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Abstract— A time domain magnetic field integral equation
(TD-MFIE) is developed and applied in the study of the
propagation mechanisms of a vertically polarized electro-
magnetic pulse over an irregular ground. The atmosphere
is assumed homogeneous and the conductivity of ground suf-
ficiently small so to consider such ground a perfect magnetic
conductor (PMC) for a vertical polarization. Furthermore,
the terrain profile is assumed electrically smooth, such that
back scattering is neglected and a forward scheme applied
to obtain the surface magnetic currents of the equivalent
problem, togheter with a marching-on-in-time (MOIT) te-
chnique to account for the time-varying characteristics.

Keywords— Ultra wideband radiowave propagation, time
domain integral equation.

I. INTRODUCTION

ITH the development of faster computers, the ap-

plication of integral equations in the electromagne-
tic characterization of radiowave propagation has become
attractive. In the frequency domain, efficient techniques
based on the electric field integral equation (EFIE) and
magnetic field integral equation (MFIE), have been deve-
loped and validated for VHF and UHF links over irregular
terrains [1], [2], [3], [4], [5], [6], [7], [8]: In these works,
the terrain is assumed to be electrically smooth and the
atmosphere homogeneous. Considering that the Fresnel
ellipsoid is not laterally obstructed, the terrain is also as-
sumed to be invariant in the direction perpendicular to the
plane of incidence. If the link is sufficiently large, such that
a near-grazing incidence can be assumed over the smooth
terrain profile, and for a ground with a small conductivity
(about 0.2 S/m or smaller), good predictions are obtained
even assuming the ground surface to be a perfect conduc-
tor (electric for horizontal polarization and magnetic for
vertical). In [1], numerical results were compared against
measurements conducted in Denmark for a vertical polari-
zation and frequencies between 144 MHz and 1.9 GHz. The
mean value of erros was never above 6 dB, with a maximum
standard deviation of 10 dB.

The technique developed by Hviid et. al in [1] accounts
for the spherical nature of the incident wavefront, differing
from the bidimensional approach in [2] and [3]. Using the
stationary-phase method to asymptotically evaluate the in-
tegral along the direction perpendicular to the plane of in-
cidence, Hviid et. al were able to reduce the surface integral
equation into a line one. Also, assuming a negligible back
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scattering due to the terrain smoothness, the equivalent
magnetic currents were recursively obtained via a forward
scheme, avoiding the hassles of the usual full-matrix analy-
sis of the method of moments (MoM).

In [4] and [5], a similar procedure was adopted to nu-
merically solve the problem, but using a MFIE instead of
an EFIE. The results demonstrated that the MFIE-based
technique provides the same level of accuracy but with a
smaller number of basis functions to represent the equiva-
lent magnetic currents (segments as long as 2 wavelengths
were used to represent the terrain profile). A combination
between the EFIE and the MFIE was further employed to
account for terrain losses, by means of an impedance boun-
dary condition [6]. Finally, the fast far-field approximation
(FAFFA) developed in [2] to accelerate the integral equa-
tion solution was suited in [8] to the formulation in [4],[5].

The increasing interest in ultra wideband applications [9]
has motivated the attainment of a time domain integral
equation to characterize the propagation of electromagne-
tic pulses over irregular terrains. The MFIE was chosen,
as it seems to be more appropriate than the EFIE for the
problem discussed above. To achieve this goal, concepts
and properties of the Fourier transform were applied into
the MFIE formulation developed in [4],[5] for the frequency
domain. So, as the transform operates just upon functi-
ons of time and the present boundary conditions are time-
independent, all geometrical characteristics and properties
used in advantage of a simpler formulation in [4],[5] are
still retained and inerently accounted for. Also, the for-
mulation in [4],[5] has a simple inverse Fourier transform,
and the disadvantage is the appearance of a convolution
integral in the resulting time domain MFIE (TD-MFIE).
The TD-MFIE is then evaluated by applying the forward-
scheme to recursively obtain the magnetic currents at a dis-
crete number of points over the terrain profile. At each one
of these points a marching-on-in-time (MOIT) scheme [10]
is employed to obtain the time variation of the associate
magnetic current.

Due to the computational burdem, only simple and re-
latively small problems are investigate: a PMC wedge-like
profile and two consecutive ones. The results are com-
pared against those provided by to independent methods:
the MFIE-based formulation of [4],[5], with the frequency-
domain results transformed into the time domain with the
help of an inverse fast-Fourier transform (IFFT), and the
asymptotic time domain uniform theory of diffraction (TD-
UTD) [11].
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Fig. 1. Basic geometric parameters.

II. FREQUENCY DOMAIN MFIE

Before presenting the TD-MFTE,; it is appropriate to con-
duct a briefly discussion on its frequency domain counter-
part, which is used to establish the TD-MFIE after an in-
verse Fourier transformation. The MFIE is that developed
and studied in [4],[5]. Basically, due to the assumptions
briefly presented in Sect. I, for a near-grazing vertically-
polarized incidence over a ground, this can be approxima-
tely treated as a perfect magnetic conductor (PMC). Assu-
ming an homogeneous atmosphere (vacuum, for instance),
the equivalence principle can be applied to substitute the
present configuration by an equivalent problem with sur-

face magnetic currents radiating in a free-space [12]. For
this scenario, the necessary MFIE is written as [13]:
ix B =0=ax B+~ LD], (1)

where H;,, is the phasor representation of the incident mag-
netic field radiated by the transmitting antenna, M is the
phasor representation of the equivalent magnetic current
(source of the scattered field in the equivalent problem), 7
is the free-space impedance (n ~ 120 for vacuum), 7 is
the unit normal to the surface of ground at the observer’s
location (see Fig. 1), and

Ly(M) = —jkﬁ {J\Z/(F’) G —kiQV/ -M(FV'G|ds', (2)
where S’ denotes the domain of M and k = 27/\ = w/c.
In (2), G is the free-space Green’s function, i.e.,
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where 7 and 7’ locate the observer and the equivalent
source M, respectively, both at S’ (see Fig. 1).

Following the discussion in Sect. I, after the application
of the stationary-phase method, the MFIE described in (1)
is reduced into a line integral of the form [4],[5]:
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where R, and R, are as in Fig. 1, R1 o = |Z§172|, and, at
the plane of incidence, M = M(ﬁ’) = M(¢")g, where § is
the unit normal to the plane of incidence. For the proper
evaluation of the line integral in (4), it is convenient to
define a locally-orthogonal coordinate system (7, l, 17, such
that A x { = ¢ as in Fig. 1). Prime coordinates always refer
to the source’s location.

ITI. TiME DoMAIN MFIE

To obtain the desired TD-MFIE for the problem at hand,
it is appropriate to apply an inverse Fourier transform on
(4), as all the geometrical properties adopted to obtain
(4) are not affected by such transform and, consequently,
will remain effective in the time domain integral equation.
Here, the adopted pair of Fourier transforms are [14]:

FIM®) / M(t) =7 dt (5)

FHM(w)} = M(t) 27T/ M@)e do.  (6)

Before applying the transform, it is appropriate to re-
write (4) as

L
n X Hln = 7 ]kM(@’) GMM(Rl,RQ) dgl, (7)
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where
e—ikR2—jm /4
Gum (R, Rp) = (8)

4m\/(1+ Ra/R1)/(R2/\)

can be interpreted as the magnetic Green’s function of the
MFIE after the application of the stationary-phase method
in (1). Note that —/ = 7 x §j does not depend on ¢’ and
was taken out from the integral. So, applying (6) into (7)
and with the help of the convolution theorem [14]:

F-1 {ﬁ X ﬁm} =N X ﬁzn(t)
_ ! i FYikM ()Y « F-YGpar(Ry, Ro) YO, (9)

where H,,, is the actual incident magnetic field radiated by
the antenna (i.e., in time domain). The first transform at
the right-hand side of (9) is simply [14]

LoM(l,t
Fo ke = 10D (10)
while, for the second one,
[ 2 00 ,—jkRo+jwt
]:71 {GMM} _ ( 271—0)/(87T ) € \/7 dw .
oo w
Ry (1 + %) J
(11)
The integral in (11) is evaluated in closed form [15]:
0 ,—jkRa+jwt p
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Fig. 2. Segmented terrain profile.

where the time delay

Ry
=t—— 13
r=t- o (13
and
1, for 7>0
Sign(r) = 0, for 7=0 (14)
—1, for 7<0
As 7 > 0 due to causality, (12) can be written as
00 o—jkRatjwt p-
————dw=2,/—. 15
eyt 1o

Finally, substituting (10)—(15) into (9) and observing the
causality principle:

X Hin 47rnc /5/ \/ Ry (1 —I—Rz/Rl

X/_oo 8t/ (m>dtd6 (16)

IV. NUMERICAL EvVALUATION OF THE TD-MFIE

The numerical solution of the line integral in (16) is ba-
sically conducted as in [4],[5], i.e., the terrain profile is
represented by straight segments (see Fig. 2) and M is
assumed constant over the corresponding segment, with
the associate geometric parameters taken at the segment’s
middle point. Any geometric parameter associated to the
source will be stressed by the index “5” (see Fig. 2). Point-
matching is adopted for the proper MOM solution, with
the corresponding weighting delta function applied at the
middle of the observation segment and oriented in the /;-
direction. Any parameter corresponding to the observation
point will be indicated by the index “i”’ (see Fig. 2). So,
for a given observer at ¢ = ¢;, at a certain time ¢ = ¢,, and
after the application of point-matching and the ractangle-
rule to evaluate the line integral over the length A; of the
source segment, (16) is rewritten as

. 1 < 2c
) Hin(listy) = —— S| O
§ - Han(lis tp) 4777;(;2_:1[ I\ Ro(1 + Ro/Ry)

x /_ ; d/\/dli,(t/) ( Tl_ t,) dt’}, (17)
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Fig. 3. Auxiliary geometry for the definition of the limits of the con-
volution integral.

where 7, is that of (13) with ¢ = ¢, and M (') represents
the unknown time variation of M at ¢’ = ¢;. In (17), it
should be stressed that the summation goes from j = 1
up to ¢ (with 4 > 7) as back scattering is being neglected.
Being N, the number of segments over the terrain profile,
N, equations similar to (17) are established, one for each
segment’s middle point (¢ = 1,...,Np) and for a given
t = t,. This feature tremendously simplify the numerical
solution, as a given M;(t,) can be directly obtained from
the contributions of previously calculated currents, whose
characteristics have already been stored for future use.

The MOIT goes as follows. To obtain a certain M;(¢),
t = t, is varied from t;,; (the time when the transmitter
is turned on) to the end of a given time window, set by
the time when the last current (i = Np) turns off. For each
pair (¢;,t,), the contributions from M; are calculated with
7 sequentially varied from 1 to ¢. Finally, for each j, the
convolution integral in (17) must be numerically evaluated.
Special care must be taken for the particular case where
j=iand t' =t =t,.

We proceed with the numerical evaluation of the con-
volution integral. First, one should observe that M; only
exists during a certain time window [tin;, j,tend, ;|- Thus,
to avoid unnecessary calculations and memory storage, the
limits of the convolution integral must be judiciously cho-
sen. M is turned on at ¢;,,;, ;, when the incident wavefront
radiated by the transmitter arrives at £;. So,

tini + Rij/c, (18)

tini,; =

where Ry; is the distance between the transmitter and the
center of segment j (see Fig. 3). While the incident wave-
front continues its way down, M is kept turned on by the
wavefronts radiated from the previous currents. So, with
the help of Fig. 3, tcnq, ; can be overestimated by the time
that the incident wavefront takes to arrive at the middle of
the first segment (R11/c) plus the time taken to go from
the middle of the first segment to the middle of the last
one, along the terrain profile:

A A\ 1
tendj—tend+ <R11++2Am+2> Ev (19)
2

where t.,q4 is the time when the antenna is turned off. Con-
sequently, the lower limit of the convolution integral in (17)



should be set equal to t;,;, ; and such integral must not be
initialized until 7, > ¢;,;, ;. For the upper limit, it remains
equal to 7, while 7, < tc,q,; and set equal to tenq,; after
that condition is violated.

For the proper evaluation, the convolution integral (17)
is expanded as:

dM,; dt’

Tu
/t- o dt 7‘ —t’

ini, j

(20)

Z/ dM\/it,v

where T, = min(7p,tend, j)s tq = tini,; + ¢ At;, and At;
set such that tg, = T,. Furthermore, the time variation of
M is assumed linear in this work. So, for ¢ between ¢,_;
and t,,

M) Myg = Mygor o

dt’ At;

where M; ,_1 and M, , are the unknown current ampli-
tudes to be determined at the middle of segment j and at
the time instants t,_; and t,, respectively. Consequently,

/fq dM;  dt
tg—1 dt’ \/ T — t/
2(Mjq —

- At Mig1) (\/TP te-1 =T —tq)
.7

where, from the causality principle, M, = 0. So, with
the help of (22), (20) can be rewritten as

(22)

Te dM;  dt QJ*M
/tim,j dt’ m ; J:q p,mq pu,q-H)
+ M, Crijaq, (23)
where
Chig = 2 (V1 —tg—1 = VTp — Lg) . (24)

At
Substituting (23) back into (17):
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which can be appropriately rewritten as

i Qj
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(26)
j=1q=1
where
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A- 2c
Zipi = Cp.ig— Cp.j ,
\DJsd T R2(1 + RQ/R ) ( P,J:4q m,q+1)
A 2c
Zipi.Q; = EJC Cpj,Q; - (27)

Ry(1+ R2/Ry)

Note that the magnetic current M to be determined at
the middle of segment ¢ at ¢t = ¢, is that where j =4 and
tq, =tq, =Tp =t , (as for i = j, Ry = 0). So, taking out
M, , from the double summation in (26):

i Q
1
Mi,p:Z‘ ] (Vi,p— ZZ Mg Zi,p,])q)- (28)
i,p,1,p

j=1qg=1
(4,0)#(4,Q:)

Caution should be taken to calculate Z; ,;, as Ry — 0.
From (24) and (27), with j =4 and tg, = 7, = t,,

Ai 2c 2
Zivir = e\ Ba(i + Fa)RY) <\/H> o (29)
which has numerical problems as Ry — 0. This just means
that, in this situation, the rectangle-rule used to solve the
line integral over the segment 7 is not appropriate. So, we
must go back [just before (17)] and solve the integral with
respect to ¢’ as Ry — 0:

A— /
4,0,1,Q; R2—>0 471'6 //\, R2 1 + RQ/Rl dg
ae’ 2
5 2 30
27‘(‘6\/7;‘ o \/72 m \/Itz ( )

which must be used for j =i and ¢t = 7, instead of (27).

A nested loop over 7 (in the outter loop) and ¢, must then
be conducted to calculate and store the several M, , given
by the recursive use of (28). In this case, t, = t;n;,; +p At;,
with p = ., P; and At; set such that tp, = tend,i-
Finally, it must be stressed that both At; and At;, be-
sides being established according to the conditions previ-
ously discussed, must not violate the stability condition
At < (Af/c) for the proper convergence of the MOIT [10],
where A/ is the maximum segment length adopted in the
discretization of the terrain profile.

V. SCATTERED FIELD

To establish the time domain electric field integral equa-
tion (TD-EFIE) necessary to obtain the electric field ra-
diated by the equivalent currents, we start with the EFIE
of [1]:

B(7) = Bur) = ik [ (5% R ()

1 e*ijQ*jﬂ/‘l
X (1 + ij2> 4 /(L + RaJRa)] (Ra/ V)

where now R; is the distance between the transmitter and
the segment middle point and R is the distance between
this middle point and the receiver. So, applying (10) and
(11) into (31), the TD-EFIE is given as:

ae’, (31)

- 1 2c
=& (Tt —_—
Ein(7,t) — = / (7 x Ry) Ra(1+ Ra/R1)

L \c ot Ry

dt' de' .

— (32)
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Fig. 4. (a) Spectrum and (b) time variation of the excitation pulse.

VI. NUMERICAL RESULTS

Two simple problems are investigate: a PMC wedge-like
profile and two consecutive ones. The results are compared
against the frequency-domain MFIE of [4],[5], with the re-
sults transformed into the time domain with the help of an
IFFT (MFIE+IFFT), and the TD-UTD developed in [11].

A. Ezxcitation pulse

With excitation is the same one adopted in [11]. Its
characteristics are depicted in Fig. 4 and can be described,
in frequency domain, as:

(P + Pp) (Pt Pz)
Pl Py

F(w) = (1-— ef‘*’T)P1 w2l (33)

here with P; = 2 and P, = 1. Its inverse Fourier transform
is given by [11]:

Jj [ 6,75 13,5 6,75
t) = = — 4
1) ReL(HjT t+j2T+t+j3T>} » (34)

with T' = log 3/(2n f.) and f. = 850 MHz.

B. Single PMC wedge

The single PMC wedge has a base of 200 m and height
h = 2 m (see Fig. 5). The transmitter is located in the
beginning of the wedge’s profile at a height of 5 m. The
receiver is placed at the end with height hgp = 5, 15, and
30 m.

RECEIVER o
TRANSMITTER
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Fig. 5. Single PMC wedge profile.

For the MoM+IFFT analysis, a significant number of
frequencies were adopted (up to 7 GHz as suggested by the
spectrum of the incident pulse depicted in Fig. 4). The
number of basis functions was varied for each frequency,

MFIE + IFFT
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o
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Fig. 6. Received electric pulse at hgr = 5 m over the wedge of Fig. 5.
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Fig. 7. Received electric pulse at hrp = 15 m over the wedge of Fig. 5.
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Fig. 8. Received electric pulse at hgp = 30 m over the wedge of Fig. 5.

such that the segments always had a length of about 2
wavelengths. For the TD-MFIE a spatial discretization
of about 0.5 segments per wavelength was adopted, based
on the highest significant frequency (7 GHz). The time
discretization was determined by At = 0.25 ns.

The several results depicted in Figs. 6-8 present a good
agreement. Small discrepancies are observed for the MFIE-
based results with respect to the TD-UTD. For hg = 5 m,
Fig. 6 shows that the three techniques present basically
the same result. For hgp = 30 m, shown in Fig. 8, the
MFIE results present a slightly different magnitude and
asymmetry with respect to the asymptotic TD-UTD.

C. Two consecutive PMC wedges

For the verification of the efficiency and accuracy of the
methods, the propagation over two consecutive wedges was
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Fig. 9. Two consecutive wedges profile used in simulations

also considered (see Fig. 9). The main difference from
the previous case is the presence of the double diffraction,
which is not accounted for by the present TD-UTD [11].
So, only the results of the TD-MFIE and MFIE+IFFT are
presented. Like in the previous single wedge, hg = 5, 15,
and 30 m and the respective scattering results are presen-
ted in Figs. 10-12. The same excitation, segmentation, and
time discretization were odopted. Here, once more, one ob-
serves the good agreement between the TD-MFIE and the
MFIE+IFFT.

VII. CONCLUSIONS

This work presented a time domain magnetic field inte-
gral equation (TD-MFIE) for the description of the propa-
gation of a vertically-polarized electromagnetic pulse over
an irregular ground. The numerical results were compared
agianst the frequency domain MFIE, with the help of an
IFFT, and the TD-UTD, presenting a good agreement.
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