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Abstract—This work presents the development of an analytical
technique for the synthesis of non-uniform phase distribution for
a cylindrical aperture with a cosecant-squared radiation pattern.
Analytical results for the phase distributions are presented.
Using the Aperture Method, the radiation patterns for these
distributions are computationally calculated.

Index Terms—Non-Uniform Phase Distribution, Cosecant-
Squared, Aperture Method, Reflector Antennas.

I. INTRODUCTION

Cosecant-squared radiation patterns are important for air-
borne surveillance radar and mobile communications appli-
cations. This pattern compensates for propagation losses,
meaning that antennas with this characteristic provide greater
directivity in the direction with longer propagation paths [1].

There are several works that address the synthesis of an-
tennas with cosecant-squared patterns. Noteworthy methods
for improving antenna efficiency are presented in [2], where
studies related to the reduction of sidelobes in a cosecant-
squared radiation pattern are presented. Additionally, there are
works that utilize optimization algorithms of this pattern [3].

It is worth noting, among the antenna models that meet
the cosecant-squared pattern, the double reflector antennas for
omnidirectional coverage. In [4], an alternative method for the
synthesis of this type of antenna is presented. In [5], a high-
performance double reflector antenna is also presented.

One way to design an antenna that meets the desired spec-
ifications is through aperture field synthesis. In [6], a method
for non-uniform phase synthesis is presented, which generates
cosecant-squared radiation patterns. However, the author does
not provide an analytical solution for this distribution.

Building on the work presented in [6], this study conducts
an analytical solution for the non-uniform phase distribution.
The analysis is done considering a cylindrical aperture, as it
is interesting for applications related to cosecant-squared radi-
ation patterns with omnidirectional coverage. Fig. 1 schemat-
ically shows an omnidirectional coverage, with a cosecant-
squared radiation pattern and a cylindrical aperture with a
height of WA.

This paper is divided as follows: Section II presents the
method of non-uniform phase synthesis; Section III presents
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Fig. 1. Representation of the cosecant-squared radiation pattern.

the analytical solution for the aperture phase distribution;
Section IV presents the aperture method; Section V presents
the results, and Section VI presents the conclusions.

II. NON-UNIFORM PHASE SYNTHESIS METHOD

The non-uniform phase synthesis method, presented in [6],
consists of defining functions g(ξ) and h(u). Function g(ξ) is
defined as the power at the cylindrical aperture:

g(ξ) =

∫ ξ

−1
|E⃗A(r⃗A, ω)|2 dη∫ 1

−1
|E⃗A(r⃗A, ω)|2 dη

(1)

where E⃗A(r⃗A, ω) is the aperture field. Following [6]:

|E⃗A(r⃗A, ω)|2 = 1,−1 ≤ ξ ≤ 1 (2)

From (2), it is understood that the squared modulus of the
electric field at the cylindrical aperture is equal to 1 for the
entire aperture. It is worth noting that ξ is the normalized
aperture coordinate and is given by ξ = 2 z/WA, where WA

is the height of the aperture.
On the other hand, it is necessary to define the function

h(u), which represents the desired radiated power:

h(u) =

∫ u

−1
|Fnorm(τ)|2 dτ∫ 1

−1
|Fnorm(τ)|2 dτ

(3)

In [6], Fnorm(u) is expressed as follows:

Fnorm(u) =

 0, −1 ≤ u ≤ u1
A/u, u1 < u < u2
0, u2 ≤ u ≤ 1

(4)

where u1 = sin(θ1 − 3π/2), u2 = sin(θ2 − 3π/2) and u =
sin(θ−3π/2). The angles θ1 and θ2 are the starting and ending
angles of the cosecant-squared pattern. The functions g(ξ) and
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h(u) have analytical solutions, shown in Section III. The next
step is to impose energy conservation:

h(u) = g(ξ) (5)

By imposing this equality, we then have as a result a
function u(ξ). Finally, the last step is to apply the function
u(ξ) in (6) [6]:

dψ(ξ)

dξ
= −kWA

2
u(ξ) (6)

where k = 2π/λ and ψ(ξ) is the desired aperture phase
distribution. Schematically, Fig. 2 presents the non-uniform
phase synthesis procedure presented in [6]. The contribution
of this work is to present the analytical solution for the non-
uniform phase of a cylindrical aperture, that is, to determine
the function ψ(ξ) that provides a cosecant-squared radiation
pattern.

Fig. 2. Synthesis method flowchart.

III. ANALYTICAL SOLUTION FOR NON-UNIFORM PHASE
DISTRIBUTION

Based on (3) and (4), the analytical solution for h(u), which
represents the desired radiated power, is given by:

h(u) =
u2 (u− u1)

u (u2 − u1)
(7)

The solution for the required power in the aperture, is
expressed with the aid of (1) and (2) as:

g(ξ) =
1 + ξ

2
(8)

for −1 ≤ ξ ≤ 1. By setting g(ξ) equal to h(u), the function
u(ξ) is obtained:

u(ξ) =
2u1u2

u2 + u1 − ξ(u2 − u1)
(9)

Analytically evaluating (6) and (9) yields:

ψ(ξ) =

(
kWAu1u2
u2 − u1

)
ln [u2 + u1 − ξ(u2 − u1)] (10)

It is worth noting that the phase distribution ψ(ξ) is de-
pendent on the aperture height WA and the parameters u1
and u2, which are related to the starting and ending angles
of the cosecant-squared pattern. In Section V, the behavior of
the phase distribution in relation to these parameters will be
investigated.

IV. APERTURE METHOD

One can use the Aperture Method, discussed in [7] to
evaluate the radiation pattern provided by ψ(ξ). Considering a
cylindrical aperture, it can be shown that the ϕ component of
the electric field is zero, Eϕ(r⃗, ω) = 0, and the θ component
of the electric field is described as:

Eθ(r⃗, ω) ≈ −jkρA
2

exp(−jkr)
r

[sin θ J0(kρA sin θ)

+jJ1(kρA sin θ)]×
∫ WA/2

−WA/2

exp[jkz′ cos θ] exp[jψ(ξ)] dz′ (11)

where J0 and J1 are the usual Bessel functions and ρA is the
radius of the cylindrical aperture.

V. RESULTS

Initially, the study of ψ(ξ) as a function of WA is performed.
In Fig. 3, the phase distributions for different values of angles
θ2 are represented. It is worth noting that θ1 was fixed at
92◦. In this case, WA was defined as 90λ, that is, the phase
distributions must vary in z from −45λ to 45λ. The phase
function ψ is given in degrees. It is important to remember
that the results using the analytical solution presented in 10
are the same when 6 is numerically solved [6].

Fig. 3. Non-uniform phase distribution for WA = 90λ.

To validate the phase distributions ψ(ξ), the aperture method
was computationally implemented. Fig. 4 shows the normal-
ized directivity for the respective phase distributions with
ρA = 500λ. In the figure, one can also observe the influence
of the angle θ2 on the width of the cosecant-squared pattern.
The dashed curve represents a theoretical pattern, considering
θ1 = 92◦ and θ2 = 145◦.

Next, the analysis was repeated for WA = 300λ. Fig. 5
shows the phase distributions for different angles θ2, with
θ1 = 92◦. Once again, the directivity was computationally
calculated using the aperture method. Through Fig. 6, it can
be noticed that the radiation patterns in this case are more
directive and closer to the ideal cosecant-squared profile.

Finally, the influence of the radius of the cylindrical aperture
ρA was evaluated. WA was fixed at 300λ, θ1 at 92◦, θ2 at
115◦, and ρA was assigned values of 5λ and 500λ. The results



Fig. 4. Radiation pattern for WA = 90λ and θ1 = 92◦.

Fig. 5. Non-uniform phase distribution for WA = 300λ.

are presented in Fig. 7. The dashed line represents the ideal
cosecant-squared profile. For the values of ρA evaluated, little
influence of the radius of the cylindrical aperture was observed
on the radiation pattern.

It is worth noting that with the increase in operating
frequencies of mobile communication networks, antennas with
aperture dimensions of 300λ are becoming possible to be
constructed and commercially available. For example, for a

Fig. 6. Radiation pattern for WA = 300λ and θ1 = 92◦.

Fig. 7. Radiation pattern for variations in ρA.

WA = 300λ, a length of 3.4 meters is obtained for 26 GHz
5G network applications. The trend is for these dimensions
to become even smaller in the next generations of mobile
networks.

VI. CONCLUSIONS

This work presented the development of a non-uniform
phase synthesis for a cylindrical aperture, considering a
cosecant-squared radiation pattern. Results of phase distribu-
tions as a function of position on the aperture were presented,
as well as the radiation patterns generated by such distribu-
tions. An analysis was also presented on the influence of the
aperture radius on the radiation pattern. As future work, the
presented method will be applied for the synthesis of reflector
antennas with omnidirectional coverage.
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