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Modular Discontinuous Galerkin Time-Domain
Method for General Dispersive Media
With Vector Fitting

Tiago V. L. Amorim ", Member, IEEE, Elson J. Silva

Abstract—We present a novel modular implementation of the
discontinuous Galerkin time-domain (DGTD) method to effectively
address electromagnetic problems involving general dielectric dis-
persive media modeled through vector fitting. This approach in-
cludes an extended dispersive perfectly matched layer to directly
truncate dispersive materials, allowing for the modeling of open
domains. The proposed modular and concise DGTD implemen-
tation, based on the complex-conjugate pole-residue model, offers
flexibility and simplifies the handling of complex medium problems.
We apply the formulation to both two-dimensional and three-
dimensional canonical scattering problems, demonstrating good
agreement with their respective analytical solutions.

Index Terms—Scattering, dispersive media, discontinuous
Galerkin time-domain.

1. INTRODUCTION

HE DGTD method offers an effective approach for solv-
T ing electromagnetic problems, particularly in scattering,
wave propagation, and antenna analysis [1], [2], [3], [4], [5]. It
combines the geometric flexibility of the finite-element method
(FEM) [6] with, to some extent, the versatility of explicit
time integration of the finite-difference time-domain (FDTD)
method [7].

In this work, the standard DGTD framework for solving
Maxwell’s equations [8] is extended to handle general di-
electric dispersive media modeled by the complex-conjugate
pole-residue (CCPR) model [9] and to incorporate a dispersive
perfectly matched layer (PML) absorbing boundary condition
in a modular way. Unlike earlier approaches based on Padé
approximants that rely on scattering boundary condition (SBC)
for domain truncation [10] or demand extra space between the
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scatterer and the PML [11], the proposed DGTD formulation
is a generalization of [12] that allows for direct truncation of
dispersive materials without any additional free space. It incor-
porates a general dielectric dispersive CCPR model [13] while
extending the uniaxial PML [14] to match general dispersive
media, enabling efficient simulation of open space [15].

This formulation first solves the standard Maxwell equations
across the entire domain, providing a unified baseline. Addi-
tional terms, such as those for PML or dispersive media modeled
using vector fitting [16], are then selectively added through
the auxiliary differential equation (ADE) approach, in a plug-
and-play fashion. Depending on each region’s characteristics—
dispersive media, simple dielectric PML, or dispersive PML—
additional differential equations and correction terms are incor-
porated as needed (see Fig. 1). This modular approach activates
specific extensions only in targeted regions, enabling efficient
batch processing and scalable computation. The careful defi-
nition of ADE terms, particularly for boundary conditions in
dispersive media, ensures the algorithm remains adaptable and
modular.

The main advantage of this approach is its modularity, com-
bined with the ability to directly truncate general dispersive
media without any additional free space. It is particularly bene-
ficial for wideband problems [17], [18], [19] in open domains,
where multiple dispersion terms are required to capture material
behavior across a broad frequency range efficiently.

Additionally, incident fields are naturally incorporated using
the total-field scattered-field (TFSF) formulation [7]. Numeri-
cal validation is performed by comparing the DGTD solutions
of two-dimensional and three-dimensional canonical scattering
problems with their analytical counterparts.

II. MATHEMATICAL FORMULATION

Maxwell’s curl equations for lossless linear media without
sources [6] are written as

i AT g gy =0 M)
?(r)w —V x H(r,t) =0, @)

where £ and H are the electric and magnetic fields in the
time domain, respectively. Additionally, € and [z are the electric
permittivity and the magnetic permeability tensors, respectively.

2379-8793 © 2025 IEEE. All rights reserved, including rights for text and data mining, and training of artificial intelligence and similar technologies.
Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

Authorized licensed use limited to: UNIVERSIDADE FEDERAL DE MINAS GERAIS. Downloaded on March 26,2025 at 15:28:26 UTC from IEEE Xplore. Restrictions apply.


https://orcid.org/0009-0003-1576-2526
https://orcid.org/0000-0001-8731-8916
https://orcid.org/0000-0002-9115-9951
https://orcid.org/0000-0002-1562-1462
mailto:tiagovla@ufmg.br
mailto:elson@cpdee.ufmg.br
mailto:fernando@eee.ufmg.br
mailto:teixeira.5@osu.edu

180

IEEE JOURNAL ON MULTISCALE AND MULTIPHYSICS COMPUTATIONAL TECHNIQUES, VOL. 10, 2025

Correction Terms

A

o ZEED = 5 e |+ oKl )~ Brcocn r,0) |- 20 B, R { PO, 57 Rt
Mo% = -V xEMm,t) ||+ poGr,t) — GapoH(r,t) Modular Combinations
Dielectric Media
2 %:’t) = —GoK(r,t) + (Goba — 51) €xc (T, 1) u
g Dispersive Media |:| + |:|
<
|| D G0 + o~ 30 M) clect
sa) ot Dielectric PML |:| + |:|
i W%Y’t) = a,Pr(r,t) + c.E(r,t) r=1,...,R Dispersive PML |:|+|:|+|:|+|:|
3
B[ omart) _ _ [oP.(rt
3 % = —GoR(r,t) + 25 R { P (7, 8)} + 25oR {'Pa(tr)} r=1,...,R

Fig. 1.

Illustration of the modular implementation of Maxwell’s equations containing dispersive media truncated by dispersive PML. The system of equations

is solved synchronously, with each timestep iteration computing the right-hand side (RHS) numerically. Initially, Maxwell’s equations for dielectric media are
computed across the entire computational domain using the respective nodal fields £ and H (highlighted in orange). If the region is dispersive, additional auxiliary
fields P, are added in place to the right-hand side (RHS), updating the previously calculated values for that region based on their respective ADE (highlighted in
red). In regions with dielectric PML, the RHS is updated in place with terms involving the nodal fields G and /C, which are calculated using their respective ADEs
(highlighted in gray). In regions with dispersive PML, the updates for both dispersive media and dielectric PML are combined, introducing an additional coupling
R, (highlighted in yellow). Auxiliary fields are defined only when needed, and region updates are performed via array indexing.

Furthermore, r and ¢ indicate the spatial and temporal depen-
dencies, respectively.

In conservation form, the aforementioned equations be-
come [20]

oD v Farn=0.  ©
where
N 10 _|a(r) 0
q(’f’,t)— g(’l",t) ) Q(T)_ 0 E('I") )
s oz oz . i % E(r,
ro-prnal fa-[ 250

with F being the flux and e; representing the three Cartesian
unit vectors for ¢ = 1,2, 3. For simplicity, any medium in this
work is considered isotropic with € = eI and i = pI, where T
is the identity matrix.

A. Dispersive Media Modeling

A general dispersive dielectric material can be modeled by
considering its permittivity e(w) as €pes + €oXe(w), where €
is the high frequency relative permittivity limit and . (w) is the
frequency-dependent electric susceptibility. Specifically, using
the CCPR model [9], x.(w) can be expanded as

R .
- Cp C,.
xew) =2 (jwar - jwa;) '

r=1
where R is the number of poles, ¢, and a, are the model’s
parameters obtained from data fitting.

“)

This dispersion model can be incorporated via the electric
constitutive equation as
ij(r,w) :jWEOGwE(T7w) +jWE0Xe(W)E('I",OJ). (5)

The aforementioned equation can be decomposed into the fol-
lowing system of equations

JwD(r,w) = jwepen E(r,w) + 6o K (r,w), (6)
K(r,w) = jwxe(r,w)E(r,w). @)
By introducing the following definitions
Cr
P’I‘ 9 = E ) ) 8
(rw) = B(r.w) ®)
C*
P =—"F 9
[ (rw) = B, ©)

where both of them can be easily converted back to the time
domain as

W%T(tr?t) - arPr(r7t) = Crg(’l",t), (10)
/
Pevsl) ety = et ()

Equation (7) can be rewritten as

R
K(r,w)=jwy (Pi(r,w)+ Ph(rw). (12
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Since £(r,t) € R,itimplies that P’.(r,t) = PL(r,t), resulting
in its time-domain equation to be

K(r,t)—Qim{W},

r=1

13)

with only one of ADEs (10) or (11) needing to be solved.
Therefore, within a dispersive material, (2) becomes

OE(r,t) m (P (r,t)
VX%(T7t)ZGO€OOT_2GO;§}E T 5
(14)
and an additional ADE of a polarization field P,. for every pole
7 is solved
9P (r1) =a,P.(r,t) + c.E(r,t).

ot (15)

B. Perfectly Matched Layer

To truncate unbounded domains, the uniaxial PML [14] tech-
nique can be used by introducing matched artificial conduc-
tivities in the outer regions of the grid to absorb outgoing
waves. This PML is incorporated by modifying the electrical
constitutive equation to

jwD(r,w) = jwlz\eoemE(r,w), (16)
where the tensor A is defined as
) SySz/Sz 0 0
A= 0 525:/8y 0 , (17)
0 0 528y/5

withs;, = 1+ o;/jwfori = x,y, z. Equation (16) can be rewrit-
ten as [21]
JjwD(r,w) = jwegenc E(r,w)
+jw (f\ _ I) e E(r,w),  (18)

which it can be further decomposed into the following set of
equations

jwD(r,w) = jwepex E(r,w) + eoU (r,w), (19)
U(r,w) = jwA — Dex E(r,w). (20)
By defining the following coefficients
[0, 0 0 oy0. 0 0
5'0 = 0 Oy 01, o1 = 0 O0x02 0 )
L 0 0 o, 0 0 lopeny
_ay +0, — 0y, 0 0
0o = 0 Oy + 0, — 0y 0 ,
L 0 0 Oy +0y—0,
Equation (20) can be expanded to
ooU(r,w) = drex E(r,w)
+ jw[-U(r,w) + daec E(r,w)].  (21)

The following substitution

results in the following equation after some simplifications
JwK(r,w) = =69 K (r,w) + (G002 — 71) exc E(7,w), (23)
which in the time domain simply becomes
oK (r,t)
ot

The same procedure can be applied to the magnetic field,
resulting in the following ADE

oG (r,t)
ot
Finally, the set of equations to be solved within the uniaxial PML
is given by

= —5’0’(:(1",0 + (5’05’2 - 5’1) Eoog(’l",t). (24)

= —50G(r.t) + (Go5s — 1) H(r,t). (25

V x H(r,t) = eoem% — eoIC(r,t) 4+ FaepencE(r, 1),
(26)

oM (r,t _
V x g(r?t) = - MO% - /.Log(’l“,t) + 62/”'0%(7'at)7
(27)
W = — 5ok (r,t) + (5oda — 51) exE(r, 1), (28)
% = —50G(r,t) + (5odo — 51) H(r ). (29)

C. PML Matched to General Dispersive Media

In order to properly truncate dispersive media, it is necessary
to incorporate the PML equations in tandem with the dispersive
medium model. In this case, the electric constitutive equation
becomes

jwD(r,w) = jw [I + (/:\ — I)} €0 (€00 + Xe(r,w)) E(r,w).
(30)
Expanding the previous equation leads to

simple dielectric simple PML

e N —
JjwD(r,w) = jwegeac E(r,w) + jw(A — Iegen E(1, w)

+ jweoxe (T, W) E(r,w) + jw(A — Deoxe(r,w) E(r,w)

dispersive media coupling: PML + dispersive media

&1V

where the simple dielectric, the dispersive media, and the simple

PML terms have already been addressed in the previous subsec-

tions. Therefore, we focus next on the remaining coupling term.
By writing (31) as the following set of equations

JjwD(r,w) = jwegen E(r,w) + jweoXe(r,w)E(r,w)
+ jw(A — Deges E(r,w) + e R(r,w), (32)

R(r,w) = jw([:\ —Ixe(r,w)E(r,w), (33)
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and considering the subsequent definition
(34)

Equation (33) can be rewritten as a sum of ADEs associated to
each pole r as

JwR,. (T, w) = —doR,(r,w)
+ (jwdg + 71) (Pr(r,w) + Pl.(r,w)) (35)

with its time-domain counterpart being

OR.(r,1)

ot = _EORT(rat)

+ 201 R{Pr(r, 1)} + 2021 {W} '
(36)

Therefore, the set of equations to be solved is

6Oeoo% =V x H(”'7t) + E()’C(’l",t) — 5’2606005(’]",15)
R R
- 2e02%{‘9pj§t”’t>} —6 Y R(rt), (37
r=1 r=1
0 t _
po 40D G 1) oG (1) — ool 1),
(38)
w = —E'QIC(T,t) + (5’()52 — 5’1) GOCS(T',t), (39)
V0L 5ogr ) + (o~ 70) M 0),  (40)
&P%Y,t) =a,P.(r,t) +c.Er,t), r=1,...,R, (4l)
OR.(r,t) _(9Pu(r,1)
o —00R(7,1) + 2021 {(r%
25\ R{P.(r,t)} r=1,...,R. (42)

D. Modular Implementation

An examination of all possible scenarios makes it evident
that the (simple) dielectric case, (1) and (2), the dispersive media
case, (1), (14) and (15), and the dielectric PML case, (26) to (29),
are just specific instances of the more general dispersive PML
case, (37) to (42). Notably, while the (simple) dielectric media
case can be computed for the entire domain directly, other re-
gions only require respective additional terms according to their
specific characteristics. This modular approach is illustrated in
Fig. 1.

III. THE DISCONTINOUS GALERKIN METHOD

Assume that €2, is a tessellated finite region (bounded by 0€2},)
of the physical domain Q with K non-overlapping elements (QF,

bounded by 0Nk 1) where (3) is to be solved. Thus

K
Qth:UQﬁj. (43)

k
A globally defined vector space V}, is introduced to approximate
@(r,t) given that V;, = ®&X_ V¥, where the locally defined vec-
tor spaces are defined as V¥ = span{t,, (Q2) gil Considering
that V, is piecewise smooth over {2, a local approximation
cj}f(r, t) is defined in the local vector space V}, [8]

N, N,
G t) =@t valr) =D Gi(r,t) - Li(r) rek,
n=1 i=1 (44)

where [; are the interpolating Lagrange nodal-basis which pos-
sess the Kronecker delta property [21]. The relation between
modal coefficients (ﬂj(t) and nodal coefficients ¢ (7, t) is given
by the Vandermonde matrix [8]. The modal-basis are usually
chosen to be normalized monomials, while the interpolating
positions r are spread in a Gauss-Lobatto alike distribution,
usually obtained by the Warp-Blend method [8].

By applying the Galerkin testing and local integration by parts
over (3) for each element, the strong variational formulation of
Maxwell’s curl equations [21] writes as

/ {Qaaqt’wv Fr(q L)} Li(r) dQ2

:/amﬁ.[j:-’;(q) F(ah)] - iryda v e Vg, @)

where n is the outward unit vector normal to the boundary
surface O and FF — F* are termed as the numerical flux
difference used for inter-element coupling.

Within each element, the physical fields £ (7, ¢) and H(r, t)
are approximated by 5 (r,t) and H} (r,t) using nodal basis
functions as

NP

Ef(rt) =) ef(rit) Li(r) reQf, (46
=1
N

Hf(r, 1) = Zﬁ (rit)-li(r) reQi, @)

&
Il
-

where &} and ﬁz are the nodal coefficients. After replacing (46)
and (47) into (45) and assuming that () in (3) is constant within
each element for simplicity, the integrals simplify to

Mil} »/Qk L (T) : lj (r) ds, (48)
ol; ( )
ko _ . =
Szgs - /ﬁll(r) 95 dQ S $7y727 (49)
FF / Li(r) - L;(r)dS2, (50)
7.4 = a0k () -4 (r)

where M* is the mass matrix, S¥ is the stiffness matrix along
the s component, and F}“ is the face mass matrix for face f. By
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isolating the time-derivatives and approximating the fields /C,
G, P, R in a similar fashion as in (46) and (47), one obtains

3ék —1 ~k N -k — 3k
ok S = (M*) 1 [8F xR+ F - (A [ Fp - Fp )]
k R a~k R
+ ek — Egeoefoék — 2602%{ 8ptr } — GOZ?T,
r=1 r=1
(51
~k
(9h N —1 - R >k — %
- _ ~k
+ 110g" — Gap0h (52)
~k
ggazfakh%ﬁﬁgféﬂ%ﬁﬂ (53)
65}}“ - -k _ _ ok
o~ 009 + (902 — 1) b, (54)
~k
a;);:arf)’:—kcrék r=1,...,R, (55)
ory o= o [ OP)
315 = —Uorr+20'2§R{ 6t }
+20R{pF} r=1,....R, (56)

where S* = [S*, S% S¥|T, and Fp and Fp are the fluxes
related to the electric and magnetic field, respectively.

A. Numerical Flux

In the case of the Maxwell’s equations with constant per-
mittivity and permeability inside each element, the numerical
flux for the linear case can be derived analytically by solving a
Riemann’s problem with Rankine-Hugoniot jump conditions [8]
along a normal 7. Thus, the numerical flux difference for the
three-dimensional case is [8]

. ook 1 ax(Zt[H]tanx[€])
- FE _{E*] = [ O e ra m])] » OD
Fu—Fu g 2

where

_ u +ut
=t =

[u=n"u +nTu’ Zi—i— e
- ’ Ty V&

T3]

In this notation, represents the local element while “+”
represents the neighboring element, as shown in Fig. 2. The
upwind parameter « € [0, 1] ensures that the scheme is stable
and convergent. Setting o = 1 represents the pure upwind flux,
whereas the central flux can be recovered with a = 0.

B. Total-Field Scattered-Field Formulation

Based on the Huygen’s principle, it is possible to split the
computational domain into two regions: the total-field region
(TFR) and scattered-field region (SFR). This technique, known
as the TFSF formulation [7], is widely used in the FDTD method.

~—o

Fig.2. Notation used for the definition of numerical fluxes. The blue element
color represents the local element while the orange color represents a neighbor-
ing element.

Interface Surface

Interface Total
Scattered Elements Region
Scattered » Interface

Total Elements

Fig. 3. Illustration of the TFSF scheme.

It relies on the linearity of Maxwell’s equations and the known
scattering relation

q_’tot (’l", t) = q_;nc(r7 t) + q_’scat (Ta t)a (58)

where subscripts “tot”, “scat”, and “inc” indicate the total,
scattered and incident, i.e., physical fields, respectively. The
incident field is a known analytical expression, e.g., a plane
wave. An illustration of the TFSF scheme is shown in Fig. 3.

Due to linearity, (3) is still valid in the TFR and SFR. Hence,
the following equations

a(jtot (’I", ﬁ)

Q==+ V" FlGos(r,t),7,t) =0, (59
Qaqs%t(r’t) +V - F(Goonr(7,8),7,6) =0, (60)

are solved in their respective domains. The field differences are
given by

[Grot (1, 1)] = oo (7,1) — G (7, 1), (61)
[@Scat (T7 t)] = q_;:at (Tv t) - (j::sat (T? t)’ (62)

As long as the local element is within TFR or SFR, the
evaluation is straightforward. The only change happens in the
interface elements sharing a face with the TFSF interface, as
indicated in Fig. 3. If the local element is in the TFR, the field
difference is updated to

[(T(r?t”tot = Goot (T, 1) — cj:zat(r7t) — Gine(7, 1), (63)
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Fig. 4. Illustration of the two-dimensional case study.

while if the local element is within the SFR

[§(T7t)]scat = (i:cat(r?t) - q:(—)t(rvt) + (j{nc(r,t).

This formulation has the requirement that all electromagnetic
fields must approach zero at t = 0 everywhere [21].

(64)

IV. NUMERICAL RESULTS

This section validates the formulation by applying it to a
two-dimensional canonical problem that covers all previously
described scenarios, confirming its accuracy and reliability.
Subsequently, the formulation is tested on a more complex
three-dimensional problem to demonstrate its effectiveness in
addressing intricate scenarios.

The explicit fourth-order Runge-Kutta method is used for time
integration, with the time step based on the minimum nodal
distance [8]. Simplexes (triangles in 2D and tetrahedra in 3D)
are chosen as grid elements. The upwind scheme is used for
numerical flux and boundary conditions are integrated into the
flux calculation [8].

A. Two-Dimensional Scattering Problem

The proposed formulation is validated by analyzing the prop-
agation of a TMz plane wave with normal incidence into a region
containing dispersive dielectric media. This setup covers all
possible scenarios: a PML truncating free space, free space itself,
dispersive dielectric media, and a PML truncating the dispersive
media, as shown in Fig. 4. In the simulation, the incident field
is given by

Sinc({r7 t) =g (t - [S7%) z- 7“) '%7 (65)
[ €0 .
Hinc('r'>t) =4/ —xX 8inc("°at)7 (66)
Ho
where g(t) is the cosine-modulated Gaussian waveform
g(t) = cos(2m f.t) exp (—t2/72) , (67)

with f. being its center frequency and 7 representing its time
constant. To analyze a frequency band from 100 MHz to
500 MHz, f. was set to 300 MHz and T was set to 0.8/ f.. seconds.
To ensure that the electromagnetic fields were zero at both the
start and end of the simulation, a time delay of 77 was applied,
and the fields were simulated for a total duration of 207. A single
Lorentz pole was used to model the dispersive dielectric media

analytical === numerical ]:

E, [V/m]
(an)
=~

.. Jt

1
1
1
1
1
- ———e
1
1
1
1
1
1
1
J -,

|
=
|
|
1
1
|
|
1
T

Electric field with 6th order elements at ¢ = 77 and 1/6A. mesh.

[
=)

Fig. 5.

with its parameters set to w; = 1.25 x 27 f., 63 = 0.3 X w1,
Ae = 2.5 and ¢y, = 1 [9]. The computational domain of size
3le X 2). was considered, where A. is the wavelength of the
central frequency. The mesh size was set to 1/6A. and 1/12A.,
resulting in a total of 570 and 2070 elements, respectively. The
PML profile was a second-degree polynomial with parameters
chosen to achieve an attenuation of 72 dB within the PML. The
geometric dimensions and the electric field at a cross-section
along the propagation direction are shown in Fig. 5.

To evaluate the impact of the frequency dependence of the
dispersive dielectric media in the simulation, the relative Ly error
was calculated as

fQ [|Er — E2|[|2dQ
Lo Error = )
\/ Jo T[22

(68)

with a representing the analytical and n the numerical results.
This error is determined by taking the Fourier transform of the
electric field from the time-domain numerical solution and com-
paring it to the frequency-domain analytical solution, weighted
by the incident field’s frequency components.

Fig. 6 shows how the error across the frequency band of
interest changes with varying element orders. The gray area
represents the frequency spectrum of the incident field. The
parabolic trend observed at lower frequencies is related to the in-
tensity of the incident field at those frequencies. As the frequency
moves away from the center frequency, the spectral energy
decreases, leading to a reduction in the denominator of (68). The
error also gradually increases with frequency due to numerical
grid dispersion. As frequency rises, the spatial sampling rate
(number of elements per wavelength) decreases, resulting in
increased mesh dispersion. Fig. 7 shows the convergence rate
of the Ly error at the center frequency 300 MHz with varying
element orders. It was observed that doubling the mesh density
reduced the overall error by 20 dB with only minor variations in
the spectrum.

B. Three-Dimensional Scattering Problem

The next problem involves the electromagnetic scattering of
a plane wave by a dispersive dielectric sphere, as illustrated in
Fig. 8. The material properties of the sphere were determined
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Fig. 8. Illustration of the three-dimensional case study.

using vector fitting with data from [22] for silver across the
frequency range of 30 THz to 1200 THz. In contrast to [9], which
employed six conjugate poles, a satisfactory approximation was
achieved with only three conjugate poles through Basin-hopping
combined with non-linear least squares optimization. The poles
and residues of the fitted model are illustrated in Fig. 9, and their
values are listed in Table I.
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Fig. 9. Fitting of the refractive index n and extinction coefficient k of silver

over the frequency range from 30 THz to 1200 THz.

TABLE I
POLES AND RESIDUES OF THE FITTED MODEL

Residues Poles
+0.27 + 2931 —0.03 — 0.015
—29.39 + 2125 | —18.60 — 3.755
+1.10 4+ 0.615 —0.37 — 4.205

The simulation was performed with a plane wave propagating
in the z direction and the electric field polarized along x. To
analyze the time-domain response, considering the frequency
response of the material between 100 THz and 500 THz, the
central frequency, f., was set to 300 THz, with 7 =0.8/f,
seconds. A time delay of 77 was applied to ensure that the
electromagnetic fields were zero at the start of the simulation.
The total duration of the simulation was also 77 seconds, which
corresponds to the time when the electromagnetic incident
field reaches its peak value. The computational domain had
dimensions of 1.51. x 1.5A. x 1.5A., where A, represents the
wavelength at the center frequency. The mesh size within the
sphere was set to 1/15A., and up to 1/4x. within the PML,
resulting in a total of 4752 elements. The PML employed a
second-degree polynomial profile, with parameters chosen to
achieve an attenuation of 36 dB. The width of the PML was
0.25)., the width of the scattering region (excluding the PML)
was 0.125.., and the radius of the sphere was 0.25A..

The absolute value of the electric field at the y = 0 plane is
shown in Fig. 10 while the normalized error at two different
planes, absolute difference between the numerical solution and
the analytical solution [23] (with 50 terms) normalized by the
amplitude the incident field, is shown in Fig. 11 using 4th
order elements. The error is concentrated near the surface of the
sphere, as illustrated in Fig. 11(a). This discrepancy is attributed
to the limited discretization of the sphere, which has a significant
impact on the accuracy of the near field. Taking into account
these factors, the relative Lo error was computed at the TFSF
interface, yielding a value of 1.04% with 4th order elements.
The normalized error at one of the faces of the cube containing
the TFSF interface is shown in Fig. 11(b). This finding indicates
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Fig. 11. Normalized error ||E™ — £?||/ Ey of the electric field at ¢ = 77 using
4th order elements at (a) y = 0 and (b) y = —0.375X., excluding the PML,
where Ej is the amplitude of the incident field. The error slightly above 0 dB
in (a) occurs only at elements intersecting the sphere due to rapid electric field
changes and discretization, unlike (b), where the error stays below —40 dB.

a strong agreement between the numerical and analytical solu-
tions, especially considering the notable variation in permittivity
of the material analyzed.

V. CONCLUSION

This work has presented a new formulation of the DGTD
method applied to electromagnetic scattering problems involv-
ing general dispersive media modeled by vector fitting. The main
contribution is enabling direct truncation of dispersive materials
without the need for a region of simple dielectric between the
scatterer and the PML by extending the uniaxial PML to handle
general dispersive media based on the CCPR model. The formu-
lation’s modularity allows for flexible and efficient adaptation to
various problem types, activating dispersive and/or PML com-
ponents as needed. Numerical results for two-dimensional and
three-dimensional scattering problems demonstrate excellent
agreement with analytical solutions, showcasing the accuracy
and flexibility of the proposed method.
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