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Abstract— This work proposes an efficient procedure for evaluating 
singular integrals arising in the moment method analysis of 
scattering by bodies of revolution. Perfect electric conductor, 
dielectric, and composite bodies, varying in size and relative 
permittivity, are analyzed by the CFIE, Müller, and PMCHWT 
formulations, respectively. The integrand singularities are 
extracted and calculated in closed form and numerical integration 
is applied only for regular functions. It is shown that an efficient 
singularity removal considerably reduces the number of basis 
functions required to represent the equivalent current 
distributions.  

 
Index Terms— Electric and magnetic field integral equations, electromagnetic 
scattering by bodies of revolution, method of moments. 

I. INTRODUCTION 

There is a vast literature on methods that use surface integral equations for numerical solution of the 

electromagnetic scattering by three-dimensional homogeneous bodies [1]-[13]. The efficiency of the 

method of moments (MoM), applied to solve electric (EFIE) and magnetic (MFIE) field integral 

equations, in the numerical analysis of the electromagnetic scattering by homogeneous bodies of 

revolution (BOR) was satisfactorily demonstrated [4]-[9]. Several linear combinations between EFIE 

and MFIE have been investigated and the most used are the combined field integral equation (CFIE), 

the PMCHWT (named after Poggio, Miller, Chang, Harrington, Wu, and Tsai), and the Müller 

formulation. The CFIE is generally applied in the analysis of closed PEC (perfect electric conductor) 

bodies, while PMCWHT and Müller are generally used in the analysis of dielectric and composite 

bodies.  

In the MoM technique, the choice of basis functions, for the representation of the equivalent surface 

currents, and testing (weighting) functions is very important in the accuracy and convergence of the 

numerical analysis. However, sophisticated basis or testing functions may lead to complicated 

integrands and, consequently, singularity removals. To attain accurate numerical solutions 

considerable precautions must be taken with the singularity removal. In the present work a robust 

numerical technique is proposed to remove the singularities arising in the integral equations of the 
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electromagnetic scattering by BOR, suited for triangular basis (and testing) functions (TBF) [8],[9]. 

The TBF generally guarantees a good representation of current physical behavior and provides 

relatively simple integrands in the MoM analysis. In the present work, a TBF is defined over two 

consecutive segments of the BOR generatrix to represent the current surface distributions in both t̂  

and φ̂  directions, as illustrated in Fig. 1. Galerkin method is used in the MoM analysis and, 

consequently, the testing functions are defined likewise.  

An efficient way to numerically remove the singularities is to apply the extraction technique. The 

technique was used in [4] and [5], where triangular and pulse functions represent the equivalent 

surface currents in t̂  and φ̂  directions, respectively, and in [10], where RWG functions (named after 

Rao, Wilton, and Glisson) were employed. In the present work the extraction technique is extended in 

order to handle the singularities arising whenever TBF’s are used to represent both t̂  and φ̂  oriented 

currents with Galerkin technique (i.e., triangular functions are also used to represent the testing 

functions in both t̂  and φ̂  directions). Gaussian quadrature is applied to evaluate integrals with 

regular kernels. This is discussed in Sects. II and III. 

In order to illustrate the accuracy and usefulness of the method, spherical PEC, dielectric, and 

composite bodies are analyzed in Sect. IV, with spherical radii up to 50λ0 (where λ0 is the wavelength 

in vacuum) and relative permittivities varying up to 50. 

II. EFIE AND MFIE FORMULATIONS FOR BOR’S  

For a homogeneous BOR (region i = 1) with permittivity ε1 and permeability μ1, immersed in an 

infinite and homogeneous medium (region i = 0) with permittivity ε0 and permeability μ0, the 

 

 

Fig. 1. Triangular basis functions (TBF). 
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equivalence principle can be applied to establish a set of four integral equations (EFIE’s and MFIE’s 

for the regions inside and outside the body) to solve for the electric (E) and magnetic (H) fields in 

terms of equivalent electric (J) and magnetic (M) surface currents. Assuming that the sources of the 

incident field (Einc, Hinc) are outside the body, the integral equations for the tangential field 

components can be represented, following the notation in [8] and [9], as:  

[ ] inc
tantan000 )()( EMKJL =+η , (1)

[ ] inc
tantan000 )( )( HJKML =−η ,   (2)

[ ] 0)()( tan111 =+ MKJLη , (3)

[ ] 0)()( tan111 =− JKML η ,   (4)

where the index i represents the interior (i = 1) and exterior (i = 0) regions and ηi  is the intrinsic 

impedance of region i. In (1)-(4), the surface integral operators Li and Ki are defined as [8],[9]: 

[ ] sdk
k
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where the integration limit S’ denotes the BOR surface, n̂  is the unit outward normal to the BOR 

surface, ki is the wave number of region i, X represents either J or M, υi = 1 (or –1) if the observation 

point resides on the outer (or inner) surface of the BOR, and 

rr
rr

rr

′−
=′

′−− ijk

i
eG ),(    (7)

is the free-space Green’s function of region i. 

The equations (1)-(4) can be linearly combined in several ways to provide a set of two integral 

equations to solve for the unknowns J and M. For closed PEC bodies (where M = 0) the CFIE 

formulation is generally adopted [6]. The CFIE is given by the following combination: 

00 MFIEEFIE βα ′+′ , (8)

where EFIE0 and MFIE0 represent (1) and (2), respectively, and α′ and β′ are the linear combination 

weights. For dielectric bodies (where both J and M must be determined) the usual linear combinations 

are of the form [7]-[11]  

10 EFIEEFIE α+ , (9)
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10 MFIEMFIE β+ , (10)

where EFIE1 and MFIE1 represent (3) and (4), respectively. In (9) and (10), α = −ε1/ε0 and β = −μ1/μ0 

for the Müller formulation, while α = β = 1 for the PMCWHT formulation [7]-[11].  

Adopting the TBF’s to represent the surface equivalent currents, as illustrated in Fig. 1, J and M are 

written as [8],[9]: 

φ
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where X represents either J or M, t ′ˆ  and φ ′ˆ are the orthogonal unit directions tangential to the BOR 

surface at the source point r′, )t(T t
j ′  and )(T t

j φ′  are the TBF´s representing the t ′ˆ  and φ ′ˆ  oriented 

currents, Nt  and Nφ are the number of TBF’s representing the t ′ˆ  and φ ′ˆ  oriented currents, 

respectively, and φX
jnI and Xt

jnI are the unknown coefficients of )t(T t
j ′  and )(T t

j φ′  of X (i.e., J or M). In 

(11), the terms e−jnφ correspond to the Fourier expansion in φ′, while the division of the TBF’s by ρ′ 

prevents singularity problems at the symmetry axis (ρ′ = 0) [8].  

Substituting (11) into (8), for closed PEC bodies, or into (9) and (10), for dielectric and composite 

bodies, and further applying Galerkin method, the unknown currents can be numerically determined 

via the well-known MoM technique. In order to illustrate the singularity removal by means of the 

extraction technique, only the EFIE0 of (1) will be considered next. However, the singularities 

arousing in (2)-(4) are of the same type and there will be no loss of generality. Therefore, after the 

MoM linearization, (1) can be represented by the following matrix equation: 
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where η0 is the intrinsic impedance of medium i = 0, VEt and VEφ are the excitation matrix elements 

and ZEtφ, ZEφ t, ZEφφ, YEtt, YEtφ, YEφ t, and YEφφ are sub-matrices of the Z and Y matrices, respectively, 

which elements are given by [8]:  
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where the indices i and j represent the TBF ordering associated with the testing and basis functions, 

respectively, u (u′) is the angle between t̂  and ẑ ( t ′ˆ  and z′ˆ ), and 
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with m corresponding to the azimuthal current and field variations, φφϕ ′−= , G0 is defined in (7),  
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By an appropriate change of variables, the coordinates t and t’ can be parameterized as functions of 

variables α  and α′ , in the following way [8]:  
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where the indices q and p identify the parameters associated with source and observation segments, 

respectively, qΔ  and pΔ  are the lengths of the source and observation segments, respectively, and 

qt and pt are central-point coordinate of the source and observation segments, respectively. 

Consequently, 0, =′αα  represent the centers of the segments while 1, ±=′αα  represent their 

extremities. From (31) and (32), the cylindrical coordinates of the source (primed) and observation 

(unprimed) points can be represented as [8]:  
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where qz  and qρ  ( pz  and pρ ) are the coordinates of the source (observation) segment central point 

and uq (up) is the angle of the source (observation) segment with the z axis. From (31) and (32), the 

triangular functions and their derivatives can be represented as [8]:  
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where the index iq (ip) is equal to 1 or 2 for the half-triangle of Tj (Ti) to the right or left of the source 

(observation) segment, respectively.  

III. SINGULARITY EXTRACTION 

The integrals in (13)-(20) have removable singularities that arouse whenever the observation point r 

(unprimed coordinates) is very close to the source point r′ (primed coordinates), i.e., when R→0. In 

this section, an extraction method for the singularity numerical removal will be discussed. The 

technique is based on those used in [4] and [5], but extended in order to handle the singularity 

problems arising in (13)-(20), i.e., when triangular functions are used to represent all basis and testing 

functions. It is anticipated that Gaussian quadratures are employed for regular kernels. 

Following the steps in [4], the extraction method is employed in 3 different situations (hereinafter 

named methods 1, 2, and 3).  

A. Method 1 

Method 1 is applied when the following conditions are met: 
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is the distance between the centers of the source (q) and observation (p) segments of the BOR 

generatrix (i.e., measured over a constant-φ semi-plane), tC  = 2, and φC  = 0.1 [4]. In this case, source 

and field segments are close to each other and both are close to the symmetry axis. Thus, numerical 

evaluation of the α′  integrals may provide inaccurate results due to the large variation of R in the 

limit 0→ϕ . In (13)-(20) the α′  integrals have the following forms:  
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The concept adopted in (44)-(50)  is to split the corresponding integrands into two: one that is 

regular and can be numerically evaluated by a Gaussian quadrature (namely Z
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After the singularity extraction by method 1, the remaining α  and ϕ  integrals are numerically 

evaluated by Gaussian quadratures. 

B. Method 2 

Method 2 is applied when the following condition is met: 

qc CR ρφ≤ ,  (79)

i.e., field and source segments are close to each other and both are distant from the symmetry axis. In 

this situation, due to large variation of R and to the relatively large value of ρq, the ϕ  integrals must 

be numerically fortified in the limit 0→ϕ  [4]. As the kernels of ( )',4 ttG  and ( )',6 ttG  are relatively 

well behaved, method 2 is only applied to the ϕ  integrals in ( ) ( ) ( )',,',,', 321 ttGttGttG , and ( )',5 ttG . 

In the limit 0→ϕ , the kernels of (21)-(23) and (25) can be approximated by [8]:  
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Integration of (80)-(83) from ϕ = 0 to π  provide: 
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The concept behind method 2 is to evaluate ( ) ( ) ( )',,',,', 321 ttGttGttG , and ( )',5 ttG  using Gaussian 

quadrature but with the integrands of (21)-(23) and (25) subtracted by (80)-(83), respectively. Then, 

the analytical expressions of (84)-(87), respectively, are added. So, when method 2 is employed [8]:  
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where 

( )
2

1 π
αϕ ββ += ,  (93)

βα  and βw are the abscissas and the weights of the Gaussian quadrature with ϕn  points, respectively. 

After the singularity extraction by method 2, the remaining α  and α′  integrals of 

( ) ( ) ( )',,',,', 321 ttGttGttG , and ( )',5 ttG  are numerically evaluated by Gaussian quadratures. 

C. Method 3 

Method 3 is used instead of methods 1 and 2 whenever the source segment coincides with the 

observation segment. In this case the kernels of ( )',4 ttG  and ( )',6 ttG  are well behaved and the 

expression containing ( )',2 ttG  ends up being multiplied by zero. Thus the method is only applied to 

the integration of (21), (23), and (25) (i.e., ( ) ( )',,', 31 ttGttG , and ( )',5 ttG ) with respect to α′ and ϕ . 

In this situation, the singularities occur when αα ′→  and 0→ϕ . In these limits, the integrands of 

( )',1 ttG , ( )',3 ttG , and ( )',5 ttG  can be approximated by [8]:  
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Method 3 evaluates ( ) ( )',,', 31 ttGttG , and ( )',5 ttG  in (21), (23), and (25), respectively, using the 

previous method 1. The results are then subtracted by the integrals of (94)-(96) with respect 

toα′ (analytical solution) and ϕ (numerical solution) respectively. Finally, the analytical integrals of 

(94)-(96) with to ϕ  and α′  are respectively added [8]. The necessary analytical integrations of (94)-

(96) to be used in (13)-(20) are [8]:  
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IV. NUMERICAL RESULTS 

To demonstrate the usefulness of the singularity-extraction techniques presented in the previous 

section, the electromagnetic scattering of a plane wave by spherical PEC, dielectric, and composed 

bodies are investigated. The BOR geometries are those illustrated in the Fig. 2. Their (external) radii 

of the spheres were varied from 0.5λ0 to 50λ0. The dielectric relative permittivity (εr) was varied up to 

50. Whenever possible, the precision of the numerical results was verified against analytical solutions 

based on Mie series [14] using the following relative mean error:  

4
EEEE

(%)E RMRMRJRJ
MR

φφ +++
= tt , (107)

where ERX represents the relative mean error of the current X component as 

max

Mie
max

MieMoM

RX X

XX
100(%)E

−
= ,  (108)

with X representing any one of the electric (Jt or Jφ) or magnetic (Mt or Mφ) current components and 

XMoM and XMie representing the numerical and analytical solutions, respectively.  

To illustrate the usefulness of the singularity extraction discussed in Sect. III, all case studies 

discussed below present two different numerical results: one with the application of the singularity 
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extraction technique and another without it. In the latter, divisions by zero are artificially avoided by 

using different numbers of points for the Gaussian quadratures corresponding to the α  and α′  
integrals (3 and 2 points for the Gaussian quadratures corresponding to the α  and α′  integrals, 

respectively). When the singularity extraction is applied, a 2-point Gaussian quadrature is used for 

both integrals. 

The first case study deals with the plane-wave scattering by a PEC sphere with radius a = 50λ0, as 

illustrated in Fig. 2(a). The normalized Jt and Jφ amplitudes of the surface electric current are 

illustrated in Fig. 3 as functions of the length S(λ0) measured along the sphere generatrix (such that S 

= 0 corresponds to the farmost left point). In this particular case study the numerical results were 

obtained by the CFIE formulation (as we have here a closed PEC object) with 1,177 TBF’s to 

represent each Jt and Jφ current components (i.e., 1,178 segments were used to represent the sphere 

generatrix). Without the singularity extraction the currents were calculated with EMR = 1.34 % (dashed 

lines in Fig. 3). With the singularity extraction, EMR = 0.93 % and the time spent to fill the MoM Z-

matrix is decreased by about 30% (because both α  and α′  quadratures use only 2 points). 

In the second example the PEC sphere is substituted by a dielectric one with a = 10λ0 and εr = 50, 

as illustrated in Fig. 2(a). The normalized current amplitudes of the electric Jt and magnetic Mt 

components are illustrated in Fig. 4 (Jφ and Mφ are not shown). The numerical results were obtained 

by the Müller formulation [7]-[11] using 941 TBF’s to represent each one of the four current 

components (i.e., 942 segments were used to represent the generatrix of the sphere). Without the 

singularity extraction (dashed lines in Fig. 4) EMR = 17.09 %. However, when the technique is applied 

the relative error is considerably improved (EMR = 1.13 %).  

 

 

 

 

 

 

 

 

 

 

Fig. 2. Geometries analyzed in this work: (a) homogeneous sphere, (b) PEC sphere covered by a dielectric layer and (c) 
sphere composed by two homogeneous hemispheres. 
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The third case study investigates the plane-wave scattering by a PEC sphere (with radius b = 10λ0) 

covered by a dielectric layer with external radius a = 11λ0 and εr = 20, as illustrated in Fig. 2(b). The 

numerical results were obtained by the CFIE (over the PEC spherical surface) and by the Müller 

formulation (over the dielectric surface) [7],[8]. Each current component was represented by 1,099 

TBF’s on each PEC and dielectric surfaces. Figure 5 illustrates the normalized equivalent current 

amplitudes of the electric Jt and magnetic Mt components over the dielectric sphere (the Jt and Jφ 

currents over the PEC sphere and the Jφ and Mφ currents over the dielectric sphere are not shown). 

When the singularity extraction is not used, EMR = 40.09 %. But the relative error improves to EMR = 

1.24% when the singularity extraction is employed. 

 The last example deals with the plane-wave scattering by a composite sphere, like the one 

illustrated in Fig. 2(c). However, in the present study both hemispheres are made of the same 

dielectric material (with a = 20λ0 and εr1 = εr2 = 4). So, it is actually a homogeneous dielectric sphere, 

for which an analytical solution based on Mie series is attained and used to estimate the EMR of the 

MoM solutions. The motivation here is to investigate possible problems related to the numerical 

treatment of the equivalent currents around junctions among different media. The numerical results 

were obtained by PMCWHT formulation [7]-[13] using 942 TBF’s to represent each one of the four 

equivalent current components over the external spherical surface. Figure 6 illustrates the normalized 

equivalent current amplitudes of the electric Jt and magnetic Mt components over the external surface. 

When the singularity extraction is not adopted, EMR = 6.39%. But EMR improves to 0.49% when the 

singularity extraction is used. 
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Fig. 3.  Surface electric current over the PEC sphere with radius a = 50λ0. 
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Fig. 4.  Equivalent surface electric current over the dielectric sphere with radius a = 10λ0 and εr = 50. 



Journal of Microwaves, Optoelectronics and Electromagnetic Applications, Vol. 6, No. 2, December 2007 

Brazilian Microwave and Optoelectronics Society-SBMO received 21 Dec., 2006; revised 17 Aug., 2007; accepted 27 Nov., 2007 
Brazilian Society of Electromagnetism-SBMag © 2007 SBMO/SBMag ISSN 1516-7399 

 
 

390

5 10 15 20 25 30 35
0

0.5

1

1.5

2

⏐ 
J t / 

H
in

c ⏐

S(λ0)

5 10 15 20 25 30 35
0

0.05

0.1

0.15

0.2

0.25

S(λ0)

⏐ 
M

t / 
E

in
c ⏐

MoM without singularities remotion
MoM with singularities remotion
Mie Series

 

Fig. 5.  Equivalent electric and magnetic surface currents over the dielectric surface of a PEC sphere with radius b = 10λ0 
covered by a dielectric layer with radius a = 11λ0 and εr = 20.  
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Fig. 6.  Equivalent electric and magnetic surface currents over the external surface of the composite sphere of Fig. 2(c) 

with radius a = 20λ0 and εr1 = εr2 = 4.  
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V. CONCLUSIONS 

This work evaluated electromagnetic scattering by PEC, dielectric, and composite spheres using 

MoM. It was presented an accurate and robust numerical process to deal with the singularities arising 

in the integrals in the elements of Z and Y matrices. By this technique the singularities were extracted 

and evaluated analytically. Numerical integration by Gaussian quadrature was only applied to the 

regular part of the kernels. The choice of basis functions to represent current behavior was very 

important for the accuracy and convergence of the numerical analysis. In this work this representation 

was carried by triangular TBF functions, which ensures a good representation of the current behavior 

and produce relatively simple integral equations. In all carried tests accurate numerical results had 

been obtained when the singularities removal technique was used. It was demonstrated that the 

appropriate treatment of the integrals singularities is capable of reducing the number of basis 

functions required to represent the surface current behavior. 
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