surfaces of the classical and shaped geometries (Figs. 4.1-4.4
and Figs. 5.3-5.6, respectively) may have an aperture at their center, corresponding
to the region not illuminated by the subreflector radiation (accordingly to GO
concepts). However, in order to enhance the front-to-back ratio of the antenna
pattern and also to avoid the corresponding edge diffraction, this aperture is usually
closed by a continuous extrapolation of the main-reflector surface (with only a small
opening to allow passage for the feed structure). Thus, the spillover through this

main-reflector central hole is not considered in here.

5.4.1 Feed Spillover Near the Subreflector Shadow Boundary

(Forward Spillover)

The forward feed spillover may preclude the achievement of a desired sidelobe en-
velope and hence must be kept as small as possible. A low forward feed spillover
is achieved by imposing a highly tapered feed illumination towards the subreflector
rim. However, this degrades the subreflector and, consequently, aperture illumina-
tions, reducing the overall antenna efficiency (which can be compensated by the

antenna shaping, as long as the feed taper is not extremely high). The tradeoff
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between high efficiency and low forward spillover can be understood by investi-
gating the diffraction mechanisms around the subreflector shadow boundary. This
allows the specification of the smallest feed taper required to satisfy any restrictions
imposed on the sidelobe levels at this region.

The present study is based on the geometry shown in Fig. 5.7. The subre-
flector shadow region is defined as the region behind the subreflector where no
direct contribution from the feed radiation is present (from a GO stand point).
This region is then determined by the subreflector surface and the associated
shadow boundary. Similarly, the reflection region is characterized by the presence
of subreflector-reflected rays and determined by the subreflector and its associated
reflection boundary (see Fig. 5.7). According to the GTD principles [9], near the
shadow boundary the total field of the feed /subreflector combination is provided by
the GO contribution from the feed direct radiation plus the field diffracted at the
subreflector rim. For the present case of a BOR, the diffraction contribution comes
from the two subreflector-rim points R and R’ located in the plane of Fig. 5.7 (plane
of incidence). However, near the shadow boundary corresponding to the subreflec-
tor point R, the contribution associated with R’ is negligible [9] and, thus, will be
ignored here. The GO field is discontinuous across the shadow boundary associated
with R. However, this discontinuity is compensated by the field diffracted at point

R, and GTD ultimately ensures the continuity of the total radiated field [9].
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The feed radiation illuminating point R in Fig. 5.7 can be described using the

usual spherical coordinates rr, 0, and ¢, with the associated base vectors

frp = sinfg p + cosby 2, (5.34)
0 = cosfp p — sinfg %, (5.35)
or = ¢, (5.36)

where 0 is the subreflector edge angle and assumed positive in the present section
without loss of generality. The electromagnetic field of the rays diffracted at point

R can be described using the base vectors

rg = sin(0E - 95) p + COS(QE - 95) Z, (537)
fs = — cos(fg —bs) p + sin(fg —0s) 2, (5.38)
¢s = — ¢, (5.39)

where the angle 65 is measured with respect to the shadow boundary, being positive
for diffracted rays inside the shadow region (see Fig. 5.7). In the limit when 5 — 0
(region very close to the shadow boundary, which is the region of interest here) one
may describe both the GO and diffracted fields using the same base vectors given

by Egs. 5.37-5.39. On doing so, the electric field around the shadow boundary is [9]

EGTD(RRa fs) = EGO(RR, fs) + EDIFF(RR; fs) , (5.40)

0s5~0 0s=0 05~0
where EGO(RR,GS) and EDIFF(RR,GS) are the GO and diffracted electric fields,

respectively, and Ry is the distance from point R to the observation point.
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The GO contribution from the feed direct radiation is given by [9]

— — _ ROR —ikoR 1-— Szgn(ﬁg)
Ego(Rg,0 = Ep(R7) ——CR  gihoRr |2 Z90US) (541
GO( R S) 050 F( ) RR+ROR € 2 ( )

where Er(R™) is the feed electric field immediately before the incidence at point

R and conveniently expressed in the diffracted-ray base vectors as
Ep(R") = — [Ep(R7)-0r] s — [Er(R")-¢r| ¢s. (5.42)

In the above expressions, Rog is the distance between the feed (point O) and point

R, and
+1, ford >0,
Sign(0) = (5.43)
-1, for6<0.

The diffracted electric field is given by [9]

= A (D Rp 1 —jkoR
wD-E Jheftr —(5.44
R e (5.41)

where the diffraction dyadic v/k, D is given by [9)]

EDIFF(RRa fs)

\/;06 = - [Dz(ﬂ'-i-es) -+ Dr(02_0E+05)] és és

— [Di(r+05) — Dr(6s — 05 +05)] bs bs , (5.45)

with

| cos(8/2)] [ 2 .
- = 4
D6) = ' 3 “eos@2) Vko Li K_ |\/2ko Ly cos?(8/2)| , I=iorr, (546)

1 2
K_(z) = \/; el (@ +m/4) / —3t dt (5.47)

x
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and, for a BOR subreflector,

Rr R
L; R OR (5.48)
Rp pf}
L., = ———. 5.49
Rg + pft (5.49)

In the above expressions, fy is the negative angle (accordingly to the notation of
Chapter 4) between the reflection boundary and the z-axis (see Fig. 5.7), pk is
the subreflector-reflected-wavefront principal radius of curvature in the plane of
incidence (immediately after the reflection at point R), Rp is the distance between
the caustic at the edge and the second caustic of the diffracted ray, given by (from
Eq. 12 of Ref. [9])

11 p-(fr —17s)

— = — .90
RD ROR DS/2 ’ (55 )

and Dy is the subreflector diameter. From Egs. 5.34, 5.37, and 5.50 one obtains
01;?() RD = ROR . (551)

Also, using the results presented in Ref. [52] on Egs. 5.45-5.47 one obtains

VkoL;

alslgo Di(r+0s) = — 5 Sign(fs) , (5.52)
. e im/4 O — 02
olslgo D.(0s — O +0s5) = — Wor sec ( 5 : (5.53)

and, as D;(7 + 0s) > D,(62 — 0 + 05) in Egs. 5.52 and 5.53,

= '\/ L
lim 1k, D = k; :

6s—0

Sign(9s) (0s s + s s) , (5.54)

where in Eqgs. 5.53 and 5.54 it is being assumed that the incident feed ray does not

have a grazing incidence at point R (i.e., g — 6 < 7).
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Substituting Eqgs. 5.41-5.54 into Eq. 5.40, in the limit when #s — 0 one obtains

EGTD(RRa bs =0) =~ EGO(RRa fs =0), (5.55)

N —

which shows that the field at the shadow boundary is about 6 dB below the field
that would be provided by the feed without the presence of the subreflector.

To illustrate the application of Eq. 5.55 in the design process of an antenna
system, Fig. 5.8 shows the radiation pattern (with respect to an isotropic radiator,
boresight along the z-axis) of the RCF model given by Eq. 4.59 with A = 16,
together with the ITU specifications given by Eq. 5.20. From this figure one observes
that the RCF pattern intersects the required envelope at § =~ 33°, being 6 dB
above the envelope at § ~ 28°. As the subreflector-edge diffraction reduces the
feed radiation by 6 dB around the shadow boundary (see Eq. 5.55), to prevent
the forward feed spillover from increasing the antenna sidelobe levels beyond the
specified envelope, while still providing the best possible subreflector illumination,
the edge angle || should be specified around 30° for the present example (with a

safety margin included on this |0g| value).

5.4.2 Subreflector Spillover Near the Reflection Boundary

(Backward Spillover)

Similarly to the analysis performed in Sect. 5.4.1, the backward subreflector spillover
produced near its reflection boundary can be analyzed in closed form using GTD [9].

Considering the classical and shaped geometries previously studied one observes
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that they generally present a curvature discontinuity at the subreflector vertex,
which leads to the presence of two subreflector reflection boundaries, as illustrated
in Figs. 5.9-5.12. For Geometries I and III (classical and shaped), the backward
spillover occurs around the reflection boundary associated with the subreflector-
edge point R (Figs. 5.9 and 5.11). Near this region and using GTD principles, the
subreflector scattering is mainly caused by the reflected field plus the diffraction
contribution from point R [9]. On the other hand, Geometries II and IV (clas-
sical and shaped) have their backward spillover around the reflection boundary
corresponding to the subreflector-vertex point @ (Figs. 5.10 and 5.12). Although
the subreflector-edge diffraction does not have its highest impact occurring at this
region, its effects can not be ignored since the vertex-tip diffraction is negligible
when compared to the edge one [53]. The ultimate consequence is that no sim-
ple approximations can be obtained to describe the field behavior at the region
corresponding to the backward spillover for Geometries II and IV (the complete
analysis of the subreflector radiation should be conducted). So, in this work the
subreflector spillover analysis will only cover Geometries I and III (Figs. 5.9 and
5.11, respectively).

Similarly to Sect. 5.4.1, near the reflection boundary associated with the subre-
flector edge the scattered field can be decomposed into a reflection and a diffraction
contributions emanating from the subreflector-edge point R. Ultimately, GTD en-

sures the continuity of the total field across the boundary by compensating for the
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reflected field discontinuity [9]. For practical designs of the classical and shaped
geometries previously described, the subreflector reflection region is almost always
intercepted by the main reflector (see Figs. 5.9 and 5.11) and hence, according to
GTD principles, the subreflector spillover is caused by the field diffracted at R (no
reflected field contribution). To consider this diffraction, the feed radiation can still
be represented by the spherical base vectors of Eqgs. 5.34-5.36. However, for the

diffracted rays it is more convenient to use the base vectors (see Fig. 5.13)

fr = sin(r —6) p — cos(0gr —0s) 2, (5.56)
Or = cos(0p —0) p + sin(0g — ) %, (5.57)
¢ = —9, (5.58)

where the angle f is measured with respect to the reflection boundary, being
positive for diffracted rays outside the reflection region (i.e., in the region where
no reflected rays are present), and 6, is the negative angle between the reflection
boundary and the z-axis. The formulation presented in this section is based on
the Geometry I illustrated in Fig. 5.13. However, the final results are valid for
both Geometries I and III, as long as 0y is defined accordingly to Fig. 5.11 for
Geometry III.

Near the reflection boundary, 8z =~ 0 and hence one may represent both the
GO and diffracted fields using the base vectors given by Egs. 5.56-5.58. On doing

so, the electric field radiated by the subreflector near the reflection boundary is
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represented as

EGTD(RRaeR) = EGO(RRaeR) . +EDIFF(RR70R) ; (5.59)

where EGO(RR,GR) and EDIFF(RR,GR) are the GO and diffracted electric fields,

respectively. The GO contribution from the subreflector-reflected rays is given

by [9]
= = + sz Pﬁz iko R
E R ,0 = E R r r —JRoilR
Go(Rrbr) 0rA0 r(E) R+ pft \ Rg + p& ¢
1 — Sign(fr)
l : , (5.60)

where pZ is the subreflector-reflected-wavefront principal radius of curvature in the
plane perpendicular to the plane of incidence (immediately after the reflection at
R) and Ep(R") is the feed electric field immediately after the reflection at the
subreflector point R and conveniently expressed in terms of the diffracted-ray base

vectors around the reflection boundary as
Ep(R*) = — [Ep(R7)-0r] 0 + |Er(R7)- 67| ¢n, (5.61)

with Ep(R~) being the feed electric field immediately before the reflection at R.
The remaining parameters in the above expressions were previously defined in
Sect. 5.4.1. Observe that by separating the square-root terms in Eq. 5.60, the
Gouy phase shift [49] is being implicitly considered [40].

Similarly to Eq. 5.44, the diffracted electric field is given by [9]

EDIFF(RR7 eR)

= +/k,D-Ep(RT —JkoRr (5,62
0RO r )\/RR + Rp \/ko Rp ¢ ( )
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where Rp is given by Eq. 5.50 (with 75 replaced by 7g) and here the diffraction

dyadic v/, D is conveniently expressed as [9]

\/kj% = — [Di(Bg — 05+ 0r) + Di(r +0r)] Or O

~ ~

+ [Di(0g — 02 +0r) — D.(7 +0r)] or ¢r , (5.63)

with D;(#) and D, () given by Egs. 5.46-5.49. From Egs. 5.34, 5.50, and 5.56,
and observing from Fig. 5.13 that Ds/2 = Ror sinfg = — p& sin 6, (recalling that

6, < 0), one obtains

lim Rp = pi (1 + 0 cotby) . (5.64)

03—)0

Also, from Ref. [52] and Egs. 5.46, 5.47, and 5.63:

. e‘j”/4 O — 0,
01;1_1)10 DZ(QE — 02 -+ eR) = W sec ( 2 y (565)
oLy .
lim D,(r+0g) = — YL Gion(on) | (5.66)
03—)0 2

and, as D,(7 + 0gr) > D;(0g — 02 + Or) in Egs. 5.65 and 5.66,

= VE L, . - .
lim kD =~ “—o" Sign(fr) (0r0r + ér ér) , (5.67)
6r—0 2

where in Eqgs. 5.65 and 5.67 it is being assumed that the incident feed ray does not
have a grazing incidence at point R (i.e., 0 — 6 < 7). Finally, The substitution

of Egs. 5.60-5.67 into Eq. 5.59 yields

EGTD (RR, 0R = 0) ~ Ego(RR, 0R = 0) . (568)

N
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This result (which is similar to Eq. 5.55 obtained at the shadow boundary) indicates
that the electric field at the reflection boundary (associated with the subreflector
edge) is 6 dB below the field obtained from the GO approximations. Note that
Eq. 5.68 applies to all classical and shaped geometries around the respective subre-
flector reflection boundaries associated with point R (see Figs. 5.9-5.12). However,
these regions correspond to the backward subreflector spillover only for Geometries I
and III (Figs. 5.9 and 5.11, respectively).

To conclude the analysis of the backward spillover for Geometries I and III, the
edge-diffraction effects to the subreflector-pattern roll-off are now investigated. The
roll-off, which in some designs should be large enough to reduce the subreflector
spillover, is analyzed trough the partial derivative of |EGTD(RR, fr)| with respect
to fg, in the neighborhood of the reflection boundary. In order to simplify this
task a circularly-symmetric feed radiation is assumed, which characterizes the feed
illumination used throughout this work. On doing so, one directly observes from
Eq. 5.60 that the GO electric field is also circularly symmetric and hence can be
treated as a scalar radiation (i.e., |Ego(Rr,0r)| does not depend on the plane
of incidence). Similarly, from Egs. 5.62-5.67 the same can be extended to the
diffracted electric field, as D;(6r — 6, + 0r) can be neglected when 6 — 0. So, the

derivative of the electric-field complex amplitude in the vicinity of the reflection
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boundary can be expressed as

0 0 0
2 Egrp(Rg,0 = % Eoo(Rg,0 + -2 Epirr(Rg, 0 ,
90 erp(Rr, Or) vuro . 90n co(Rr,0r) vero | O0m prrr(RR, Or) -
(5.69)
where, from Eq. 5.60,
EGO(RRyeR) — EF(R+) p{zr - p2R;‘ - e—jkoRR
0Rr~0 Rr + pir \ Br + p2r
1 — Sign(0
y lwl | (5.70)
2
and, from Eqs. 5.62-5.67,
EDIFF(RR7 QR) = —DT(TF-FQR) EF(R+) \/ RD \/ 1 e_jkoRR. (571)
Or~0 Rr+Rp \ k, Ry
The derivative of |EGTD(RR, fr)| is then obtained from the relation
Jizerpl > (g Y2GTD E*,. ZZGTD
96 2| Earn] \" ™ a9, T PeTP g,
1 aEGTD)
= —— Re|ELp, =22 5.72
|EGTD| ( GTD aeR ( )

where * denotes the complex conjugate.

In order to simultaneously handle the problem where 8z approaches zero from
both sides (i.e., fg — 0~ and 8z — 07), the step function defined by Eq. 5.43
is employed in the following formulation. However, on doing so one must bear in
mind that the results to be shown are not valid exactly at r = 0, as the GO and
diffracted electric fields are discontinuous across the reflection boundary. This is
related to the fact that GTD ensures the continuity of the total field across the

boundary, but not the continuity its derivatives [9].
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The derivative of Ego(Rg,0r) with respect to g can not be obtained in closed
form without the prior knowledge of the subreflector-reflected wavefront character-

istics (see Eq. 5.70). So, for now it will be simply represented as

0
——FEco(Rr,0r) = Ego(Rr,0r) D¢o(Rr, 0r) [

aeR ORNO ORNO

1-— Sign(HR)]
2 7

(5.73)
where in this expression it is being assumed that the subreflector is continuously
extrapolated beyond its original rim and, consequently, Dgo(Rg,0r) is assumed
known and continuous across the reflection boundary. The abrupt discontinu-
ity is then taken into account by the step function Sign(fgr). The derivative of
Eprrr(Rg,0r) is obtained from Eq. 5.71, observing that Ry is orthogonal to g

and recalling the derivative violation at fr = O:

1 Rp 0
= —Er(R" D, 0
0r~0 r(R) \/ko Rp [\/RR +Rp 06r (m+6r)

D 0 Jholth 5.74
+ 30R< RR+RD> (7 + R)] e (5.74)

0
%EDIFF(RRa Or)

From Eqgs. 5.46 and 5.47 one obtains

e—jﬂ'/4
%Dl(ﬁ) = j2k,L; sin(6/2) [2\/% — cos(0/2) Dl(ﬁ)] , l=dorr, (5.75)

which, together with Eqs. 5.65 and 5.66, yields

. 0
0 koL,
1. DT — o+tr ]71'/4
Grs0 00 (m+6r) Vor ©

Q

L. .
— 24/ TT ™t Sign(0r) Dy(m +0g) . (5.77)
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From Eq. 5.76 one observes that the derivative of D;(6g — 62+ 60g) can be neglected,
ratifying the approximation used to obtain Eq. 5.71. Furthermore, the derivative

of the square-root term in Eq. 5.74 is given by

o [ R» [ Rp Rp 9 Rp 79
00r \ Rr+ Rp - Rr+ Rp 2RD(RR+RD) 80R’ ’

which, using Eq. 5.64, can be approximated by

Rp Ry cot b, (5.79)
A, aeR \ RR+RD ~ VRx+Rp 2(Bp+oR) '

Substituting Egs. 5.77 and 5.79 into Eq. 5.74, and using Eq. 5.71, one obtains

0 L, .. )
——Eprrr(Rr, 0r) ~ —Eprrr(Rr,0r) [2 Vv eI™/* Sign(0r)
Ry cot 6, ]

2 5.80
2 (Re + 05) (5:80)
However, since (see Egs. 5.68-5.71)
1 .
Eprrr(Rr, 0r) N 3 Ego(Rr,0r) Sign(0r) , (5.81)
Or~0 Or~0
Eq. 5.80 can be rewritten as
5 L. .
——Eprrr(Rr, 0r) ~ — Ego(Rg,0r) [ e/
aeR Or~0 Or~0 )\
RR cot 92 .
— = S 0 . 5.82
ey Sm0n) 5

Substituting Eqgs. 5.73 and 5.82 into Eq. 5.69 one obtains (recalling that the

above expressions are valid in the limit when 6 — 0 from both sides, but not
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when 0 = 0)

0

——FEerp(RR, 0r) ~ Ego(Rr,0r)
00r

RNO

» {DGO(RR, 0r) lw]

L. . Ry cot 6
_ o pim/4 PR PRI gl 5.83
e - et sinon| | 689)

which presents an expected discontinuity when 6z approaches zero from both sides,
as the GTD asymptotic approximation only ensures the continuity of the field across
the reflection boundary [9]. However, this derivative discontinuity is not physically
possible, since the electromagnetic field must have continuous derivatives of all or-
ders. To handle this difficulty, an knowing that the GTD results are extremely
accurate when applied to large reflector antennas, the field first derivative is ap-
proximated by the average of the results obtained in Eq. 5.83. On doing so, one

obtains

0
——FEgrp(RR,0r)

B0 ~ FEgo(Rg,0r)

[DGO(RRa Or)
r~0 2

Rr o /N nja
R I 5.84
Rg + pft ) (5:84)

Finally, the substitution of Eq. 5.84 into Eq. 5.72 (and also applying Eq. 5.68)

~

rA0

yields

~ |Eerp(Rr,0r)|

0
%|EGTD(RR70R)| lDGO(RRaeR)

ORNO

] : (5.85)

ORNO

2 Rg pft /A
Rp + pft

where the above result is valid for both Geometries I and III as long as the orien-

tation of 0z is defined accordingly to Figs. 5.9 and 5.11, respectively.
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In order to evaluate Eq. 5.85, the value of Dgo(Rg,0r) must be obtained from
the GO analysis of the subreflector radiation. However, the purpose of this for-
mulation is to provide the necessary insights for the reduction of the backward
subreflector spillover. The backward spillover is reduced by enforcing a large roll-
off for the subreflector radiation (i.e., a large derivative of |Egrp(Rg,0r)| near the
reflection boundary), which can be accomplished by adjusting the values of Rg and
pR inside the square-root term of Eq. 5.85. Hence, if this term is large, Dgo(Rg, 0r)
(which is generally bounded) can be neglected.

For both classical and shaped Geometries I and III, the value of Ry is obtained
from the distance between the subreflector-edge point R to the observation point,
and much can not be done about it. For the classical configurations studied in
Chapter 4, pR can be obtained from Eqs. 4.41 and 4.42 by setting fr = 0g, but
no closed-form expression is available for it in a shaped geometry. In this case,
however, pR can be estimated with a great precision. To do so, from Eq. 5.70,
Figs. 5.9 and 5.11, noticing from Eq. 5.61 that |Er(R")| = |Er(R™)|, and recalling
that all geometries are specified with a uniform-phase aperture illumination, one

obtains

‘EEO(PA = DM/2)‘ = |Ego(Rr = Rry,br = 0)|

pr P
= |Er(R" - A
‘ r( )‘ Rru + pft \| Rru + p3

where Rpy is the distance between the subreflector-edge point R and main-reflector-

., (5.86)
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edge point U (see Figs. 5.9 and 5.11). As the feed radiation towards the subreflector
rim [Er(R™)] and the aperture illumination at p4 = Dy /2 [ES9(pa = Das/2)] are
both specified for the shaping procedure (see Sect. 5.3), then pf can be determined
from Eq. 5.86 once Rry and pE are known. The value of Rgy is obtained from

Figs. 5.9, 5.11, and 5.13 as

Dy F Ds

R
o 2 sin |6,]

(5.87)

where the negative and positive signs correspond to Geometries I and III, respec-
tively, and 65 < 0 accordingly to the notation of Sect. 4.1. From the same figures,

p% is directly given by

Dy

— 5.88
2 sin |02| ’ ( )

x| =

where p£ is positive and negative for Geometries I and IIL, respectively. In Egs. 5.87
and 5.88, the value of f; must be estimated (as its correct value is only determined
after the antenna shaping is completed), which can be accomplished with the help
of a similar classical geometry (used to start the shaping procedure) and Eq. 4.7.
So, Egs. 5.85-5.88 can be used to determine the required feed and aperture illumi-
nation to yield a small backward subreflector spillover (this will be demonstrated
in Sect. 5.6).

To illustrate the accuracy of the formulation presented in this section, the clas-
sical feed/subreflector combination of Fig. 4.7b (CG III) is used as a case study,

where Djs = 100A. The subreflector illumination is provided by the RCF model
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of Eq. 4.59 with h = 8.8043 (F},, = —11 dB). In Fig. 5.14 the far-zone patterns
(analyzed using the MoM technique developed in Chapter 2) at both E- (¢ = 0°)
and H- (¢ = 90°) planes are depicted together with the associated GO field and
the ITU specification given by Eq. 5.20. The ITU requirements are used once more
as a reference for the antenna performance. From this figure (where § = 0° corre-
sponds to the feed boresight), it can be observed that at the shadow (6 =~ 30°) and
reflection (6 = 93°) boundaries the respective fields are about 6 dB below the levels
predicted by GO, according with Eqgs. 5.55 and 5.68, respectively. It can also be
observed that the feed spillover will cause the final antenna pattern to exceed the
required envelope near 6 =~ 30°. However, the subreflector spillover does not present
the same concerns, as the diffraction effects at the main-reflector rim will further
reduce the subreflector radiation by an extra 6 dB near 6 = 93° (the associated
mechanisms are similar to those discussed in the present section).

The dB per radian value of the far-zone pattern roll-off near # ~ 93° is obtained

using

_ 20 logge d|E]|
|E| dir

d
2 (20 logyo|El) =

0 (5.89)

and Eq. 5.85, where log,;,e ~ 0.434294. Notice that a negative sign was incorpo-
rated in Eq. 5.89 as d|E|/df = —d|E|/dfr (see Fig. 5.11). For the present classical
configuration the value of pf = —6.56) is obtained from Egs. 4.41 and 4.42 (cal-
culated at point R). The value of Dgo(Rg,0r) ~ 0.3 dB/degree near 6 ~ 93° is

obtained from Fig. 5.14. Finally, in the limit when Rz — oo (at the far-zone region)
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and from Egs. 5.85 and 5.89 (transforming the values from radian to degree), the
predicted value for the pattern roll-off is about 0.85 dB/degree, which is in excellent

agreement with the results obtained in Fig. 5.14 at both E- and H-planes.

5.5 Impact of the Subreflector-Edge Diffraction on the

Aperture Illumination

The diffraction effects in an axially-symmetric dual-reflector system preclude the
accuracy of the GO results, specially when the reflector surfaces have small elec-
trical dimensions. For large reflector surfaces, the diffraction effects related to the
multiple bounces and subreflector blockage can be tremendously reduced through
the use of the generalized classical (Figs. 4.1-4.4) or shaped (Figs. 5.3-5.6) ge-
ometries to decrease the sub- and main-reflector radiation towards the feed and
subreflector, respectively. In Sect. 4.3, considerations about the blockage reduction
for the different classical geometries were presented, and these results can also be
applied to their shaped counterparts.

The blockage associated with the supporting struts is also an important effect
in the antenna diffraction mechanism. However, it is not considered in this work.
Nevertheless, it was verified in Sect. 4.6.2 that CG II (and, analogously, SG II)
yields a highly efficient configuration with the feed located close to the subreflec-

tor, in which case the supporting struts may be replaced by a dielectric radome
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attaching the subreflector directly to the feed. This section will concentrate only
on the aperture-illumination degradation caused by the subreflector-edge diffrac-
tion (which is the most relevant factor for the antenna aperture illumination). The
diffraction effects caused by the subreflector tip are ignored since they are generally
negligible when compared to the ones produced by the subreflector edge [53].

The effects associated with the subreflector-edge diffraction were previously
studied, for example, in Refs. [54]-[56]. It was observed that these effects pro-
duce a field tapering at the aperture region associated with the subreflector-edge
illumination, precluding the achievement of a uniform field distribution and, con-
sequently, decreasing the aperture efficiency. However, Eq. 5.7 indicates that this
field tapering can be judiciously used to accomplish low sidelobe levels, which re-
quires reduced aperture illumination at ps = Dp/2 and Dy;/2. The objective of
the present section is then to study how the edge diffraction mechanism affects
the aperture illumination (specially at the aperture rims), and how to establish an
appropriate aperture distribution for the reflector-shaping procedure, in order to
control the sidelobe envelope. This is done using the results of Sect. 5.4.2.

From the results of Sect. 5.4.2, the aperture electric field is represented as
Ealps) = E%(pa) + EZ""(pa) (5.90)

where ES9(p4) and ERTFF(p,4) are the contributions from the GO aperture field

and the subreflector-edge diffraction (after the reflection upon the main reflector),
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respectively. Recalling that the classical and shaped geometries operate with a
uniform phase distribution over the aperture, the subreflector-reflected wavefront
amplitude is not changed after it reflects on the main-reflector surface. The same
can be said about the rays diffracted by the subreflector edge striking the main re-
flector near the associated reflection boundary, as both reflected and diffracted rays
propagate along the same direction (towards the main reflector) and generally the
distance between the sub- and main-reflectors is considerably large (such that it can
be assumed that both reflected and diffracted rays depart from the approximately
same location). Under these circumstances (and near the subreflector-edge reflec-
tion boundary), the result of Eq. 5.68 can be applied to Eq. 5.90. For Geometries I

and III (see Figs. 5.9 and 5.11, respectively) this results in:
— 1 —
|Ea(pa = Du/2)| = 2 |EG9(pa = Du/2)| . (5.91)
Likewise, for Geometries IT and IV (see Figs. 5.10 and 5.12, respectively)
[Ealpa=Ds/2)| ~ 5 |EX(pa = D5/2)[ (5.92)

One may observe at this point that a diffraction mechanism similar to the one stud-
ied in Sect. 5.4.2 also occurs at the main-reflector rim. However, the main-reflector-
rim diffraction is implicitly included in the aperture-field integral that yields the
far-zone radiation, and hence one does not need to account for it separately.

The sidelobe-envelope control through Eq. 5.7 depends also on the derivative of

the electric field at the aperture rims. To handle this task (and recalling the results
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of Sect. 5.4.2), one observes that if the axially-symmetric antenna is illuminated by
a circularly-symmetric feed pattern then the GO aperture field will also be circularly
symmetric and the following analysis can be reduced into a scalar problem (i.e., the
amplitude of the GO aperture field does not depend on the plane of incidence). This
is also true for the diffracted field, as long as its contribution is accounted for near
the associated reflection boundary (see Sect. 5.4.2). So, following the same approach
used to derive Egs. 5.90-5.92, the derivative of the aperture-field complex amplitude
with respect to p4 can be expressed (near the reflection boundary associated with

the subreflector edge) as

d d d
—E = - E¢0 + — RDIFF . 5.93
dpA A(pA) dpA A (pA) dpA A (pA) ( )

The derivative of E$(pa) can be directly obtained from the GO aperture distri-

bution. Here it is convenient to represent it in the form

d
d/TAEfO(PA) = ES%(pa) DS%(pa) - (5.94)

For a classical configuration illuminated by the circularly-symmetric RCF model

(Eq. 4.59) one obtains from Eq. 4.60 the closed-form D$9(p4) expression

[A1 (1 + cosOF) — A sinfp]?
2F (e2 —1) (14 cosfr)

1 1 3(A; sinfr + A, cosfr)

2 |sinfp A, (1+cosfp) — Ag sinfp
As sinfp + Ay cosfp

Az (1+cosfp) — Ay sinfp ]} ’

DG°(pa)

{—h tanﬁp

(5.95)

where 0 is given by Eqs. 4.57 and 4.58 and A, Ay, As, and A, are given by
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Eqgs. 4.52-4.55, respectively. For a shaped geometry with the proposed aperture

illumination given by Egs. 5.1 and 5.12 one obtains

(

—2ap(pa—pint),  DB/2 < pa < pint

Dgo(pA) =9 - 2CVM (pA - pewt) ) Pext S PA S DM/2 ) (596)

0, elsewhere .
\

Furthermore, the derivative of EQT"F(p,) in Eq. 5.93 can be rewritten as

d d do
EDIFF _ EDIFF R 597
PR (pa) (pa) o’ (5.97)

dor 4
where, using the same reasoning adopted to derive Eqgs. 5.91 and 5.92,

d 0
—_EDIFF ~ —F Rg,0 : 5.98
a0, A (pa) 20, prrr(Rr,0r) - (5.98)

the partial derivative of Ep;rr(Rrg,0r) with respect to 0 is given (after averaging
the results at both sides of the reflection boundary) by the first term of Eq. 5.82,
and Rp is the distance from point R to the main reflector, measured along the
associated reflection boundary. Invoking differential-geometry concepts [57] and

defining fr accordingly to Figs. 5.9-5.12, one can write

dfr 1
— o~ — . 5.99
A s Y En (5.99)

Hence, from Egs. 5.72 (with Egrp replaced by E4), 5.82, 5.86, and 5.90-5.99 one

finally obtains (in the limit when 8 — 0)

d 2 R ple /X
—|E ~ |E DGO - = LR Pir/ A /)| (5100
dpA| 4(pa) |E4(pa)| |D3°(pa) R Re (« Rt ol © (5.100)
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For Geometries I and 11T (Figs. 5.9 and 5.11, respectively) Rg = Rgy, the argument

of the square-root term is always positive, and Eq. 5.100 can be rewritten as

% |Ea(pa = Du/2)| = [Ea(pa= Dun/2)| [DEO(PA = Du/2)

1 ‘2 Rry pf /X
Rry Rry + pft

] . (5.101)

For Geometries IT and IV (see Figs. 5.10 and 5.12, respectively) Rgr = Rgr, (where
Rpgy, is the distance between points R and L), the argument of the square-root term

is always negative, and Eq. 5.100 is rewritten as

dpa |Ea(pa = Dp/2)| = [Ea(pa= Dg/2)| [DAQO(PA = D3p/2)

1 4‘2 Rz, PR/

+

] . (5.102)

Rpr, Rrr, + pl

As a case study, to confirm the validity of the formulation derived in this section,
the results were applied to the CG III of Fig. 4.7b, originally with Dy, = 100\.
Note that the feed/subreflector combination of this configuration was previously
analyzed at the end of Sect. 5.4.2. The objective of the present example is to obtain
the aperture electric field of this antenna (using the MoM formulation of Chapter 2)
and verify how well the formulation of this section compares with the actual results.
To only account for the contribution associated with the subreflector scattering to
the aperture field, the aperture plane was placed close to the main reflector (see
Fig. 5.15) and the main-reflector surface was continuously extended from p4 = 0 to

5.75) and from p4 = 50 to 55\ (in order to reduce the effects associated with the
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Figure 5.15: Geometry of the CG III with Dg = Dp = 11.5), £, = 60, |0g| = 30°,
and Main Reflector Extended from p4 = 0 to 5.75\ and from p4 = 50 to 55\.
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main-reflector-edge diffraction). For similar reasons, the feed direct illumination
towards the main reflector was removed. The antenna was excited by the the
RCF model (Eq. 4.59) with h = 8.8043 (Fi,p = —11 dB). Furthermore, only the
main-reflector currents (obtained from the MoM analysis) were used to calculate the
electric field at the aperture plane (located at z = 12.33), as illustrated in Fig. 5.15).
As an Z-polarized RCF model is used, the aperture electric field is mainly linearly
polarized in the z-direction. In Fig. 5.16 the xz-component of the aperture electric
field is plotted for both E- (¢ = 0°) and H- (¢ = 90°) planes, together with the GO
results (up to ps = 50, the original main-reflector outer rim). The GO aperture
phase is equal to 61.2° as £, = 60A, &5 = w, and the present aperture plane is
located at » = 12.33\. From Fig. 5.16a one observes that the actual aperture
illumination at ps = 50\ is about 6 dB below the GO one (for both E- and H-
planes), as expected from Eq. 5.91. The oscillatory behavior of the aperture field is
caused by the interference of the various diffraction contributions to the GO field
(primarily the subreflector-edge diffraction). This interference is specially strong at
the main-reflector center, where the whole subreflector-rim diffraction has a caustic.

The aperture-field amplitude slope at ps = 50\ is obtained from Eq. 5.101.
For the present geometry, Eqgs. 4.41-4.43 yield pf = —6.56\ and Rgy = 55.8).
From Eq. 5.95, D§9(pa = 50)\) = —0.0598/\. Finally, from Eq. 5.101 the slope is

predicted to be equal to —1.1 dB/A, which is about the result observed in Fig. 5.16a.
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5.6 Design of a Shaped Axially-Symmetric Cassegrain Con-

figuration

In the present section the formulation described throughout this work is applied to
the design of a representative axially-symmetric Cassegrain antenna (Geometry I).
The main reflector is required to have Dy, = 100\ with an F'/D ratio of about 0.3,
in which case £, =~ 60\. In order to work in a realistic application, the design aims
the satisfaction of the ITU requirements (Eq. 5.20) over at least 90% of the antenna

radiation pattern, together with the maximum possible antenna efficiency.

5.6.1 Feed Structure

The design starts by determining the feed structure to be used. To provide a
circularly-symmetric feed pattern, a corrugated horn is adopted [37]-[39]. Its di-
mensions are chosen such that the feed spillover must not increase the antenna
pattern beyond the required envelope (as discussed in Sect. 5.4.1), while offering
negligible blockage to the subreflector radiation. From Sect. 4.6.1, it was observed
for the present Geometry-I configuration that the feed blockage is avoided by keep-
ing the horn relatively far from the subreflector, in which case a relatively high-gain
horn aperture must be used for proper subreflector illumination. The horn design
(the details are beyond the scope of the present work) was accomplished with the

help of Ref. [39] and the EFIE/MoM technique discussed in Chapter 3. The chosen
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feed configuration is illustrated in Fig. 5.17, with a flare half-angle of 8° and an
aperture diameter of 3\. The flare corrugations are simulated by and anisotropic
IBC (given by Eqgs. 3.178 and 3.179 with w = 0.05), § = 0.025, and ¢ = 0.27)),
placed over the internal wall of the horn flare. The excitation is provided by the
Z-polarized fundamental TE}; mode of the circular waveguide (diameter of 0.64)),
as discussed in Sect. 3.2.4 (the modal sources are located 2 to the right of the
waveguide end-wall). Another IBC (given by Egs. 3.165 and 3.166) is placed over
the waveguide end-wall to simulate a matched load for the feed. Although the
IBC corrugation simulation precludes the accurate evaluation of the return loss (as
observed in Sect. 3.6.2), in here the only concern regards to the radiation char-
acteristics of the horn. The MoM analysis of the feed structure indicates that its
phase center is located about 9.62\ away from the horn-flare vertex, as indicated
in Fig. 5.17. For all following results to be shown, the coordinate-system origin is

assumed at this location, with the z-axis aligned with the feed boresight direction

The feed far-zone pattern obtained from the MoM analysis (carried out with
several dummy observation segments to avoid any resonance problem, as discussed
in Sect. 3.2.5) is illustrated in Fig. 5.18. This figure also shows the ITU envelope
(Eq. 5.20) and the pattern of the RCF model (Eq. 4.59) that better simulates the
actual feed radiation (h = 16). This RCF model was the one discussed at the end

of Sect. 5.4.1, where it was determined that #r =~ 30° in oder to provide the best
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Figure 5.17: Geometry of the Cassegrain Horn Feed with Corrugations Simulated
by an IBC.
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subreflector illumination with reduced feed spillover. However, from Fig. 5.18 one
notices that the actual feed radiation is uncomfortably close to the ITU envelope
in the region 30° < # < 50°, which may create envelope-violation difficulties when
the feed spillover is combined with the dual-reflector scattering. To provide some
margin against these difficulties, the subreflector edge is then specified at 6 = 35°
(Fip = —27.7 dB). Also, notice that Eq. 5.55 indicates that the subreflector-edge

diffraction will provide a 6 dB drop on the feed spillover at § = 35°.

5.6.2 Classical Dual-Reflector Geometry

The best starting point for the reflector design process is from a generalized classical
geometry, for which closed-form design equations are available in Chapter 4. At the
present stage, the subreflector and blockage diameters (Ds and Dp, respectively)
are still undetermined. Similarly as done in Sect. 4.6.1, with Dy = 100A, £, = 60,
0 = 35°, Fi,, = —27.7 dB, and assuming Dg = Dp, the best efficiency 1 (around
61%) was obtained for 10A < Dg < 30A. This efficiency is unnecessarily small
and will be increased later by shaping the reflector surfaces. Bearing this in mind,
one notices that the present feed offers a highly tapered illumination towards the
subreflector edge, which reduces the subreflector effective area. Although it is
desirable to use the smallest possible subreflector (to reduce the aperture blockage),
in this case a Dg = 15\ will be selected in order to increase the subreflector effective

area and hence allow more control of its scattering. Furthermore, to accomplish
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the largest possible area for the illuminated aperture, Dg = Dg. The generalized
classical geometry corresponding to the above dimensions is obtained from Sect. 4.2
and illustrated (in scale) in Fig. 5.19 together with the horn feed. To enhance
the front-to-back ratio of the antenna pattern, the central portion of the main
reflector (represented by a dashed line in Fig. 5.19) is closed by extending the
corresponding surface. To reduce the numerical burden of the MoM analysis, the
circular waveguide of the feed structure was not extended through the main-reflector
surface and its geometry remains the one illustrated in Fig. 5.17. Accordingly
to GO, it can be observed from Fig. 5.19 that the feed aperture does not block
the subreflector-reflected rays. However, the several diffraction mechanisms will
ultimately produce electromagnetic radiation towards the feed.

To better understand the radiation characteristics of the antenna, its analy-
sis (always applying the MoM technique) is conducted below on an incremental
basis in order to identify the origin of each diffraction mechanism. The feed far-
zone radiation was already covered in Sect. 5.6.1. The next step is to analyze the
feed /subreflector combination. Two analysis are performed: one with the actual
horn feed and another using the RCF model (RCF /subreflector), in order to deter-
mine the diffraction effects associated with the subreflector illumination upon the
feed structure. The results are shown in Fig. 5.20. The discrepancies observed at
the subreflector shadow region (f < 35°) between Figs. 5.20a and 5.20b are due to

the fact that the RCF model does not satisfy Maxwell’s equations [58] (as previously
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Figure 5.19: Classical Configuration (CG I) with Dy, = 100\, Dg = Dp = 15,
£, =60, and g = 35°.
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mentioned in Sect. 2.4). Consequently, when its field is added to the one radiated
by the induced subreflector currents, the result is grossly incorrect behind the sub-
reflector. Nevertheless, the RCF /subreflector combination has enough accuracy at
regions where the feed illumination is negligible or not present, as noticed from the
results at the subreflector reflection region (107° < # < 180°). The discrepancies
around 6 = 180° between Figs. 5.20a and 5.20b are associated with the feed block-
age, which is not considered when the RCF model is used. It can also be observed
that the feed (6 = 35°) and subreflector (f = 107°) spillovers do not present great
concerns to the envelope requirements for this configuration. A significant obser-
vation from the present results is the approximately —15 dBi radiation envelope
over 60° < § < 100° in Fig. 5.20a. Since the feed pattern over this region is below
—22 dBi (see Fig. 5.18a), the level increase on going from Fig. 5.20b to Fig. 5.20a
is primarily caused by the subreflector scattering towards the feed external wall
(specially for the H-plane, as expected, since the electric field is tangent to the feed
external surface at this plane).

Similarly to what as done at the end of Sect. 5.5, Fig. 5.21 shows the Z-polarized
aperture electric field of the present configuration at both E- and H-planes, where
the amplitude results are normalized with respect to the peak of the GO aperture
electric-field amplitude (9.69 x 107> V/\ in the present case). The analysis was
performed with the RCF model (to remove the feed blockage) and only the main-

reflector induced currents (calculated from the MoM analysis) were used to obtain
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the aperture field (located at z = 0). In this example, as the main reflector was not
extended beyond ps = 50, oscillations caused by the main-reflector-edge diffrac-
tion are present near p4 = 50A. The GO aperture phase is equal to 0°, as £, = 60\
and & = 0. The results show the poor aperture illumination provided by the clas-
sical geometry, which causes the low antenna efficiency (1 = 61%, from GO). From
Eq. 5.101 [where pE = 9.08)\, Rry = 44.49\, and DG°(pa = 50)) = —0.149/)
for this geometry| the roll-off of the aperture illumination at p4 = 50\ is predicted
around —2 dB/\, which is about the result obtained from Fig. 5.21a (averaging the
oscillations).

The next step is the analysis of the complete geometry (see Fig. 5.19). The
antenna far-zone patterns are shown in Figs. 5.22 and 5.23, where the co- and
cross-polarizations are defined accordingly to Ludwig Third definition [45]. In
Fig. 5.22 the radiation patterns are plotted for § < 20°, together with the GO
aperture pattern (obtained from Eq. 4.62) and the ITU envelope. As previously
mentioned in this section, the discrepancies observed between Figs. 5.22a and 5.22b
are primarily caused by the fact that the RCF model violates Maxwell’s equations.
From Fig. 5.22a, the antenna gain is 47.64 dBi (n = 59%), which is approximately
equal to the gain obtained from the GO aperture radiation (47.83 dBi, n = 61%)).
Actually, Fig. 5.22a shows that the GO results are almost identical to the MoM ones
up to the second sidelobe region (f < 4°). As previously discussed at the end of

Sect. 5.2, the low aperture illumination at p4 = 50\ (see Fig. 5.21) reduces the first
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sidelobe level (about 19 dB below the main-beam level) almost down to the ITU
envelope. However, this is accomplished in association with an extremely reduced
aperture efficiency, which is not tolerable. Furthermore, Fig. 5.22a shows that the
cross-polarization peak is about 34 dB below the main beam, which is approxi-
mately the polarization isolation provided by the corrugated horn (see Fig. 5.18a).
In Fig. 5.23 the radiation patterns over the complete #-range are plotted together
with the ITU envelope. It can be observed from this figure that, as expected from
Fig. 5.20a, the feed and subreflector spillovers do not significantly violate the en-
velope requirements. Furthermore, the results of Figs. 5.20b and 5.23b (where the
RCF model is used) indicate that the subreflector edge diffracts the main-reflector
radiation (with a stronger effect at the E-plane, as expected), which increases the
antenna radiation levels up to —20 dBi over 60° < # < 100°. This subreflector
diffraction and the scattering by the feed structure (previously determined around
—15 dBi) add to about —11 dBi over the corresponding region, as observed from

Fig. 5.23a.

5.6.3 Shaped Dual-Reflector Geometry with a Uniform Aperture

Illumination

The classical geometry analyzed in the previous section has low efficiency as its
major drawback. This is caused by its poorly illuminated aperture. The aperture

illumination must then be improved, which is accomplished by shaping both reflec-
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tor surfaces to provide an almost uniform illumination over the unblocked aperture
region (Dp/2 < pa < Dy/2). However, this arouses some concerns about the re-
quired envelope specifications as the higher illumination of the aperture edges will
consequently increase the subreflector spillover and the wide-angle radiation levels.
To better understand these effects, the present section concentrates on the analysis
of a shaped configuration with a prescribed uniform field distribution over its un-
blocked aperture area, to provide the maximum possible efficiency. The analysis is
carried out in a step-by-step basis, similarly to Sect. 5.6.2.

The aperture illumination is specified by Eqgs. 5.1 and 5.12 with fg = fyy =1
and fp = fi, = 0. Consequently, ap = ay = 0, pins = Dp/2, and pegz = Dar/2
from Eqs. 5.13-5.16. The shaped configuration is obtained from the formulation
of Sect. 5.3 with f(p4) given by Eq. 5.12 (under the above circumstances), g(fr)
given by the circularly-symmetric RCF model (Eq. 4.59) with h = 16, Dy, = 100,
fr = 35°, and Dg = 15A. The desired value of Dg = 15X\ is accomplished by
setting £, = 57.54\ and Vg = 7.52) (starting from the classical geometry adopted
in Sect. 5.6.2). Similarly to what as done in Sect. 5.6.2, the central main-reflector
region is generated by quadratic interpolation over the last three main-reflector
points (located near ps = 7.51). The resulting configuration is illustrated (in scale)
in Fig. 5.24. The predicted GO efficiency of the present geometry is n = 98%.

The results of the MoM analysis of the feed /subreflector combination are shown

in Fig. 5.25 for both E- and H-planes. The general characteristics of these results
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Figure 5.24: Shaped Configuration (SG I) for a Blocked Aperture Uniformly Illumi-
nated with Dy = 100)\, Ds =Dp= 15)\, go = 5754)\, 0E = 350, and Vs = T7.52).
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are as discussed in Sect. 5.6.2 for Fig. 5.20, except for what follows. Now one
observes from Fig. 5.25 that the subreflector spillover around the associated reflec-
tion boundary (f = 105°) will increase the antenna pattern beyond the required
envelope at this region. Although the main-reflector-edge will provide an extra
6 dB taper to the subreflector radiation (the associated mechanisms are similar
to those discussed for the subreflector-edge diffraction throughout Sect. 5.4), since
the feed/subreflector radiation levels at § = 105° are about 6 dBi (see Fig. 5.25)
the subreflector-spillover contribution is still expected to violate by approximately
10 dB the required envelope (which enforces a maximum of —10 dBi at this region).
Also, as the feed radiation is uniformly distributed over the unblocked aperture re-
gion, the subreflector scattering towards the feed external wall is slightly reduced
(compare Figs. 5.20a and 5.25a at 60° < 6 < 90°).

Figure 5.26 shows the Z-polarized aperture electric field of the present config-
uration on both E- and H-planes, where the results are normalized with respect
to the peak of the GO aperture electric-field amplitude (4.98 x 103 V/X for this
configuration). The MoM analysis of the aperture fields was conducted in the
same way explained in Sect. 5.6.2 (the aperture plane is at z = 0 and the RCF
model is employed). Again, oscillations are observed for the aperture electric field
near ps = 50\, which are caused by the main-reflector-edge diffraction. The GO
aperture phase is equal to 166°, as £, = 57.54\ and ®5; = 0. For the present con-

figuration, it is determined that pR = —44.38) and Rgy = 43.95), indicating that
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the subreflector caustic in the plane of incidence is extremely close to the back of
the main reflector. As the GO and GTD approximations are violated close to a
caustic, Eq. 5.101 can not be used to predict the aperture-illumination roll-off. The
presence of this caustic close to the main reflector surface can be understood from
Eq. 5.86. As the feed illumination towards the subreflector edge is extremely low
and the GO shaping requires a uniform aperture illumination, the term Ry + pR
must tend to zero in Eq. 5.86.

The analysis of the complete geometry illustrated in Fig. 5.24 is now conducted.
The far-zone patterns of the antenna are shown in Figs. 5.27 and 5.28. In Fig. 5.27
the radiation patterns are plotted over § < 20°, together with the GO aperture
pattern (obtained from Eq. 4.62) and the ITU envelope. Once more, the RCF
results in Fig. 5.27b violate Maxwell’s equations. From Fig. 5.27a, the antenna gain
is 49.44 dBi (n = 89%), corresponding to an efficiency 9% below the one obtained
from the GO analysis. Most of this difference in efficiency is caused by the backward
subreflector-spillover losses, which are not present in the GO analysis. Nevertheless,
one observes from the same figure that the GO aperture pattern is capable of
predicting extremely well the initial sidelobes of the antenna radiation. Comparing
Figs. 5.22a and 5.27a, it is also noticed that the uniform aperture illumination
provides a narrower half-power beam width (0gppw =~ 0.3°) and a higher first-
sidelobe level (32.97 dBi, about 16.5 dB down the main-beam level) with respect

to the classical geometry. However, the ITU requirements are still met over 90%
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of the radiation pattern shown in Fig. 5.27a. The cross-polarization peak is still
34 dB below the main beam. The pattern over the complete #-range is shown in
Fig. 5.28. As expected from the previous discussion of Fig. 5.25, it is observed
from Fig. 5.28 that the feed spillover causes an approximate 10 dB violation of the
required envelope around # = 95°. Furthermore, Figs. 5.25b and 5.28b (where the
RCF model is used) indicate that the subreflector edge diffracts the main-reflector
radiation (with a stronger effect at the E-plane, as expected), increasing the pattern
levels up to about 0 dBi over 50° < 6 < 80°. As this effect is much stronger than
the one associated with the subreflector scattering towards the feed external wall
(see Fig. 5.25), the results of Figs. 5.28a and 5.28b are practically identical over the

corresponding region.

5.6.4 Final Shaped Dual-Reflector Geometry Design

The results of the previous section indicate that, although the uniform aperture
illumination provides a higher efficiency, the subreflector spillover and the main-
reflector radiation towards the subreflector edge preclude the accomplishment of
the required sidelobe envelope. A new shaped-reflector configuration must then
be obtained by specifying its aperture illumination in order to reduce the above
mentioned effects while providing a satisfactory antenna efficiency. In this section,
the formulation presented throughout this work is adopted to this task. On doing

so, some estimates need to be performed and their results are then compared to the
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actual values, which are obtained after the final design and analysis of the present
configuration.

The subreflector spillover is reduced by implementing a higher roll-off of the
subreflector radiation directed towards the main-reflector rim. From Eq. 5.85, one
observes that this could be accomplished by allowing Ry + plt. — 0. However,
this condition places the subreflector caustic near the main-reflector surface (as
discussed in Sect. 5.6.3), and the GTD approximation used to derive Eq. 5.85 is
violated (near the caustic). So, the alternative approach (which will be proven to
be the correct choice) is to increase the magnitude of pft (see Eq. 5.85). Physically,
this can be understood as moving the caustic associated with pft away from the
subreflector, in which case the rays reflected by the subreflector near point R leave
this surface almost parallel to each other. This scattering resembles a plane-wave
propagation, and the large roll-off is then naturally obtained.

As mentioned at the end of Sect. 5.4.2, pf can be controlled from Egs. 5.86—
5.88, with the help of the two configurations previously analyzed in Sects. 5.6.2 and
5.6.3. From Eq. 5.86 and assuming that p® — oo, the condition to achieve the

desirably high roll-off is then given by

R
‘ P (5.103)

Rru + pR

‘EEO(PA = Dy /2)

Since Dy, = 100\, Dg = 15), and estimating 6, =~ —74° from the last two geome-

tries (the actual value for the final configuration is 8, = —73.9°), Egs. 5.87 and 5.88
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give Ry ~ 44.21) and p& = 7.80), respectively (their actual values are 44.23) and
7.81), respectively). The feed electric field Er(8r = 0g) is directly obtained from
the RCF model of Eq. 4.59, where h = 16, 0 = 35°, and rr = Ror = 13.08X for
the present case, yielding |Er(0r = 35°)| = 3.14 x 1072 V/A. Finally, the substitu-
tion of these values into Eq. 5.103 yields |[ESC(pa = 50))| &~ 1.22 x 1073 V/), the
required condition to obtain a large value for pf. The actual value of pft, obtained
after the accomplishment of the final configuration, is about 275\.

The desired illumination taper at ps = 50X is then determined from the above
result and Egs. 5.1 and 5.12, once |E,| is known (|E,| is the peak of the GO
aperture electric-field amplitude, accordingly to Egs. 5.1 and 5.12). This is accom-
plished by estimating |E,| as the average between the peak values obtained from
the previous configurations of Sects.5.6.2 and 5.6.3, which are 9.69 x 107> V/\ and
4.98 x 1073 V/, respectively. The estimated value of |E,| is then 7.34 x 1072 V/\
(the analysis of the present configuration indicates that |E,| = 6.55 x 1072 V/\).
Since |E,| ~ 7.34 x 1072 V/X and |E$9(ps = 50))| =~ 1.22 x 1072 V/}A, then
the desired illumination taper at p4 = 50X is about 15 dB. The derivative of the
aperture illumination at this region will be determined later.

The main-reflector radiation towards the subreflector edge is controlled by spec-
ifying the blockage diameter Dp and the corresponding aperture illumination at
pa = Dp/2. However, no closed-form equations are available for this task. So,

with Dg = Dg = 15, the aperture taper at p4 = 7.5\ was arbitrarily set to 20 dB,
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which yielded an antenna configuration that did not meet the required specifica-
tions. Afterwards, Dp was then arbitrarily increased to 20\, which finally provided
the desired pattern after some cut-and-try.

The derivatives of the aperture illumination at ps = 10\ and 50\ are estab-
lished in order to control the sidelobe levels of the antenna radiation pattern. From
Figs. 5.22a and 5.27a, it was observed that the GO aperture far-zone pattern ob-
tained from Eq. 4.62 accurately predicts the sidelobe characteristics close to the
main beam. So, with the aperture tapers at p4 = 10\ and 50\ previously estab-
lished as 20 dB and 15 dB, respectively (corresponding to fg = 0.1 and fp; = 0.1778
in Egs. 5.12-5.16), Egs. 4.62, 5.1, 5.7, and 5.12-5.16 were numerically implemented
to obtain the desired values of f = 0.03/X and fj, = —0.041/X for the aperture
field derivatives at p4 = 10X and 50, respectively. The above parameters yield the
GO aperture illumination previously depicted in Fig. 5.2a, with the corresponding
far-zone radiation pattern shown in Fig. 5.2b, from where one observes that a large
margin with respect to the envelope requirements is obtained.

However, it was established in Sect. 5.5 that the subreflector-edge diffraction
affects the actual aperture illumination and, consequently, the sidelobe-envelope
decay (and this effect should be included in the design process). From Eq. 5.91
it is observed that the subreflector-edge diffraction reduces by about 6 dB the
aperture illumination expected from the GO at ps = 50\. This indicates that (with

the help of the sidelobe-envelope expression given by Eq. 5.7) the edge diffraction
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positively contributes to the faster decay of the sidelobe envelope. From Eq. 5.101,
since pft. — oo and Rpy ~ 44.21), the edge-diffraction effect to the aperture field
derivative at p4 = 50 is negligible.

The final shaped configuration is obtained from the formulation of Sect. 5.3
with the aperture distribution specified by Egs. 5.1 and 5.12 and Fig. 5.2a, the
feed illumination given by Eq. 4.59 (with A = 16), Dy = 100\, 8 = 35°, and
Dpg = 20). The desired value of Dg = 15\ is accomplished by setting £, = 58.85\
and Vs = 7.82)\ (starting from the geometry discussed in Sect. 5.6.3). The end
result is depicted (in scale) in Fig. 5.29, with the main-reflector central region ex-
trapolated using the approach of Sect. 5.6.3. The GO efficiency of this configuration
is predicted to be = 82%.

The far-zone radiation patterns of the feed/subreflector combination are shown
in Fig. 5.30. This figure demonstrates the accomplishment of a large roll-off for the
pattern near the subreflector reflection region (6 = 106°), where the gain is about
—5 dBi. This large roll-off then reduces the losses and the sidelobe levels associated
with the backward subreflector spillover. Furthermore, since the main-reflector
edge is expected to provide an extra 6 dB taper to the subreflector radiation, the
subreflector spillover is not a concern to the required envelope anymore. Also, from
Figs. 5.20a, 5.25a, and 5.30a one observes that all three configurations have the

subreflector scattering towards the feed radiating approximately the same levels
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Figure 5.29: Final Shaped Configuration (SG I) with Dy, = 100\, Dg = 15,
Dp = 20\, £, = 58.85), O = 35°, and Vg = 7.82)\.
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(around —16 dBi in the present case) over 60° < 6 < 100°, indicating that this
effect still does not produce high sidelobes.

The aperture electric field (analyzed as in Sects. 5.6.2 and 5.6.3) is illustrated
in Fig. 5.31, where the results are normalized with respect to the peak of the GO
aperture electric-field amplitude (6.55x 1072 V/)). The GO aperture phase is equal
to 54.3°, as £, = 58.85) and ®¢ = 0 (the aperture plane is still at z = 0). Again,
the oscillatory behavior caused by the diffraction mechanisms is observed. Finally,
Figs. 5.32 and 5.33 show the far-zone patterns of the complete antenna. From
Fig. 5.32a the antenna gain is evaluated to be 49.00 dBi (n = 80%), corresponding
to an efficiency just 2% below the one obtained from the GO analysis (as the
losses associated with the backward subreflector spillover have been tremendously
reduced). It is also observed from this figure that the final configuration has a
half-power beam width of about 0.3° and its first sidelobe and cross-polarization
peaks are approximately 13 dB and 43 dB below the main-beam level, respectively.
Finally, Figs. 5.32 and 5.33 show that the ITU requirements have been met over
90% of the radiation pattern.

The above design process of an axially-symmetric Cassegrain antenna illustrates
the usefulness of the rigorous analysis toll provided by the EFIE/MoM technique
(which was detailedly discussed in Chapters 2 and 3) and, specially, the closed-form

design equations provided in Chapters 4 and 5.
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Figure 5.31: Aperture Electric Field z-Component of the Final Shaped Geometry
in the E- (¢ =0°) and H- (¢ = 90°) Planes.
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Far-Zone Patterns of the Final Shaped Geometry at 0° < 6 < 20°.
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Chapter 6
CONCLUSION

Axially-symmetric dual-reflector antennas offer high performance with relatively
simple and cost-effective geometries. This fact makes then specially attractive for
several applications (e.g., radio astronomy, satellite and mobile communications,
radar, remote sensing, etc.). Traditionally these antennas have been designed using
Geometrical Optics (GO), and further refined and analyzed using the Physical Op-
tics (PO) and/or Geometrical Theory of Diffraction (GTD) techniques. Although
excellent results are provided by both PO and GTD techniques in most cases (par-
ticularly for large-reflector configurations), they can not accurately model the mu-
tual couplings among the several antenna components, specially the ones associated
with the feed structure. These effects are known to reduce the overall antenna effi-
ciency and increase the sidelobe levels of the radiation pattern. As current technol-
ogy trends push for even higher communication-system efficiencies, more stringent
requirements are constantly being imposed on the performance of reflector anten-
nas. This creates the need for their rigorous modeling, to allow the designer less

error margin. Fortunately, modern computational advances permit the entire analy-
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sis of axially-symmetric dual-reflector configurations (including the feed structure)
using integral-equation techniques, as discussed in this dissertation. These tech-
niques can be used to predict the antenna electrical characteristics with extremely
high accuracy, yielding an entirely computer-based design and, consequently, avoid-
ing the costs and hassles associated with laboratory cut-and-try. This dissertation
presented a detailed formulation for the rigorous analysis of axially-symmetric dual-
reflector antennas based on the Electric Field Integral Equation (EFIE), which was
numerically solved by the Method of Moments (MoM) technique. Also, useful
guidelines and closed-form equations were derived for the design of these antennas.

Initially, the EFIE/MoM technique for perfectly conducting bodies of revolution
(PEC BOR) was discussed in Chapter 2, enabling the analysis of axially-symmetric
reflector antennas excited by a spherical-wave point source located at the symmetry
axis. Afterwards, the formulation was enhanced in Chapter 3 in order to accom-
modate a circularly-symmetric feed structure into the reflector-antenna analysis.
The feed excitation was provided by equivalent sources located inside the feed cir-
cular waveguide and specified to excite only the fundamental TE;; mode towards
the boresight direction. Also, Impedance Boundary Conditions (IBC) were used to
simulate corrugated horns and matched loads for the feed. Furthermore, complete
expressions for the radiated near- and far-zone fields were derived. The formulation
presented in Chapters 2 and 3 provides the necessary tools to rigorously evaluate

the electrical characteristics of axially-symmetric reflector antennas (e.g., radiation
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pattern, gain, return loss, etc.) with a single computer run. The application of
IBC to characterize the horn corrugations proved to yield extremely accurate pre-
dictions of the feed radiation. However, the IBC must be judiciously applied to the
precise determination of the feed return loss, as the corrugation simulation does not
accurately model the mode conversion at the horn throat. In this case, the correct
description of the actual corrugated geometry is highly recommended.
Nevertheless, the above mentioned analysis procedure has some drawbacks that
should be further investigated in future studies. The present formulation only
allows the analysis of mono-modal feed structures (in practical antenna applications,
most of the feeds used fall into this category). A more efficient way to handle
the feed analysis is accomplished by the scattering matrix technique [46], which
requires a somewhat more involved implementation. Also, the combination of the
Electric and Magnetic Field Integral Equations can be incorporated for the feed
analysis, which can overcome the hassle associated with the dummy observation
surfaces used to prevent the internal resonances (previously discussed in Chapter 3).
Furthermore, the present EFIE/MoM formulation does not consider the presence
of the supporting struts in the antenna analysis. Although previous works have
dealt with this particular problem by approximating the struts as infinitely thin
wires [17] or strips [33], the rigorous modeling of struts with arbitrarily shaped cross

sections still remains undone. The present analysis technique can also be enhanced
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to accommodate the possible presence of axially-symmetric dielectric bodies (e.g.,
radomes, dielectric cones, dielectric coatings, etc.) in the antenna system [59],[60].

The most commonly encountered axially-symmetric dual-reflector antennas are
the classical Cassegrain and Gregorian, in which case part of the main-reflector
energy is radiated towards the subreflector, causing efficiency loss and increase of
the sidelobe levels. This problem may be reduced by either shaping the reflec-
tor surfaces or by using alternative classical configurations where (under a GO
perspective) the main-reflector scattering towards the subreflector is minimized.
Both possibilities were considered in this dissertation. The antenna design process
started in Chapter 4 by presenting the only four possible classical axially-symmetric
dual-reflector configurations that reduce the subreflector illumination by the main-
reflector radiation while providing a uniform phase distribution for the aperture
field. Applying GO principles, general closed-form design equations were derived,
together with the associated aperture electric fields. The formulation enabled a
parametric study of these configurations (yielding high-frequency upper bounds),
and it was determined that efficiencies beyond 90% can be accomplished by some
geometries. Although higher efficiencies are obtained with shaped geometries, the
generalized classical configurations (and the corresponding closed-form equations)
provide useful insights for the design process, besides being an excellent starting

point for the shaping procedure.
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The maximum possible (theoretical) efficiency is obtained with a uniform aper-
ture field distribution, both in amplitude and phase. However, depending on the
particular application and the associated requirements, the use of a uniform ampli-
tude distribution may create intolerable sidelobe levels. The antenna must then be
designed to satisfy the required sidelobe envelope while providing the highest pos-
sible antenna efficiency, and this topic was treated in Chapter 5. To this purpose,
a convenient amplitude distribution for the aperture field was proposed, which is
capable of controlling the sidelobe-envelope decay while yielding high efficiencies.
To accomplish the proposed amplitude distribution together with a uniform-phase
aperture illumination, an effective GO shaping scheme was presented.

Chapter 5 also investigated the impacts of the forward feed spillover and the
backward subreflector spillover on the antenna pattern, using GTD asymptotic ap-
proximations. The study yield useful insights to define the minimum required feed
illumination towards the subreflector edge in order to prevent the forward spillover
from violating a particular sidelobe envelope. Also, closed-form expressions were
obtained for the specification (before the reflector shaping) of the aperture illumi-
nation to accomplish a large roll-off for the subreflector radiation and, consequently,
to reduce the backward spillover. Furthermore, the effects of the subreflector-edge
diffraction on the aperture illumination were also discussed. However, as the tip
diffraction is negligible when compared to the edge one [53], this dissertation did

not consider the diffraction effects caused by the subreflector vertex, a topic left
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for future works. Finally, as a case study, the complete formulation developed
in this dissertation was employed in the design and analysis of a shaped axially-
symmetric Cassegrain configuration with main- and subreflector diameters of 100
and 15 wavelengths, respectively. The design yield and antenna configuration with
80% radiation efficiency and satisfying the current ITU sidelobe-envelope require-

ments for earth-station antennas operating with geostationary satellites [41].
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