
Aperture Aberration Caused by an
O�-Axis Feed Defocusing in Generalized Classical

Axially-Symmetric Dual-Re
ector Antennas

Fernando J. S. Moreira

Universidade Federal de Minas Gerais, Depto. Engenharia Eletrônica
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Abstract| The present work investigates the aberration
caused by small o�-axis feed displacements in classical
axially-symmetric dual-re
ector antennas. Previous works
have dealt with the design of such antennas via geometrical
optics (GO), enabling a general and closed-form analysis of
the GO aperture �eld in terms of the antenna geometry and
feed illumination. Here, a �rst-order treatment of aber-
rations is added to the previous formulation, permitting
an approximate analysis of the feed-displacement e�ects
upon the antenna far-zone radiation. Geometrical con-
ditions for the aberration reduction are derived, together
with a closed-form estimate for the direction of maximum
radiation.
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I. Introduction

Dual-re
ector antennas are largely employed in high-
performance communication systems. Axially-symmetric
arrangements are of easier implementation relative to their
o�set counterparts. However, the blockage o�ered by the
subre
ector and its supporting struts preclude the at-
tainment of the highest-possible gain for a certain aper-
ture geometry. The blockage mechanisms can be min-
imized by reducing the main-re
ector scattering toward
the subre
ector. This can be accomplished by either shap-
ing the re
ector surfaces or applying alternative re
ector
arrangements where the axially-symmetric re
ectors are
generated by axially-displaced conic sections [1]{[6]. Re-
cently, closed-form equations based on geometrical-optics
(GO) principles were derived for the design and for the
GO aperture-�eld distribution of these classical axially-
symmetric dual-re
ector antennas [3],[4]. It was veri�ed
that they can be classi�ed into a complete set of four di�er-
ent families, namely Axially-Displaced Cassegrain (ADC),
Gregorian (ADG), Ellipse (ADE), and Hyperbola (ADH),
whose generating curves are outlined in Figs. 1{4, respec-
tively. The classical Cassegrain and Gregorian con�gura-
tions are particular cases of the ADC and ADG, respec-
tively [3].

From the above closed-form expressions, parametric
studies were conducted to determine the radiation eÆ-
ciencies of such antennas [5], enabling general insights
for the accomplishment of high-gain con�gurations. The
formulation was further employed on the investigation of
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the �rst-order aberration caused by small axial feed dis-
placements [6]. Although the GO-based analysis neglects
di�raction e�ects, the derived closed-form equations con-
stitute useful design tools, specially for re
ectors with
large electrical dimensions.

In the present work the formulation in [6] is extended
to o�-axis feed displacements, which typically occur when-
ever feed arrays are employed. The study is conducted in
a generalized way, covering all di�erent kinds of classi-
cal axially-symmetric dual-re
ector antennas. In Sect. II,
the aperture aberration function is de�ned, adopting a
procedure based on [7] and only accounting for o�-axis
displacements. The geometrical conditions for minimiz-
ing the aperture aberration are derived in Sect. III. The
direction of maximum radiation, which depends on the
o�-axis feed displacement, is discussed in Sect. IV. The
work is concluded by Sect. V.

II. The Aperture Aberration Function for

Off-Axis Feed Displacements

To accomplish the objectives of the work, a brief com-
ment on the geometry of the present antennas is in order.
The geometry of such antennas is uniquely determined
from �ve input parameters: the main-re
ector diameter
DM , the subre
ector diameter DS , the blockage diame-
ter DB , the subre
ector edge-angle �E , and the constant
path length `o from the primary antenna focus (at the
origin) to the aperture plane (at the plane z = 0) [3].
The basic geometries of the ADC, ADG, ADE, and ADH
generating curves, together with some relevant parame-
ters, are depicted in Figs. 1{4, respectively. Note that
the three-dimensional surfaces are yield by spinning the
corresponding generating conic (a parabola for the main-
re
ector and an ellipse or hyperbola for the subre
ector)
around the symmetry axis (z-axis). Under a GO perspec-
tive, the subre
ector blockage is avoided when DB � DS .
The classical Cassegrain and Gregorian antennas are ob-
tained from the ADC and ADG, respectively, by setting
DB = 0 [3]. Finally, it is important to note that positive
(negative) angular values correspond to counterclockwise
(clockwise) angles in the y = 0 plane of Figs. 1{4 [3].

The present antennas are speci�ed (under a GO per-
spective) to provide a uniform phase distribution over the
lit portion of the aperture whenever the feed phase center
is at the primary focus. When the feed is displaced from



Fig. 1. Geometry of the ADC generating conics.

Fig. 2. Geometry of the ADG generating conics.

the focus, the aperture �eld is perturbed. In practical ap-
plications, for displacements smaller than the free-space
wavelength (�o) the perturbation upon the aperture am-
plitude and polarization distributions can be ignored and
the phase variation becomes the only concern. The phase
of the aperture �eld is proportional to the path length
(V ) from the feed phase center to the aperture, along the
corresponding ray path. Furthermore, V can be described
by means of a �rst-order treatment based on [7]:

V � `o � [(xo cos�F + yo sin�F ) sin �F + zo cos �F ] ; (1)

where xo, yo, and zo are the Cartesian coordinates locat-
ing the feed phase center and �F and �F are the usual
spherical coordinates representing the feed-ray direction.
To better understand the e�ects of the feed displacement
upon the antenna radiation characteristics, it is appro-
priate to describe V in terms of the aperture polar co-
ordinates �A and �A (see Figs. 1{4). That means deter-
mining the relation between �F ,�F (input feed-ray direc-
tion) and �A,�A (output aperture-point location), which

Fig. 3. Geometry of the ADE generating conics.

Fig. 4. Geometry of the ADH generating conics.

is discussed below. Furthermore, the present work is only
concerned with o�-axis displacements (i.e., z0 = 0). A
comprehensive study of the aperture aberration caused
by axial displacements and the associated e�ects can be
found in [6].
The relation between �F ,�F and �A,�A is obtained with

the help of [3]:

tan(�F =2) = (2A3 �A1 �A)=(2A4 �A2 �A) (2)

and

j�F � �Aj =

�
0 ; for the ADC and ADE ;
� ; for the ADG and ADH ;

(3)

where

A1 = 1� e cos� ; (4)

A2 = e sin� ; (5)

A3 = [c (1� e cos�) + e F ] sin� ; (6)

A4 = F (1 + e cos�) + c e sin2 � ; (7)



F is the focal length of the main-re
ector generating
parabola, e and 2c are the eccentricity and the inter-focal
distance of the subre
ector generating ellipse/hyperbola,
respectively, and � is the angle between the axes of the
generating conics (see Figs. 1{4). All the above parame-
ters are uniquely determined from the �ve input parame-
ters [3].
To explicitly obtain V as a function of �A and �A, we

�rst apply (3) into (1), with zo = 0, to obtain

V � `o � � (xo cos�A + yo sin�A) sin �F ; (8)

where � = 1 for the ADC and ADE, and � = �1 for the
ADG and ADH. From (2), after a simple algebra, one gets

sin �F =
2(2A4 �A2�A)(2A3 �A1�A)

(2A4 � A2�A)2 + (2A3 �A1�A)2
: (9)

With the help of (3.6.22) of [8], (9) can be rewritten as

sin �F =

1X
n=0

Cn �
n
A ; (10)

where

C0 = Æ0 ; (11)

C1 = Æ1 � 
1 C0 ; (12)

C2 = Æ2 � 
1 C1 � 
2 C0 ; (13)

Cn = �
1 Cn�1 � 
2 Cn�2 ; for n � 3 ; (14)

with


0 = 4(A2
3 +A2

4) ; (15)


1 = �4(A1A3 +A2 A4)=
0 ; (16)


2 = (A2
1 +A2

2)=
0 ; (17)

Æ0 = 8A3A4=
0 ; (18)

Æ1 = �4(A1A4 +A2 A3)=
0 ; (19)

Æ2 = 2A1A2=
0 : (20)

Finally, (10) is applied into (8) to describe V as

V � `o + (�p xA + �p yA) + �(�A; �A) ; (21)

where

xA = �A cos�A and yA = �A sin�A (22)

are the Cartesian coordinates of the aperture point,

�p = �� C1 xo and �p = �� C1 yo (23)

are the direction cosines of the aperture principal ray
(which corresponds to the direction of maximum radia-
tion for an aberration-free aperture) [7], and

�(�A; �A) = � � (xo cos�A + yo sin�A)

�

 
C0 +

1X
n=2

Cn �
n
A

!
(24)

is the aperture aberration function, describing the nonlin-
ear variation of V .
It is important to note from (24) that the classical

axially-symmetric dual-re
ector antennas present aberra-
tion terms that are not encountered in the usual axially-
symmetric optical systems [9]. This is due to the discon-
tinuity of the surface curvature at the subre
ector vertex
(see Figs. 1{4), which transforms the feed principal ray
(�F = 0) into a cylindrical locus of output rays (with
�A = DB=2 for the ADC and ADG and �A = DM=2 for
the ADE and ADH, whenever xo = yo = zo = 0). So, the
one-to-one correspondence between input feed rays and
output aperture rays fails for the principal ray. As a con-
sequence, the bilinear transformation derived in [7] can
not be applied for the present antennas (the only excep-
tions are the classical Cassegrain and Gregorian, which
are discussed below).
For the sake of completeness, it is interesting to observe

that the present formulation is also applicable to the clas-
sical Cassegrain and Gregorian antennas, obtained from
the ADC and ADG, respectively, by setting DB = 0 [3].
For such antennas, � = 0 and, from (5) and (6), A2 =
A3 = 0. From (11){(20) it can be readily shown that, un-
der these circumstances, Cn = 0 for even n-values. Con-
sequently, tilt (C1) and coma (C3) are the only primary
aberrations caused by an o�-axis feed displacement [7].

III. Conditions for Reduced Aberrations

It is quite evident from (1) that the aperture aberration
is less pronounced for antenna geometries with smaller
j�E j-angles (see Figs. 1{4), as it directly implies on smaller
variations of the feed angle �F . This can be clearly ob-
served from the coeÆcients Cn. It can be shown from
(11){(20) that

Cn / (A1A4 �A2 A3)=(A
2
3 +A2

4)
n+1; for n � 1 : (25)

So, in order to minimize the aberration and, consequently,
the aperture-eÆciency degradation caused by the o�-axis
feed phase-center displacement, one should attempt (in
principle) to minimize the numerator and/or to maximize
the denominator of (25). Parametric studies were con-
ducted and demonstrated that the maximization of the
denominator (which occurs whenever jej ! 1) does not
imply on the minimum possible aberration for practical
con�gurations. On the other hand, from (4){(7) it is read-
ily shown that the numerator of (25) is equal to

A1A4 �A2A3 = F (1� e2) ; (26)

indicating that the aberration is minimized as jej ! 1.
The concern with the sign of e is justi�ed, as, for the ADC
and ADH, the generating hyperbola can be either convex
(e > 1) or concave (e < �1) [3]. The condition jej = 1 is
never met in practice, as the subre
ector generating conic
tends to a parabola and, consequently, 2c!1. However,
jej ! 1 as the distance between the antenna primary focus
and the subre
ector vertex is increased and, consequently,



j�E j ! 0 (see Figs. 1{4). Although not discussed here, it
can be shown that the same condition holds for axial feed
displacements.

IV. Direction of Maximum Radiation

The previous formulation is now applied for the esti-
mation of the main-beam tilt caused by an o�-axis feed
displacement. Assuming that such displacement is suÆ-
ciently small, the beam tilt is basically provoked by the
phase variation of the aperture �eld. So, in order to ac-
complish a simple and closed-form equation, suited for
design purposes, it is assumed that the amplitude and po-
larization of the aperture �eld are both uniform. This
approximation does not yields severe errors, as far as the
feed displacement is kept suÆciently small compared to
�o and the antenna designed for maximum gain [5]. So,
the quasi linearly-polarized far-zone �eld can be approxi-
mately evaluated from the di�raction integral

I =

Z 2�

0

Z DM

2

0

e�jko[V��A sin � cos(�A��)] �A d�A d�A ;

(27)
for observations around the antenna bore-sight. In (27),
ko = 2�=�o, � and � are the spherical coordinates of the
far-zone direction, and the lower limit of the �A-integral is
assumed equal to zero as, for high-gain con�gurations,DB

and DS � 0:1DM [5]. The maximum radiation direction
is obtained from [7]

@jI j2

@�
=

@jI j2

@�
= 0 : (28)

To solve (28) in closed form, the exponential term in (27)
is �rst expanded as in [7]. After some algebra, it can be
shown that (28) implies on

sin �1 ej �1 = � (xo + j yo)=fo ; (29)

where �1 and �1 are the spherical coordinates of the
maximum radiation direction and fo is given by

fo �
DM

8�

"
1X
n=0

Cn
3 + n

�
DM

2

�n#�1

: (30)

Note that, following the discussion in [7], fo could be in-
terpreted as an equivalent focal distance for the gener-
alized classical axially-symmetric dual-re
ector antennas.
However, there is no possible equivalent paraboloid for the
present re
ector arrangements, as the wavefront leaves the
subre
ector with di�erent principal curvatures (i.e., as an
astigmatic tube of rays). Furthermore, for the classical
Cassegrain and Gregorian antennas, it can be shown that
(30) reduces to

fo � F j(e+ 1)=(e� 1)j ; (31)

as expected.
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Fig. 5. ADC fo=DM variation with DS=DM (DB = DS) and �E :
`o=DM = 0:5 (solid lines) and 1 (dashed lines).
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Fig. 6. ADG fo=DM variation with DS=DM (DB = DS) and j�Ej:
`o=DM = 0:7 (solid lines) and 1 (dashed lines).

The values of fo=DM for several geometries are depicted
in Figs. 5{8, for the ADC, ADG, ADE, and ADH, respec-
tively. Here DB = DS , as generally desired for such an-
tennas. The remaining input parameters were varied in
the following manner: 0 < DS=DM � 0:2, j�E j � 40Æ,
and 0:5 � `o=DM � 1. The ADG and ADH geometries
investigated in Figs. 6 and 8 were judiciously chosen, such
that no blockage mechanisms are present [3]. The results
show that fo does not heavily depend on DS nor on `o.
Also, the behavior of fo is similar for the ADC and ADG
antennas. The same can be said between the ADE and
ADH, at least for j�E j � 12Æ and `o = DM . Also, for
a certain edge angle j�E j, the ADE and ADH present a
larger fo than the ADC and ADG.
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Fig. 7. ADE fo=DM variation with DS=DM (DB = DS) and �E :
`o=DM = 0:5 (solid lines) and 1 (dashed lines).
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Fig. 8. ADH fo=DM variation with DS=DM (DB = DS) and j�Ej:
`o=DM = 1 (dashed lines).

The present theory was employed to investigate the
main-beam tilt caused by the variation of xo (yo = 0)
on an ADE antenna with DM = `o = 100�o, DS =
DB = 10�o, and �E = 30Æ, fed by a raised-cosine model
with a 20 dB edge taper [5]. The far-zone patterns were
obtained from the integration of the GO aperture �eld
(aperture method), with the phase distribution corrected
by (1). The pattern cuts at the plane � = 0Æ are shown
in Fig. 9. From this �gure, �1 = �0:26Æ and �0:44Æ for
xo = 1�o and 2�o, respectively. The estimates of (29) pro-
vide �1 = �0:24Æ and�0:48Æ, respectively. It was veri�ed
that the estimate improves for smaller j�E j-angles, as the
aberration becomes less pronounced.
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Fig. 9. ADE far-zone patterns (aperture method) for some xo-
values: DM = `o = 100�o, DS = DB = 10�o, and �E = 30Æ.

V. Conclusions

This work presented a �rst-order treatment of aberra-
tions provoked by small o�-axis feed displacements in gen-
eralized classical axially-symmetric dual-re
ector anten-
nas. The classical Cassegrain and Gregorian antennas are
included as particular cases. The theory provides insights
for the minimization of such aberrations, being particu-
larly useful for applications involving feed arrays. Also, a
closed-form estimate for the direction of maximum radia-
tion, associated to the main-beam tilt caused by the feed
displacement, was derived and applied.
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