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This paper presents analytical and numerical results on the
sample size required to achieve a specified root mean square
(rms) error in estimating error rate for flat fading channels hav-
ing complex Gaussian statistics. The analysis shows that for the
large sample sizes normally used in estimating error rates,k,
the required sample size normalized to the required sample size
for independent symbol fading, can be expressed in the form
k = 1+ d� whered is the symbol rate normalized to the Doppler
spread of the channel. For a given modem,� is a function of the
error probability and the order of diversity. It is shown that if the
Doppler spread measure used is proportional to the rms Doppler
spread,� will be relatively insensitive to the shape of the Doppler
power spectrum.1 Numerical results are presented forLth order
diversity reception of binary phase shift keying (PSK), differential
PSK, and frequency shift keying (FSK) signals and for five different
Doppler power spectra. Ideal maximal ratio combining is assumed
for the PSK modem, and square law combining is assumed for the
DPSK and FSK modems.

Keywords—Error analysis, error rate, fading channels, mea-
surement errors.

I. INTRODUCTION

In attempting to measure the error rate for data transmit-
ted over a live or simulated fading channel, it is important
to know how large a transmitted symbol sample size is
required to keep the fractional root mean square (rms) mea-
surement error below a specified value. Not infrequently,
experimenters use rules of thumb based upon nonfading
channels in which the symbol decision variables are in-
dependent. The utility of such rules for fading channels is
questionable since, unless considerable interleaving is used,
the symbol decision variables are statistically dependent.
There do not appear to be available analytical or numerical
results on error-rate measurement errors for fading channels
from which rules of thumb may be obtained. This paper
takes a first step toward filling the gap.

Manuscript received September 3, 1997; revised January 29, 1998. This
work was supported in part by the U.S. Department of Defense under
Contract MDA904-95-C-2078.

The author is with BELLO, Inc., Needham, MA 02194 USA.
Publisher Item Identifier S 0018-9219(98)04242-X.
1Doppler power spectra with infinite rms Doppler spread exist, such as

the spectrum of a first-order Markov process. While numerical results are
presented for the first-order Markov process, no general conclusions are
proposed for the case of infinite rms Doppler spread.

Analytical and numerical results are obtained on the rms
error in estimating the raw (i.e., uncoded) bit error rate in
transmission of digital signals over fading channels using
diversity combining. It is assumed that the diversity
channels are flat fading, change little over the time duration
of a symbol, and fluctuate independently with the same zero
mean complex Gaussian statistics. Some general results are
presented in Section II. These are specialized in Section III
to binary phase shift keying (BPSK) with maximal ratio
combining and to binary differential phase shift keying
(BDPSK) and frequency shift keying (FSK) with square law
combining. Numerical results are presented in Section IV.

II. A NALYSIS

To estimate the error rate, we form the frequency ratio

(1)

where is the time between successive symbols,is the
number of symbols transmitted in the measurement interval

, is the number of bits/symbol (for simplicity
is assumed to be an integer), and is a discrete

random variable taking on the valuewhen the th symbol
is demodulated correctly and the value when the th
symbol is demodulated incorrectly with bit errors.

Due to fading, the random variables
are correlated. The mean value ofis given

by

(2)

where is the bit error probability averaged over both the
fluctuations of the diversity channels and the additive noise.
We consider “frozen channel” averages first, i.e., averages
conditioned on the channel complex amplitudes. Thus

(3)

Under the fading channel assumptions and assuming
maximal ratio or square law combining, the expectation
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in the summand of (3) may be expressed in the form

(4)

where the right-hand side is a function of a composite
signal-to-noise ratio (SNR)

(5)

in which is the energy/bit-to-noise power density ratio
(Eb/No) of the th diversity channel at the time .
Using (4) in (3)

(6)

For BPSK signals and maximal ratio combining

(7)

where is the complementary error function.2 For
BDPSK and square law combining

(8)

in which is the binomial coefficient.
Thus, the probability of bit error averaged over the

channel fluctuations is given by the integral

(9)

where is the probability density function (pdf) of the
random variable . This pdf is the well-known chi-squared
distribution of th order

(10)

is the average value of, i.e., the average Eb/No for the
combined diversity channels.

The average (9) can be carried out analytically in many
cases. For the BPSK case, the result is3

(11)

and for the BDPSK case

(12)

2The expressions forf(
) in (7) and (8) are special cases of the general
results on adaptive multichannel reception first developed by Price [1], [2].
See also Proakis [3, ch. 4] for a recent textbook reference.

3Proakis [3] is a recent text for (11) and (12); see Chapter 7.

From (1), the mean squared value of the error-rate
estimator is given by the expression

(13)

The average in the summand of (13) may be carried out first
with the channels frozen and then over the channel fluctu-
ations. Note that when the diversity channels are frozen,
the variables become statistically
independent nonzero-mean random variables. This two-step
process yields the following expression for, the variance
of the error-rate estimate:

(14)

where

(15)

In the particular case of , .
Using the pdf of [(10)], the last term in (14) is obtained

by evaluating the following integrals numerically:

(16)

(17)

For finite , we can expand the square in the first term
of (14) and separately average the terms in the resulting
double summation. The resulting average can be expressed
in the convenient form

(18)

where

(19)

in which is the common normalized time
correlation function [4] of the diversity channels. This
function is the Fourier transform of the Doppler power
spectrum [4]. is the autocorrelation function of

. Note that and
. It will be evident from the following section that

the expectation in (19) is a function of the magnitude of
the time correlation function.

The fractional rms error may be expressed in the form

(20)
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Fig. 1. Plot of�(�) for BDPSK modem with L= 2 and average
error probability of 10�2.

where

(21)

is the fractional error for the independent case and

(22)

Note that and .
We consider now some approximations to. First, we

note that while the summation in (20) extends to ,
for most cases of practical interest,4 is so large that

and thus will drop to negligible values
for considerably smaller than . Then may be
replaced by one, and the upper limit may be changed to

. We call the resulting approximation to, , the large
approximation

(23)

A further simplification arises when the symbol rate
is large compared to the Doppler spread of the

channel. In this case, will change little over a time
interval , and the summation in (22) can be approximated
by an integral. We call the resulting approximation for,

, the large approximation

(24)

4Cases in which small fractional rms errors are desired and the average
error rate is not inordinately large, e.g.,<.1.

Fig. 2. Plot of�(�) for BDPSK modem with L= 4 and average
error probability of 10�4.

Some interesting behavior can be predicted by expressing
in terms of a Doppler spread normalized time correla-

tion function , in which the channel has unit Doppler
spread and the measure of Doppler spread is proportional
to the rms Doppler spread, i.e.,

(25)

where is the Doppler spread of the channel. Then

(26)

where the parameter is the symbol rate normal-
ized to the Doppler spread. Note that the integral in (26)
is independent of , , and . We will now argue that
the integral in (26), and thus the rms measurement error,
will be relatively insensitive to the shape of the Doppler
power spectrum, provided that the rms Doppler spread is
finite and is proportional to the rms Doppler spread. The
argument is based upon the behavior of , which is
zero at and increases monotonically to its maximum
value at . The numerical results show that most of the
value of the integral in (26) is due to the values of
near and thus to values of near .
It follows that to a first approximation, one may replace

by a Taylor series expansion about . Since
is a function of only, in the expansion,

there is no loss in generality by assuming that the Doppler
power spectrum has been normalized so that it’s centroid is
at zero frequency. Then it is readily shown that the first two
terms in a Taylor series expansion of about is
completely specified by the rms Doppler spread.
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Fig. 3. Comparisons of required sample size for largeK and
larged approximations for L= 1, p = 10

�1.

Using (21) and (23), we may solve for the required value
of —say, —to achieve a specified value of fractional
rms error with the large approximation, as well as the
value of —say, —to achieve the same value offor
the independent case. If we normalize with respect to

, we find that the resulting value is given by

(27)

where the factor

(28)

is independent of . From the arguments given above, we
conclude that for a given modem, is a function of

and and is relatively insensitive to the shape of the
Doppler power spectrum.

For large , the contribution to the fractional rms error
due to independent fading becomes negligible compared to

Fig. 4. Comparisons of required sample size for largeK and
larged approximations for L= 4, p = 10

�4.

that due to the correlated fading. Then

(29)

Thus, for , the fractional rms error is inversely
proportional to rather than , as in the independent
case. This result is intuitively satisfying since the product

is proportional to the number of independent degrees
of freedom in the channel fluctuations for a time interval.

III. SPECIALIZATION TO BPSK, DPSK,AND FSK

In the remainder of this paper, we present numeri-
cal results for BPSK with maximal ratio combining and
BDPSK (and FSK) with square law combining. Numerical
evaluations were carried out for the large and large
approximations. For the range of parameters considered,
there were not significant differences between these two
approximations, so we consider only the largeapproxi-
mation and use instead of to simplify notation.
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Table 1 � for BPSK-Rectangular Spectrum

Table 2 � for BDPSK-Rectangular Spectrum

For

(30)

After using (30) in (26) and then solving for , we find

(31)

From (30), the number of symbols required for the inde-
pendent case is

(32)

We will present results in a form that is independent ofby
normalizing the required number of transmitted samples in
(31) to . The normalized value takes the form (27) where

(33)

The autocorrelation function is given by the
double integral

(34)

where is specified in (9) and (11) for the BPSK
and DPSK cases and is the joint probability
distribution of and . This distribution is given
by5

(35)

5Equation (34) is the generalization of a result of Miller [5] to complex
Gaussian variates.

Table 3 � for BPSK-Gaussian Spectrum

Table 4 � for BDPSK-Gaussian Spectrum

Table 5 � for BPSK-Jakes/Clark Spectrum

for zero-mean complex Gaussian channels, where is
the modified Bessel function of the first kind of order.
For nonzero-mean complex Gaussian channels (i.e., Rician
channels), the corresponding expression is considerably
more complicated (see [5], p. 32), involving an infinite
series. With a sufficiently powerful computer, however, it
is still useful for obtaining numerical results.

The major numerical difficulties are connected with the
accurate computation of

(36)

Once is computed, the numerical evaluation of the
integral in the definition of in (33) for different time
correlation functions may be readily carried out. Figs. 1
and 2 present calculations of for the PSK modem
for and . The
concentration of significant values near is evident.
The calculations show that this concentration lessens as
the error probability increases, regardless of the order of
diversity. Thus, one may expect that the effect of Doppler
spectrum shape on rms measurement error will become less
as the error probability decreases.

IV. NUMERICAL RESULTS

To obtain numerical results, it is necessary to specify the
normalized correlation function . We consider first

BELLO: SAMPLE SIZE REQUIRED IN ERROR-RATE MEASUREMENT 1439



Table 6 � for BDPSK-Jakes/Clark Spectrum

Table 7 � for BPSK-First Order Markov Spectrum

Table 8 � for BDPSK First-Order Markov Spectrum

three different channel time correlation functions corre-
sponding to Doppler power spectra frequently occurring in
wireless channel models: the rectangular power spectrum,
the Gaussian-shaped power spectrum, and the Jakes/Clark
power spectrum. The rms Doppler spreads of each of these
spectra have been chosen identically to test the hypothe-
sis that the rms measurement errors should be relatively
insensitive to the shape of the Doppler power spectrum,
provided they have the same value of rms Doppler spread.
A two-sided width of 1 Hz and resultant time correlation
function

(37)

was chosen for the rectangular power spectrum.
The rms Doppler spread of the unit bandwidth rectangular

power spectrum is Hz. For the Gaussian-shaped
spectrum, the time correlation function is given by

(38)

Table 9 � for BPSK Second-Order Markov Spectrum

Table 10 � for BDPSK Second-Order Markov Spectrum

and for the Jakes/Clark spectrum6 the time correlation
function is given by

(39)

where is the Bessel function of the first kind and order
zero. The rms Doppler spreads corresponding to (38) and
(39) are Hz.

In addition to the above spectra, for completeness, we
consider time correlation functions corresponding to first-
and second-order Markov processes. We present results first
for the three time correlation functions described above that
are more appropriate for modeling wireless channels.

Calculations were carried out for and
. The large approximation

is close to the large approximation even for small
values of , and it becomes better the higher the order of
diversity. As a check, a comparison was made between the
large approximation and the exact result for
(corresponding to fractional error spreads of for a
standard deviation limit). The approximation was found to
be negligibly different for all the cases computed. Figs. 3
and 4 present a comparison of the largeand large
approximations for the BPSK and DPSK modems for two
cases, and ,
assuming the rectangular Doppler power spectrum. We
present computed values ofin Tables 1–6. Tables 1 and
2 apply to the rectangular power spectrum, Tables 3 and
4 to the Gaussian-shaped spectrum, and Tables 5 and 6 to
the Jakes/Clark spectrum.

Comparison of Tables 1–6 verifies that the coefficient
and thus the rms measurement error is particularly

insensitive to the shapes of the three Doppler spectra at
the lower error rates. It is also clear from the tables that
for a given order of diversity, the required sample size

6The Jakes/Clark Doppler spectrum with rms Doppler1=
p
3 is given

by 1=(� 1

6
� f2); jf j � (1=

p
6).
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relative to that for the uncorrelated symbol case decreases
as the desired error probability decreases. A possible ex-
planation is that with the larger SNR’s required for the
lower error probabilities, the errors tend to occur due to
deeper and sharper fades. These sharper fades suggest more
decorrelation between and for fixed .

Another interesting observation is that the required nor-
malized sample size is increasingly smaller as the order
of diversity increases with a more noticeable decrease for
PSK. For PSK, this behavior may be explained from the fact
that with large diversity, the maximal ratio combining used
with PSK has the asymptotic property of converting the
diversity combined channel into a nonfading additive white
Gaussian noise channel. Thus, in the limit of large diversity,
the data symbols will become uncorrelated, leading to no
increase in normalized sample size.

Last, we consider the first- and second-order Markov pro-
cesses. The first-order Markov fading process was chosen
with the time correlation function

(40)

Since the rms Doppler spread for this case is infinite, we
arbitrarily chose to set the 3-dB Doppler spread for this
case equal to that of the Gaussian process. Tables 7 and
8 present the values of for this case. A comparison of
Tables 1–6 with Tables 7 and 8 shows that the rms error
rate measurement errors are substantially less for the same
value of normalized data rate in the case of the first order
Markov process. This is intuitively satisfying since the
slowly decreasing spectral tails of the first order Markov
process in comparison with the other processes suggests
more degrees of freedom, i.e., independence of fading, in
a given time span.

The time correlation function for the second-order
Markov process with an rms bandwidth of is given by

(41)

Tables 9 and 10 present the values offor this case. A
comparison of Tables 1–6 with Tables 9 and 10 shows that

the values of are close, as would be expected, since the
rms bandwidth was chosen the same.
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