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he investigation carried out in this paper was stimulated by a

recent paper published by Love, in which the appropriateness
of the use of the Thévenin and Norton equivalent circuits for a
receiving antenna was questioned [1]. A review of the available
literature led to the conclusion that the limitations inherent in the
Thévenin and Norton equivalent circuits had not been adequately
examined, and this led to the investigation that is reported on in
this paper. The Thévenin and Norton equivalent circuits are useful
in the reduction of the equivalent ¢ircuit for a transmitting-receiv-
ing antenna system to simpler networks that facilitate the evalua-
tion of the received power. One finds in the literature that the cal-
culated power dissipation within these equivalent circuits is often
equated to the reradiated and scattered power from the receiving
antenna {2]. Such calculations are not correct, because power dis-
sipation in the network from which the Thévenin and Norton
equivalent circuits were obtained cannot be made using the
Thévenin and Norton equivalent circuits. However, as we will
show, the Thévenin and Norton equivalent circuits can be used to
find a reradiated electromagnetic field that is a part of the total
field scattered by a receiving antenna. As part of the derivation of
this new result, we develop a derivation of the Thévenin and
Norton equivalent circuits from the basic principles of uniqueness
and superposition applied to electromagnetic fields.

Consider the representation of a transmitting and receiving
antenna system as shown in Figure I. The receiving antenna is
terminated in a load impedance Z; at its terminal plane, T;, and

the transmitting anienna has a generator with EMF ¥, in series
with an impedance, Z, , connected at its terminal plane, T, . Silver

has shown that an equivalent circuit of the form shown in Figure 2
exists for any two antennas that are coupled to their respective
source and load terminations by transmission lines or waveguides
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supporting single propagating modes, such that equivalent terminal
voltages and currents can be defined on the terminal planes [3].
Power conscrvation for this transmitting-receiving antenna system
can be established by integration of the real part of the Poynting-
vector flux over the metal bounding surfaces of the two antennas,
plus the terminal planes of the two antennas, and the surface of an

Figure 1. An arbitrary transmitting-receiving antenna system.

LyZy - Ly Z,
|
L
/3 Zy; \ {3

Figure 2. The equivalent network for the transmitting-receiv-
ing antenna system in Figure 1.
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enciosing sphere with very large radius. This gives the power con-
servation statement

B,=F +FPp+Pr+Py, (1)

where P, is the transmitting-antenna input power at the terminal
plane T,, F; is the power across the terminal plane T into the
recetving-antenna load impedance, P;, is the power loss in the
bounding metal surface of the receiving antenna, £ is the power

loss in the bounding metal surface of the transmitting antenna, and
Py is the power radiated away to infinity. The latter consists of the

radiated power from the transmitting antenna, the scattered power
from the receiving antenna, and a power interaction term. The total
field at infinity is the sum of the transmitting-antenna radiated
fieid, E,,H,, and the receiving-antenna scattered field, E,H.
Due to interference between these two fields, the total power radi-
ated away includes a non-zero interaction term, i.e.,

Py =%Re(j(E[ +E)x(H, +H,) +a,dS
b
(2)

=%Recj[E, xH] + B, xH, +(E, xH} + B, xH; )-a,45,
Ry

where the last term is the interaction term. The power dissipated in
the impedance elements Z,,, Z;, Z;;, and Z; in the equivalent
circuit shown in Figure 2 may be solved for and equated to £, .
The power dissipated in the impedance elements in the equivalent
circuit corresponds to the power terms on the right-hand side of
Equation (1). However, there does not seem to be any casy way to
relate the individual power terms in Equation (1) to the power dis-
sipated in the impedance elements, with the exception of the power
in the load impedance and the input power at the transmitting
antenna. Although the equivalent circuit of a transmitting-receiv-
ing antenna system is important from a conceptual point of view,
in practice it is not used very often. There are other more useful
ways to calculate the received power, using concepts such as the
effective complex vector length of an antenna, the effective
receiving aperture or cross section, along with the gain function
and impedance and polarization mismatch factors [4].

We now turn to a discussion of the Thévenin and Norton
equivalent circuits for the receiving antenna, which are shown in
Figure 3. In this figure, the Thévenin impedance, Zr, the open-

circuit voltage, V., and the short-circuit current, /., are given by

2
Z
=y — 3
Zr =2n Zy+Z, G)
Zy3
= (4)
o 222+Zg g
V
J )
sC ZT

The power delivered to the receiving-antenna load impedance may
be calculated using either the Thévenin or the Norton equivalent
circuit, and is given by
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r/3 Ve

Figure 3a. The Thévenin equivalent circuit for a receiving
antenna,

Zy Irx |

Figure 3b. The Norton equivalent circuit for a receiving
antenna.
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If we use the Thévenin equivalent circuit, we find that the internal
power dissipated in the network is given by

1
Pp=3

v,

oc

ReZr, 7
Z, +Zp eer 7

while use of the Norton equivalent circuit gives
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These two results are different, except for the special case when
the magnitude of the load impedance is equal to the magnitude of
the Thévenin equivalent impedance. Thus, this result clearly shows
that the Thévenin and Norton equivalent circuits can not be relied
upon for calculating the internal power dissipation in the network
shown in Figure 2 (which of the two expressions, Equations (7} or
(8), should one use?).

The correct result for the internal power dissipation in the
network shown in Figure 2 can be solved for, The result is differ-
ent from that shown in Equations {7) or (8) and is quite complex,
so it will not be given here. However, we can note that since the
mutual impedance, Z|,, is usually very small, the power in the
receiving-antenna load impedance will be very small compared to
that delivered by the source generator to Z, and Zy;. Thus, the

total internal power dissipated in the network will be much greater
than that given by either Equation (7) or (8), since those expres-
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sions are of the same order of magnitude as the power delivered to
the receiving-antenna load. Silver [3] and Ramo and Whinnery [5]
both state that the internal power dissipation as found for the
Thévenin and Norton equivalent circuits should net be equated to
the scattered power from the receiving antenna. For the special
case when the load impedance is the complex conjugate of the
Thévenin impedance, both Equations (7) and (8) give the result
that the internal power dissipation is equal to the absorbed power
in the load impedance. If the internal dissipated power was equated
to the scattered power for this case the result would be correct for a
dipole antenna, but not, in general, for other antennas. This special
case does not-prove that the internal dissipated power is equal to
the scatteréd power. Another interesting special case is that of an
open-circuited receiving antenna. If the receiving antenna is opén
circuited, then there is no internal power dissipation in the
Thévenin equivalent circuit, which would suggest the incorrect
result that an’open-circuited antenna does not scatter any power.
On the other hand, the Norton equivalent circuit has substantial
internal dissipated power, even when the receiving antenna is open
circuited. In general, as the two different results obtained in Equa-
tions (7) and (8) would suggest, the internal power dissipation in
the Thévenin and Norton equivalent circuits does not have a physi-
cal meaning, There is no known power-censervation theorem asso-
ciated wnth these equivalent networks.

. Even though the Thévenin and Norton-equivalcr;t circuits are
limited in the sense described above, they have some interesting
properties that enable one to find the refadiated portion of the total
field scattered by a receiving antenna. In the Appendix to this
paper, we show that the total field scattered by a receiving anterina,
in the presence of a transmitting antenna, is given by either of the
two followmg expressions:

1.7,

E(Z;)=E_(Z; =0 E,, ) 9

, x( L) s( L )+ZL+ZA r (%)
E,(Z,)=F,(Z; =) -—%_F,, (10)
5 5 ZL+ZA r

where E(Z;) is the total scaticred field when the receiving
antenna is terminated in a load impedance Z; ; E, is the field radi-

ated by the receiving antenna for unit input current, in'the presence
of the transmlttmg antenna with its source generator short cir-

'ng, E.(Z;=0) is the field scattered by the

receiving antenna when its terminals are short circuited, in the
presence of the transmitting antenna; and E,(Z; =) is the field

cuited, i

scattered by the receiving antenna, but with its terminals open cir-
cuited. /. is the Norton equivalent current source, ¥, is the

Thévenin equivalent open-circuit voltage s_éurce, and Z, is equal
to the Thévenin impedance Z;, which is the input impedance of

the receiving antenna when it is used for transmitting in the pres-
ence of the transmitting antenna with its voltage source short cir-
cuited,

An  examination of  Equation{9) shows  that
Zi5, f{Z; +Z,4) is the portion of the current supplied by the
Norton current source to the antenna input impedance Z,. Thus,
the interpretation that the current in Z, gives rise to a reradiated

field that is part of the total scattered field from the receiving
antenna can be made. Similarly, in. Equation (10), the term
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Vooe/(Z, + Z ;) is the current flowing into the antenna impedance
Z 4 due to the Thévenin equivalent open-circuit voltage source.

Hence, in the Thévenin equivalent circuit, the current produced in
Z 4 can be interpreted to produce the reradiated field that is a part

of the total field scattered by the receiving antenna. Note that in
addition to the reradiated field, the total scattered field includes the
field scattered by the short-circuited antenna or the open-circuited
antenna, respectively, for the two equivalent circuit models.

The result shown in Equation (9) is an old fundamental theo-
rem in antenna scattering. It has been derived by Aharoni [6], King
and Harrison [7], Stevenson [8], and by Collin using Dicke’s scat-
tering-matrix representation of a receiving antenna [9]. Aharoni
used the compensation theorem for his derivation, and called the
term Z;1,.E /(Z; +Z,) the reradiated field. Since the total scat-

tered field is the superposition of two fields, it is clear that the
scattered power cannot be found from the reradiated field compo-
nent by itself. Thus, the calculation of the power dissipation in Z

cannot be equated to the scattered power. A further point to note is
that the far-zone radiation pattern of the field scattered by the
open-circuited or short-circuited antenna is generally different
from that of the reradiated ficld, which has the same pattern as that
of the antenna when it is used as a transmitting antenna.

Aharoni notes that the {otal scattered power is primarily of
theoretical interest, since due to interference with the radiated field
from the transmitting antenna, the power radiated away to infinity
has an interaction term as shown earlier in Equation (2), and thus
the scattered power does not exist as a separate entity.

We will end this paper with some comments on the alterna-
tive equivalent circuit that Love presents in his paper [1]. Love’s
alternative equivalent circuit applies to a receiving antenna for
which a physical aperture and the aperture efficiency can be
defined. Love’s equivalent circuit has both an equivalent voltage
source and an equivalent current source. The circuit has the prop-
erty that for an impedance-matched antenna, the received power is
equal to the incident power flux multiplied by the product of the
physical geometric area of the antenna and the aperture efficiency.
The internal power dissipated in Love's equivalent circuit is equal
to the incident power on the phy51ca1 geometric area of the antenna
minus the received power. This is interpreted as reradiated power.
Even for an impedance-mismatched antenna, the circuit has the
property that the sum of the absorbed power and the power dissi-
pated internally in the network equals the incident power on the
physical geometric area of the antenna. This author does not agree
with Love that the internal power dissipated in his equivalent cir-
cuit can be equated to the reradiated or scattered power from the
antenna. For example, if we had a large parabolic antenna with an
aperturc cfficiency of 90 percent, the antenna would receive nine
times as much power as it scaiters, under impedance-matched con-
ditions. This result is inconsistent with the physical requirement
that the antenna must scatter much more power than that in order
to create the deep shadow region behind the large parabolic-
reflector antenna. Most antennas scatter more power than they
absorb, unless they are minimum-scattering antennas, in which
case the scattered power is equal to the absorbed power [10]. The
analysis carried out in this paper has clarified the properties of the
Thévenin and Norton equivalent circuits, and has showed that they
can be used to find a reradiated electromagnetic field that is only a
part of the total scattered field. At this time, it is not clear if a
similar property would be true for Love’s equivalent circuit.
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Appendix

In this Appendix, we provide a derivation of the Norton and
Thévenin equivalent circuits and the scattering formulas, Equa-
tions (9) and (10). In order to avoid unnecessary details, we
assume that both the receiving and transmitting antennas are con-
nected to their respective terminations by coaxial transmission
lines, with inner radius ¢ and outer radius b. The derivation can be
easily generalized to include waveguides through use of equivalent
currents and veltages for a circuit description. For coaxial {rans-
mission lines, the radial electric field at a terminal plane is given

by -
v
E - T~ ¥
" rln {b/ a)
and the azimuthal magnetic field by

I
Hy=—o,
¢ 2zr

where F is the voltage across the line, and / is the current on the
center conductor. We also have E, = ZpHy and V =Z 1, where

Zy=\lto/ey is the intrinsic impedance of free space, and
Zglnafb
z, %ﬂk is the characteristic impedance of the coaxial trans-
z

mission line. The positive direction of current flow is in the direc-
tion of the unit normal, n, which points into the volume outside of
the antenna structures. If the coaxial transmission line is termi-
nated in an impedance Z at a terminal plane, then the impedance
boundary condition at the termination will be ¥ =~1IZ | since the
positive direction for current flow is. outwards, not into the termi-
nation. The corresponding impedance boundary condition on the
transverse clectric and magnetic fields is

EP'

Hy rlafb Tz,

v 2mr_ ZZ,

We will generally express the impedance boundary conditions at
the terminal planes in terms of circuit quantities, but these can be
translated inte impedance boundary conditions for the transverse
fields, as shown above. On the lossy metal surfaces of the anten-
nas, we use the impedance boundary condition

Eion = Zn x H,

where Z,, is the surface impedance of a lossy conductor, given by
Z, =(1+ j)/os,, with o being the conductivity of the metal and

&, being the skin depth.

In the derivation to follow, we will introduce three different
field solutions. Solution 1 is the field E ,H,, produced when the

transmitting antenna is operative and the receiving antenna has a
short circuit at its terminal plane, T;. Solution 2 is the field

Ey, Hy, and is the total field when the receiving antenna is
transmitting with unit input current 7 =1 in the presence of the

original transmitting antenna with its voltage-source generator
short circuited, ie., Ve =0. Solution 3 is the total field E_,H,_,

produced by the transmitting antenna in the presence of the
receiving antenna when it is terminated in a load impedance Z;.
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In all three cases, the field solutions are to be constructed so that
the impedance boundary conditions on the metal surfaces of the
antennas are satisfied, the radiation condition at infinity is satis-
fied, and the appropriate impedance boundary cenditions on the
terminal planes are satisfied. The imposed boundary conditions are
sufficient to guarantee that the solutions will be unique. Hence, it
will not be necessary to repeat the uniqueness arguments again.
The first two solutions require the solution of a pair of coupled
integral equations that will determine the unknown currents
induced on the antenna surfaces. The third solution is obtained by
using superposition. We do not give the detailed solutions, since it
is sufficient for our purposes to only know the general composition
of the field solutions.

For the first solution with the receiving-antenna terminals
short circuited, the boundary condition on the terminal plane T is

Mg =0 or nxE, =0, {Al)
while on the terminal plane T, we have

V23=Vg—12azg. (A2)
We can construct the solutiens for the fields E;,H, by assuming
that we know Hy =1, /27 on the terminal plane T,. The solu-
tion will then determine a value for E, , and thus a value for V,, .
The ratio ¥,,/I5, gives us the input impedance for the transmit-

ting antenna in the presence of a receiving antenna with its input
terminals short circuited. We fix [, in terms of the a priori speci-

fied source veltage ¥, by using

Vau = Vg _Ilazg =Zipdag, (A3)

where Z;, is the transmitting-antenna input impedance. The solu-
tion will determine a value for H; on the terminal plane T; from

which we obtain the current

Ila=2ﬂ.'rH¢=—[SC, (A4)

where we have defined the short-circuit current 7, at the terminal

plane to be into the sherted termination. For the second solution,
when the receiving antenna is transmitting with unit input current
Iy =1, the boundary condition on the tangential magnetic field on

the terminal ptane T is

o

H
47 2ar’

(AS)
The solution will give a value for E, and V), = I,Z ; on the termi-
nal plane T, where Z, is the input impedance of the receiving

antenna when it is transmitting in the presence of the original
transmitting antenna with its voltage source short circuited. On'the
terminal plane T,, the boundary cenditicn is

Vap ==Iopl,. (A6)

For the third solution, for the case when the receiving
antenna is terminated in a load impedance Z;, we will show that
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the total field is the superposition of the fields E,,H, and E,,H,
in the form

Ec:Ea"'iEb’ Hc:Ha+i'Hb,
A I

0

with 7 to be chosen so that the impedance boundary condition on
the terminal plane T, is satisfied. Cleaily, the field E_, H, satisfies
the impedance Boundéry conditions on the metal surfaces of the
antennas and the radiation condition at infinity, since both the a
and b fields satisfy these boundary.conditions. On the terminal
plane T;, thé réquired boundary condition is

‘ 1 i
V2C = Vza +1—V2b = Vg 7[120 +1—12b]2g = Vg —Izczg . (A7)
¢] 0

When we substitute for ¥,, and V5, from Equations (A2) and

{A6), we find that this boundary condition is satisfied independ-
ently of the value of 1. In order to satisfy the impedance boundary
condition on the terminal plane T, we require

I
Me==T:Z1 =V, +TVlb
0

(A8)
= 0+ILOIOZA = -[1,0 fI—IOIOJzL
This equation may be solved for / to give
I= _M = ﬂ (A9

ZL+ZA ZL‘I'ZA‘

The current into the load Z; is the total current —I,, which is
given by

Za o JuZa

IL:7I = B
ZL+ZA

=17 (A10)
We note that this is the current that would be produced by the cur-
rent source in the Norton eqiivalént circuit. Also, Z, was calcu-
lated as the input impedance seen at the terminals of the receiving
antenna -with the voltage source at the transmitting antenna short
circuited, and thus is equal to the Thévenin impedance, Zy, used
in the equivalent circuit. Thus, we have obtained results that can
clearly be interpreted in terms of the Norton equivalent circuit.

We will now proceed to determine the field scattered by the
receiving antenna. The induced curfents on the receiving antenna,
due to the field E,,H, can be found and used to calculate the
scattered electric field from the réceiving antenna under short-
circuit conditions. We will designate this field as E (Z; =0).
Likewise, we can find the radiated electric field from the induced
currents on the receiving antenna and the input current when it is
used to transmit with unit input current. We will designate this
field as E, . Then, by superposition, we find that the total scatiered

field is given by

E (Z,)=E,(Z, =0)+1i4:,, =E,(Z, =0)+—I£—ZLME,, (A1)
Z; +Z 4
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which is the scattering formula given by Equationt (9). The deriva-
tion of the Thévenin equivalent circuit and the scattering formula,
Equation (10), proceeds in a similar fashion. The only change is
that the field E,,H, is calculated for an open-circuifed termina-

tion of the receiving antenna. The boundary condition on the ter-
minal plane Ty is nxH, =0 in place of nxE, = §. The solution

determines a value for the electric field on the terminal plane T,
and a corresponding terminal-plane voltage, which we call V..
The fields Ey,H, and E ,H,_ are calculated as before, and 7 is
chosen so that the boundary condition

I I I
Mie=—eZy=Vo +—Vy =Vt —2Z4=——1Z; (Al2)
Iy Ty 1y

is satisfied on the terminal plane T). We can solve for the current
I, which is found to be

(A13)

since the total current at the terminal plane T, is simply /. This
tesult shows that the load current is equal to V,./(Z;+Z4),

which can be interpreted in terms of a Thévenin equivalent circuit,
As before, we separate out the electric field scattered and radiated
by the receiving antenna ‘in terms of induced currents on the
receiving antenna, and thereby obtain -

VOC E

—0c Ald
Zy+2Zy ( )

E5=ES(ZL =CO)—

]

which is the scattering formula given by Equation (10).
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‘In Memoriam:
Richard C. Johnson

Richard C. Johnson, a Georgia Tech Research Institute
(GTRI) retiree, world-renowned antenna expert, and exceptionat
mentor to young engineers, died in January, 2003, after a long bat-
tle with Parkinson’s disease. He was 72,

Johnson invented and patented the compact antenna range,
which allows installations of microwave antennas to be measured
and tested accurately indoors. Compact ranges are used worldwide
today. Johnson also designéd and improved antennas for ship sur-
face-search radars, hundreds of which were installed aboard US
Navy vessels, said Jim Cofer, director of GTRI’s Business Devel-
opment Office.

*Most designers of that era concentrated on the main beam
region of an anténna,” Cofer said. “Dick recognized that most
interference/susceptibility of a system occurred in the other 99.9
percent of the arj{enna’s spherical domain. Therefore, he included
these considerations in his designs.

“Johnson’s widespread recognition was directly responsible
for establishing the threat simulator research and development base
at GTRL,” said Cofer. “Cumulative funding for this area is now
well over $200 million, making it possibly the largest continuously
funded research area at GTRL”

Johnson was ahead of his time: many of his simple yet ele-
gant antenna designs were based on theoretical applications he’d
postulated 20 vyears earlier, said GTRI senior research engincer
Rickey Cotton. He also believed in passing on his knowledge to
younger engineers, To that end, Johnson organized Friday after-
noon “Antenna Bull Sesstons” in his office in the late 1960s for a
select proup of younger GTRI researchers, including Cofer, Neal
Alexander, and Don Bodnar, assigning homework projects and
teaching them to solve difficult, real-world antenna problems.

“In addition, when riding the daily shuttle from our facility in
Cobb County to campus in the mornings and eévenings, Dick used
to quiz and tutor the co-ops also riding the shuttle that were work-
ing with us on the programs,” Cotton recalled. “He would quiz
them on the frequency limits of the radar bands, and typical
waveguide sizes associated with each.”

A Georgia Tech alumnus, Johnson taught electrical engineer-
ing at Georgia Tech and wrote several books, including two edi-
tions of the Antenna Engineering Handbook, continuing to share
with others what he’d learned. Several years after retiring, Johnson
even gave Cotton his library of microwave books — which Cotton
continues to use in his work,
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For his many contributions to antenni research, design and
applications, Johnson was recognized by numerous organizations,
including the IEEE, which elected him fo the grade of Fellow in
1975. In 1988, Johnson also became the first Georgia Tech
research faculty member to receive Board of Regents-approved
emeritis status. Johnson was a member of the AP-S AdCom
(1978-84), an AP-S Distinguished Lecturer (1978-79), President of
AP-5 (1980), and Editor of the AP-§ Newsletter. He received the
Distinguished Achievement Award from AMTA in 1989,

Memorial contributions may be made Johnson’s name to
Shepherd Center, 2020 Peachtree Road, NW, Atlanta, GA 30309
USA.

[The above article was provided by Lea McLees of GTRI (e-mail:
Lea.McLees@gtri.gatech.edu). Information about AP-S activities
was added.]
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