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Abstract—This work investigates a new procedure for the 
shaping of axis-symmetric dual-reflector antennas to control the 
amplitude and phase of the aperture-field. The generatrices of 
sub- and main-reflectors are shaped through consecutive concate-
nation of conic sections. To illustrate the efficacy of the algorithm, 
an axis-displaced Cassegrain configuration is shaped to provide 
an uniform aperture illumination, under Geometrical Optics 
principles. The results are validated using the electromagnetic 
analysis provided by the method-of-moments.

Index Terms—Reflector antenna shaping.

I. In t r o d u c t i o n

A technique for the shaping of axis-symmetric dual-
reflectors antennas has been presented in [1], The procedure 
is based on the concatenation of local conic sections suited 
to provide, according to Geometrical Optics (GO) principles, 
an aperture-field with uniform phase and prescribed amplitude 
distribution. Each set o f conic sections is sequentially defined 
to represent the shaped reflector generatrices.

The procedure introduced in [1] presents significant advan-
tages over traditional approaches [2], [3], as it is not necessary 
to solve any differential equation in the shaping process. 
However, the method [1] only allows the control of amplitude 
in the antenna aperture. For these reasons, this work presents 
a new formulation for the shaping of axis-symmetric dual-
reflector antennas. The main aspect of the technique proposed 
in Section II is to represent the reflector generatrices by 
conic sections sequentially concatenated to each other [1], as 
illustrated in Fig. 1. Here we use elliptic sections to describe 
the main-reflector generatrix. Consequently, the shaping of 
the sub- and main-reflectors allows the desired illumination 
control at the aperture. The simultaneous control of amplitude 
and phase distributions aims to obtain greater viability of the 
radiation pattern of the shaped antennas.

II. D e v e l o p m e n t  o f  t h e  S h a p i n g  Pr o c e d u r e

Each conic section Sn (with n = 1, ..., N ) describing 
the subreflector has two foci: one is always at the origin 
O (feed phase-center) and another is located at point Pn. 
The main-reflector is generated by ellipses (M„) consecutively

978-l-7281-3099-6/19/$31.00 ©2019 IEEE

Fig. 1. Dual-reflector shaping by consecutively combining conic sections of 
an ADC-like configuration.

Fig. 2. Parameters o f Sn and M n .

connected. From Figs. 1 and 2, the foci of Mn are Pn and Tn 
(predefined at the main-reflector aperture surface).

For the ADC-like configuration shown in Fig. 1, the aperture 
is defined as a set of points A „ ( z a „ , Pa „)- Note that p A n is

978-1-7281-3099-6/19 /$31 .00 © 2019 IEEE
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uniformly varied from p a 0 -  D p /2  to p a n  -  D m /2 , such 
that A pA = pAri -  Pa „_! = (D m /2 )/N . The position of Tn 
is located by:

ZTn Z +  prn p, (1)

where prn and zPn are the coordinates of Tn. pr„ is the 
midpoint between p^n l  and pAn ■ In this work, we considered 
zx„ = z a , which causes an aperture-field with uniform phase 
and a prescribed amplitude distribution. It is emphasized that 
Tn can be arbitrarily localted (see Fig. 1), allowing phase 
control. Under GO properties, the energy contained in the ray 
beam (between 6pn_, and 6pn), incident on the conic section 
Sn is conserved immediately after the second reflection by the 
n-th ellipse (see Fig. 2). In the integral form, the conservation 
of energy is expressed as:

fPAn
G f (6f )t f  sinOpdOp =  Lp  GU(p)pdp, (2)

d PA _  !

/•Of

rFn-, =

where

fl'71
(4)bn cos 6Fn_1 +  dn sin 6Fn_1 -  1 ’

=  Cnißn (5)

bn =  COS ßn, (6)

dn =  en sinßn. (7)

f m {6m )

for 0m„_! < 0 M  <  0 M n , where:
B n(V M 1) + 27)M D n {v 'm + 1) (8)

-*4-n — G n { t n l / e „ ) ,

T]m  =  c o t (¥) (12)

B n =  en cos 7„ , (10)

D n =  en s in7„. (11)

07i d n 7]F “b 1 

_dn TjFipn 1) .

where r)p = cot (0^/2). In (12), it is expressed the relation 
between the incidence (Op) and reflection (6m ) directions for 
the conic section Sn (see Fig. 2).

From the polar equations of Sn and Mn one can show that 
the length of the optical path (£„) from the feed phase-center 
to the focus Tn with zp„ -  z a -

*  2cn 2Cn
%n — I

£n
(13)

where G f (6p ) is the radiated feed power density, Ga (p ) is 
the desired aperture (focal plane) power density and Lp  is a 
normalization factor given by:

/•8e  pDm /2
L p =  I GF(6p)rp  sin 6Fd6F/  GA(p)pdp. (3)

JO J D b /2

From (2) we get 6pn (feed ray direction) by an iterative process 
starting at n = 0 and 6p0 = 0 and finishing when n = N  for 
0pN = Op, where Op is the edge angle of the subreflector.

In order to obtain each pair of Sn and Mn, for n -  1 ,..., N, 
it is necessary to determine only three parameters of Sn: the 
interfocal distance (2cn), eccentricity (e„) and the tilt angle 
(Pn). Thus, three equations are required. The parameters of 
Mn, interfocal distance (2Cn), eccentricity (en) and the tilt 
angle (7n), are further calculated from 2c„, e„ and fin.

The first equation of the shaping process is obtained from 
the polar equation of Sn:

Interfocal distance (2Cn = TnPn) of (13) is obtained with aid 
of the Fig. 1, while l n and zpn must be specified a priori. The 
remaining two equations are determined by mapping the ray- 
direction (dp -a - Op) from the feed phase-center to the focus 
Tn. Consequently, it can be shown that the relation between 
the p-coordinates of the main-reflector and Tn to iterations 
(n - l)  and (n) are given by:

i-M„_1(sin0M„
2C

■ s in 6Tn_l ) +  — -  s in 6Tn_1 +  pPn =  pTn,
£n.

2 Cn
(14)

rMn (sin 6Mn -  sin 6Tn) +  sin 6Trl +  pPn =  pTn, (15)
Cyi

where pPrl is the p-coordinate of Pn
0Mn_i <  6m  <  6m „ and 6pn_ 1 <  6p <  6t „-

2t?m  . a 27it
sin 6 m  =

V2m  +  1 ’

sinö^ =
Vt V

and for

(16)

with rjM given by ( 1 1 ) and

r)T =  cot 

where:

9 1 - 9 3  +  Vf ( 1 +  9 2 -  9À) 

1 - 9 2 +  Vf (9 i  +  93) ~  9 i \ ’

9 1 dnj

9 2  =  Bn bn\

93 =  dnP n bnD n\ 

9i =  bnBn dnD n.

(17)

(18)

(19)

(20) 

(21)

Subscript 77,-1 in (4) indicates that the respective values of 
7"f  and 6f  are given from the previous iteration. The iterative 
process starts at n -  0 and rPo -  Vs, where is the distance 
between the origin O and the subreflector apex, as shown in 
Fig. 1.

Considering the ellipse Mn, one obtains the following 
relation:

An(VM +  !)

Note that 7« is determined by Fig. 2. System (4), (14) and 
(15) must be solved numerically in order to obtain 2c„, en and 
¡3n. With these parameters, 2Cn (Fig. 2) is readly determined 
and en calculated from (13). The subreflector is given by the 
vector:

rFn(cos6Fnz +  s in 6pn p). (22)

with rpn given by (4) substituting (n - l)  by (n). The main- 
reflector is located by the following vector:

(rM„ cos 6m ti +  2cn cos ftn)z  +  (rMn sin dMn +  2cn sin fin)p,
(23)

where:

cos 6 m —  1 

V2m  +  1 ‘
(9) (24)
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The iterations are repeated until 6En = 0E for n = N  [1]. 
The formulation introduced is derived for ADC-like antenna, 
but can be easily extended to three other axis-symmetric 
dual-reflector configurations: axis-displaced Gregorian (ADG), 
ellipse and hyperbola (ADH) [1].

III. R e s u l t s

The synthesis process started from a classical configuration, 
designed with D M -  100A, D B -  D s -  10A, 0E -  30°, 
and £q = 50A (constant path length at = 0) [1]. The 
operating frequency is 5 GHz, such that D m  = 6m. In order 
to evaluate the shaping procedure proposed in Section II, an 
ADC-like configuration is shaped with a uniform illumination 
distribution \£n = £q and Ga (p ) = cte.] over the aperture 
(De / 2 <  pAn <  Djv/f/2), to increase the gain of the antenna. 
The adopted feed model, with p = 83, is [1]:

G f (9e ) =  cos2p (0 E /  2) /  rE. (25)

The iterative procedure starsts with rEo = Vs = 6.81 A for 
n = 0 and zEn = 100A. The system of equations (4), (14) and 
(15) was numerically solved numerically to obtain 2cn, en and 
f3n. Consequently, 2Cn, en and 7n were further determined.

Figure 3 showns the classical and shaped reflector’s genera-
trices, where one can be observe the main differences between 
the geometries. The radiation characteristics obtained by the 
method-of-moments (MoM) in plane <fi = 45° are represented 
in Fig. 4 at 5GHz. The results show good agreement when 
compared to a caso presented in [1] (Fig. 4). As expected, the 
gain of the shaped arrangment (49.2dBi) is higher than the 
classical configuration (47.6dBi), with an increase of the cross-
polarization of the shaped antenna, according to Fig. 4. To 
investigate the numerical convergence of this new technique, 
in Fig. 5 is presented the error (RMS) as a function of the 
steps-numeber (N ). As a reference, we use a shaped antenna 
with a large number of points («  80000) for the sub- and 
main-reflectors. The RMS errors were obtined from the rEn 
distances and ZMn coordinates, respectively. From Fig. 5, it 
can be seen that the RMS error decreases when N  increases, 
as expected.

IV. C o n c l u s i o n s

A new formulation for the GO shaping of the axis- 
symmetric dual-reflector antennas to control amplitude and 
phase of the aperture-field was presented. The procedure 
was easily formulated using the conic representation in polar 
coordinates. An ADC antenna was sucessfully shaped to obtain 
uniform aperture distribution [1]. The eletromagnetic perfo- 
mance of the designed antenna was achieved with accurate 
analysis provided by the MoM technique.

A c k n o w l e d g m e n t

This work has been supported by the Brazillian agencies 
CAPES, CAPES/PROCAD 068419/14, CNPq and FAPEMIG.

-1.5 -1 -0.5 0 0.5 1
Z (m)

Fig. 3. Classical and shaped ADC-like configurations.
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Fig. 4. MoM radiation pattern for <j> = 45°.
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Fig. 5. RMS errors of the shaped ADC reflectors as function of TV.
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