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Abstract: This study presents a full-wave analysis of quasi-trapezoidal microstrip spherical patches and arrays. It uses
method of moments to evaluate the effect of the shape of the patches on the input impedance, bandwidth, mutual
impedance, and radiation pattern. Arrays of quasi-trapezoidal patches are also analysed. Presents a procedure for
avoiding numerical problems on evaluating combinations of Schelkunoff Bessel functions. Results are compared with
previously published ones for the quasi-rectangular case for validation.
1 Introduction

Microstrip antennas have been widely used due to some of their
characteristics, as light weight, low profile, and how easily they
conform to surfaces. Reviews of non-planar microstrip antennas
are presented at [1–3]. Spherical microstrip antennas find
important applications in aeronautics and satellite communications.
Such antennas have been studied using several techniques,
including cavity method [4–9], electric surface current method
[10], generalised transmission line model [11, 12], and method of
moments (MoM) [13–20].

MoM was initially employed in [13] for determining the
resonances of a circular microstrip disk mounted on a spherical
surface, or in the presence of a superstrate [14]. While input
impedance of spherical circular and annular microstrip antennas
were shown in [15]. Quasi-rectangular spherical microstrip patches
and arrays were presented in [16–19], using MoM. These
formulations used full-domain basis functions, with no transversal
variation of the currents. In [20] the patch was no longer limited to
a quasi-rectangular shape, and the input impedance was obtained
from moment method and attachment modes. Antenna analyses in
multilayered spherical media are presented in [21–25]. Curvilinear
Rao–Wilton–Glisson triangular basis functions were also used in
[26, 27] for modelling antennas in spherical layered media.

This work intends to analyse arrays of spherical patches of
quasi-trapezoidal shape, as shown in Fig. 1, and to observe the
effects of the shape on the antenna characteristics. This patch
shapes adjust naturally into spherical geometries, and are
alternative to rectangular ones. The paper also introduces a
numerical procedure for evaluation of combinations of
Schelkunoff Bessel functions that avoids computational
limitations, allowing an accurate evaluation of the MoM matrix
elements, that could be used for larger problems. The array
analysis takes the coupling among the elements into consideration.
2 MoM solution

The geometry of the spherical patches is shown in Fig. 1. A spherical
perfect conductor of radius r1, is covered by a dielectric layer of
thickness h (r2 = r1 + h), dielectric constant ɛr, and loss tangent
tanδ. There is a total of Np spherical patches (only two are visible
in Fig. 1) printed over the dielectric surface r = r2, limited by
angles θ1 and θ2 [mean θc = (θ1 + θ2)/2]. The patch i ranges from
f1(i) to f2(i), i = 1, …, Np. The width of the patches in
θ-direction values Wθ = r2Δθ, where Δθ = θ2− θ1. The widths of the
patches in f-direction vary from θ1 to θ2, and a mean width of the
patch i, measured at θ = θc, values Wf(i) = r2sin (θc)Δf(i), where
Δf(i) = f2(i)−f1(i).

The analysis uses the vector Legendre series [10] in its normalised
form [16], as presented in Appendix, along with the definition of the
normalised associated Legendre functions �P

m
n (.). The problem is

formulated using MoM [28], as described next.
2.1 Green’s functions

Although the Green’s functions are unique and can be found in
previous works [10, 13, 14], they are written below in a special a
way to avoid numerical problems from combinations of the
Schelkunoff Bessel functions. The Green’s function for the
tangential electric field (θ and f components) due to an electric
dipole printed over the dielectric layer (r = r2), in spectral domain,
can be written as
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Fig. 2 Details of the feeding strip for patch iFig. 1 Geometry of the spherical microstrip patches
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and

D1(n, r1, r) = N̂ ′
n(kdr1)Ĵ

′
n(kdr)− Ĵ ′n(kdr1)N̂

′
n(kdr) (7)

D3(n, r1, r) = N̂ ′
n(kdr1)Ĵn(kdr)− Ĵ ′n(kdr1)N̂n(kdr) (8)

D5(n, r1, r) = N̂n(kdr1)Ĵn(kdr)− Ĵn(kdr1)N̂n(kdr) (9)

D7(n, r1, r) = N̂n(kdr1)Ĵ
′
n(kdr)− Ĵn(kdr1)N̂

′
n(kdr) (10)

GEo
t and GEd

t are the Green’s functions in the air (r≥ r2) and in the
dielectric (r1≤ r≤ r2), respectively, ηo and ηd are the intrinsic
impedances of air and dielectric, respectively, ko and kd are the
wavenumbers of air and dielectric, respectively, and B̂n(.)
represents the Schelkunoff Bessel functions in usual notation [29].
The tangential electric field in each region (dielectric and air), in
spectral domain, due to a surface current distribution �J (u, f) is
obtained from the Green’s functions by

Ẽ
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d
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where J̃ (n, m) is the normalised vector Legendre transform of
�J (u, f). At the surface r = r2 the Green’s function is explicitly
given by
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2.2 Excitation

The patches are fed by coaxial cables. To simplify the MoM
procedure, the probes are modelled by equivalent strips, as shown
in Fig. 2, of width equal to 5 times de diameter of the probe [30].
This is a usual model for the probe, and an alternative for the
model as filament of zero diameter. Consider the patch i (i = 1, …,
Np). The equivalent strip is placed at θ = θf, limited by the angles
f1f(i) and f2f(i), from r = r1 to r = r2. It should be noted that the
width of the strip [= rsin (θf)Δff(i), where Δff(i) =f2f(i)−f1f(i)]
varies with the radius r. A mean width of the strip i is defined haft
way into the dielectric as Wfi = r12sin (θf)Δff(i), where r12 = (r1 +
r2)/2. In fact the dielectric thickness h is normally small, resulting
in an equivalent strip of almost constant width. The r-directed
volume current distribution on feed i is given by

J fi(r, u, f) =
Io(i)

r2 sin (uf )Dff (i)
d(u− uf ),

r1 , r , r2, f1f (i) , f , f2f (i)

(16)

It corresponds to a total current Io(i) at each patch feeder. Using
the Fourier–Legendre series

J fi(r, u, f) =
∑1
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n=|m|
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|m|
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The transform of Jfi(r, θ, f) is given by
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r2
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where ff(i) = (f1f(i) +f2f(i))/2 and sinc(x) = sin (πx)/(πx). An array
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of Np spherical patches is fed by a network of Np probes, with
currents Jfi(r, θ, f).
2.3 Full-domain basis functions

The currents on the spherical patches are expanded into a set of
full-domain basis, as follows
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∑Qu
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∑Pf
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where aiqp and biqp are the coefficients to be determined. The
θ-directed basis functions are given by

Juiqp(u, f) = fuq(u)guip(f) (22)

where
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and its normalised vector Legendre transform (67) values
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The f-directed basis functions are given by
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where

F (1)
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The integrals F (1)
u (n, m, q), F (2)

u (n, m, q), F (1)
f (n, m, q), and

F (2)
f (n, m, q) are numerically evaluated just once, as they are

frequency independent. Gθ(m, i, p) and Gf(m, i, p) on the other
hand, can be easily obtained analytically. Full-domain basis
functions used allow transversal variation of the currents, although
they did not result in improvements of input impedance.
2.4 MoM linear system

The MoM linear system is formed by imposing the boundary
conditions on the patch surfaces and taking the symmetric product
by a set of testing functions, which are chosen the same as the
basis functions, resulting in a Galerkin method. The procedure is
well known and will be presented in summarised form. The
symmetric product is defined as

k f , gls =
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where each element of the matrix [Z] is of the following form
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n=|m|

J̃ test(n, − m)
[ ]t

GEo
t (r2, n) J̃ basis(n, m)

[ ]
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This general expression equals the elements of the submatrices [Zθθ],
[Zθf], [Zfθ] or [Zff], depending on the directions of the testing and
basis functions. In (37) [a] and [b] are column matrices with the
unknown coefficients. The elements of the matrix [V], with the aid
of reciprocity theorem, can be obtained from

Vtest = −k�E(Jf ), �J testls

= − r2
jw1d
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D3(n, r1, r)�J f (r, n, − m) dr

(39)

where Vtest reduces to the elements of Vθ or Vf depending on the
direction of the testing functions. In (39) Ju(n, m) is the upper
value of the transform of �J test [see (67)]. For Jθiqp it can be
obtained from (25) and for Jfiqp from (32). Jf includes the feeding
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currents of all patches excited:

Jf (r, u, f) =
∑
i

J fi(r, u, f) (40)

The MoM linear system is solved for the coefficients aiqp and biqp,
completing the determination of the currents on the patches.

This formulation could be extended to multilayer patch antennas
by altering the Green’s functions; or to non-contact feeding, by
including current modelling at the aperture or transmission line.
3 Numerical procedure

Numerical issues of the analysis are related to the evaluation of
Schelkunoff Bessel functions in the Green’s functions. The
procedure proposed here starts from writing the Green’s function
in an appropriate form, as in (13)–(15), where the Schelkunoff
Bessel functions appear in combinations as in (7)–(10), or as ratios
Ĥ (2)

n (x)/Ĥ (2)′
n (x). These combinations are evaluated differently

according to the argument range, as follows:

(i) For very small arguments analytical limits of the Schelkunoff
Bessel functions are used for computing the combinations. From
[29] the functions and their derivatives tend to
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Substituting (41)–(44) into (7)–(10)
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It should be noted that the analytical limits of the combinations
56
(45)–(48) can be evaluated for arguments much smaller than the
Schelkunoff Bessel functions individually. This is due to the
opposite behaviour of the functions Ĵn(z) and N̂n(z) for arguments
close to zero. The maximum magnitude of the argument |z1| for
which the limits above should be used depends on n. For small
values of n this threshold is very small, but as n increases it
reaches much larger values. We assumed that |z1| is the argument
for which Ĵn(.) (41) reaches 10−Exp1, where Exp1 depends on the
precision used. Considering the limits (41)–(44) a simple
expression for the threshold can be given by:

|z1| = 10−Exp1 n = 0
10(1/n+1) log10 (n+1/2)!/

��
p

√( )−Exp1[ ] n = 0

{
(50)

(ii) For very large arguments asymptotic expressions of Schelkunoff
Bessel functions are used for computing the combinations. From
[29]

lim
|z|�1

Ĵn(z) = cos (z− (n+ 1)p/2) (51)

lim
|z|�1

N̂n(z) = sin (z− (n+ 1)p/2) (52)

Substituting into (7)–(10):

lim
|kor|�1

D1(n, r1, r) = − sin [kd(r − r1)] (53)

lim
|kor|�1

D3(n, r1, r) = cos [kd(r − r1)] (54)

lim
|kor|�1

D5(n, r1, r) = − sin [kd(r − r1)] (55)

lim
|kor|�1

D7(n, r1, r) = − cos [kd(r − r1)] (56)

lim
|kor2|�1

Ĥ (2)
n (kor2)

Ĥ (2)′
n (kor2)

= j (57)

The use of these asymptotic limits are especially important for the
case when the imaginary part of the arguments of the Schelkunoff
Bessel functions are large and present an exponential behaviour. In
this case asymptotic limits (53)–(56) also present an exponentially
behaviour, but regarding to the difference of the arguments,
allowing the combinations of Schelkunoff Bessel functions to be
calculated much further. The minimum value of the magnitude of
the argument (|z2|) from which the asymptotic limits are used is
specified depending on the precision used.

(iii) If the magnitude of the argument of the Bessel functions lies
between |z1| and |z2| the numerical routines can be used without
numerical problems.

The MoM with the aid of the numerical procedure presented
allows the analysis to be performed on electrically large problems,
where differential methods, or those which uses volume
discretisation, may face computational limitations.
4 Input and mutual impedances

For a single patch (Np = 1) the input impedance is given by the
variational expression [29]

Zin = − 1

I2o

∫ ∫
S

�E(�J s) · �J f 1 ds (58)

where �J s represents the total surface current distribution on the patch,
including θ and f components. Expanding the currents in basis
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functions, and using (39) together with reciprocity theorem, results

Zin =
1

I2o

∑Qu

q

∑Pu
p

a1qpV
u
1qp +

∑Qf

q

∑Pf
p

b1qpV
f
1qp

[ ]
(59)

where the initial values of q and p depend on the set of basis
functions used.

Now consider the presence of 2 patches (Np = 2), but only the first
patch is fed through a coaxial cable. The currents on both patches are
determined from MoM, with coefficients aiqp and biqp, with the

elements of the voltage vector denoted as V 1u
iqp and V 1f

iqp, where the

superscript 1 emphasises that only patch 1 is fed. The self and
mutual impedances are given by [29]

Z11 = − 1

I2o (1)

∫∫
S

�E(�J s) · �J f 1 ds (60)

Z21 = − 1

Io(1)Io(2)

∫∫
S

�E(�J s) · �J f 2 ds (61)

where �J s represents the surface current distribution on both patches.
Similarly to (59) the self-impedance can be shown as

Z11 =
1

I2o (1)

∑2
i=1

∑Qu

q=1

∑Pu
p=0

aiqpV
1u
iqp +

∑Qf

q=0

∑Pf
p=1

biqpV
1f
iqp

[ ]
(62)

The mutual impedance can be written as

Z21 =
1

Io(1)Io(2)

∑2
i=1

∑Qu

q=1

∑Pu
p=0

aiqpV
2u
iqp +

∑Qf

q=0

∑Pf
p=1

biqpV
2f
iqp

[ ]
(63)

where V 2u
iqp and V 2f

iqp are the elements of the voltage vector as if only
the patch 2 was fed.
5 Arrays of quasi-trapezoidal patches

Consider the situation where there are two or more quasi-trapezoidal
patches (Np≥ 2), forming an array, as shown in the top view in Fig. 3
for four patches. As it can be observed the quasi-trapezoidal shape
naturally adjusts to the spherical geometry. The input impedance at
Fig. 3 Top view of symmetric array of quasi-trapezoidal patches, with 4
elements
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any of the patches, for example patch n, can be obtained from

Zn = − 1

Io(n)
2

∫ ∫
S

�E(�J s) · �J fn ds (64)

where �J s represents the surface current distribution on all Np patches,
fed by currents Io(i), i = 1, …, Np, and �J fn is the current distribution
at feed n. Using the basis functions expansions (20) and (21), and
reciprocity theorem, Zn can be written as

Zn =
1

Io(n)
2

∑Np

i=1

∑Qu

q=1

∑Pu
p=0

aiqpV
un
iqp +

∑Qf

q=0

∑Pf
p=1

biqpV
fn
iqp

[ ]
(65)

where V un
iqp and V

fn
iqp are elements of the voltage matrix V (39) for the

case when only the feed n is exciting the array, that is, Jf(r, θ, f) =
Jfn(r, θ, f).
6 Results

For validation of the formulation consider initially that only one
quasi-trapezoidal patch is present, centred at θc = 90°. In this case
the shape of the patch reduces to a quasi-rectangular one, and the
results can be compared with previous theoretical ones and
measurements. The metallic sphere has radius r1 = 18.5 cm,
covered by a foam of thickness h = 4.5 mm and dielectric constant
ɛr = 1. The patch has width Wθ = 20 cm in θ-direction, an mean
width Wf = 20 cm cm in f-direction, and is centred at fc = 0°. The
patch is f-polarised with the feed point df = 8 cm from the patch
centre, and modelled as a strip of width Wf = 6.5 mm. Fig. 4 shows
the results for input impedance obtained from this formulation,
and compares them with theoretical and measurements from [19].
There is an excellent agreement, and it is observed a frequency
shift from the measurements of 3.2 MHz at resonance.

The effect of the quasi-trapezoidal shape on the input impedance
can be observed in Fig. 5 which shows the cases where the patch is
centred at θc = 55° and at θc = 45°, and compares them with the
quasi-rectangular case (θc = 90°). To allow a fair comparison, the
width Wθ and the mean width Wf of the patches were kept
the same for all cases, although it should be observed that the
shapes of the patches are different as its position is varied. As can
be observed from Fig. 5 there is a shift of the resonant frequency
and a bandwidth increase, as the patch is moved upwards (smaller
θc). As it happens the difference of width in f-direction on the top
and bottom of the patch (θ = θ1 and θ = θ2) increases, affecting
the input impedance.
Fig. 4 Input impedance of 1 quasi-rectangular patch (quasi-trapezoidal
centred at θc = 90°). r1 = 18.5 cm, h = 4.5 mm, ɛr = 1, Wθ=Wf = 20 cm,
fc = 0°, dθ= 0, df= 8 cm, and Wf = 6.5 mm
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Fig. 5 Input impedance of 1 patch, for θc = 45°, θc = 55°, and θc = 90°. r1 =
18.5 cm, h = 4.5 mm, ɛr = 1, Wθ=Wf= 20 cm, fc = 0°, dθ= 0, df= 8 cm,
and Wf = 6.5 mm

Fig. 7 Z12 for θc = 45°, θc = 55° and θc = 90°. r1 = 18.5 cm, h = 4.5 mm, ɛr
= 1, Wθ=Wf= 20 cm, fc(1) = 0°, d12 = 30 cm, dθ= 0, df = 8 cm, and Wf =
6.5 mm

Fig. 8 S21 for θc = 45°, θc = 55° and θc = 90°. r1 = 18.5 cm, h = 4.5 mm, ɛr
= 1, Wθ=Wf= 20 cm, fc(1) = 0°, d12 = 30 cm, dθ= 0, df = 8 cm, and Wf =
6.5 mm
Results for Z11 and for the mutual impedance Z12 between two
patches whose centres are separated by d12 = 30 cm are shown in
Figs. 6 and 7. The dimensions of each patch is the same as shown
in Fig. 5. Results are shown for quasi-rectangular patches (θc =
90°) and for quasi-trapezoidal ones, centred at θc = 45° and θc =
55°. Comparing the results from Figs. 5 and 6 it can be seen that
Z11 values are close to the input impedance of a single patch. That
both Z11 and Z12 present frequency shift when the patches moves
towards the z-axis. Fig. 8 shows the mutual coupling coefficient
for the same two patches 30 cm apart considering Zo = 50 Ω. As
expected the maximum coupling also presents a frequency shift as
the patches move upwards.

Consider a 4-element array equally spaced (fc(1) = 0°, fc(2) =
90°, fc(3) = 180°, and fc(4) = 270°), as shown in Fig. 3, and
centred at either θc = 90°, θc = 45°, or θc = 30°. When θc = 90° the
patches are quasi-rectangular, while for θc = 45° or θc = 30° the
patches are quasi-trapezoidal. The patches are kept the same Wθ =
Wf = 10 cm for all cases. Initially all patches are symmetrically
excited, with feed currents of the same magnitude and phase. For
each case the radiation pattern was evaluated close to the resonant
frequency, that is, at f = 1.40 GHz for θc = 90°, at f = 1.42 GHz for
θc = 45°, and at f = 1.435 GHz for θc = 30°.

Fig. 9 shows the radiation pattern as a function of θ, for f = 0. It is
observed that as the patches move upwards the maximum radiation
approaches the z-axis, but due to the symmetry of excitation there
Fig. 6 Z11 for θc = 45°, θc = 55° and θc = 90°. r1 = 18.5 cm, h = 4.5 mm, ɛr
= 1, Wθ=Wf= 20 cm, fc(1) = 0°, d12 = 30 cm, dθ= 0, df = 8 cm, and Wf =
6.5 mm

Fig. 9 Radiation patterns of symmetrical 4-element arrays of
quasi-trapezoidal patches, f = 0°, and θc = 90°, 45°, and 30°. r1 = 18.5
cm, h = 3.8 mm, ɛr = 1, Wθ=Wf= 10 cm, fc(1) = 0°, fc(2) = 90°, fc(3) =
180°, and fc(4) = 270°, dθ= 0, df = 4 cm, Io(i) = 1 mA, i = 1, …, 4, and
Wf = 6.5 mm
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Fig. 10 Input impedance at each patch of symmetrical 4-element arrays of
quasi-trapezoidal patches centred at θc = 90°, 45°, and 30°. r1 = 18.5 cm, h =
3.8 mm, ɛr = 1, Wθ=Wf= 10 cm, fc(1) = 0°, fc(2) = 90°, fc(3) = 180°, and
fc(4) = 270°, dθ= 0, df= 4 cm, Io(i) = 1 mA, i = 1, …, 4, and Wf = 6.5 mm

Fig. 12 Input impedance at each patch of asymmetrical 4-element arrays of
quasi-trapezoidal patches centred at θc = 90°, 45°, and 30°. r1 = 18.5 cm, h =
3.8 mm, ɛr = 1, Wθ=Wf= 10 cm, fc(1) = 0°, fc(2) = 90°, fc(3) = 180°, and
fc(4) = 270°, dθ= 0, df= 4 cm, Io(1) = Io(2) = 1 mA, Io(3) = Io(4) = −1 mA,
and Wf = 6.5 mm
is a null at θ = 0°. The input impedance at each patch is shown in
Fig. 10. As each element of the array is excited at the same
position regarding the patch, and the feed currents have the same
magnitude and phase, the input impedances of all the array
elements are equal. Fig. 10 shows that the radiation resistance of
quasi-trapezoidal arrays of patches that have the same mean widths
depend on the central value θc. For smaller values of θc the
resonance shifts in frequency, and the maximum input resistance is
reduced, while the bandwidth increases. These effects are due to
the different shapes of the patches for different values of central
angle θc, as well as to the coupling among the elements.

To avoid the null in the z-axis the same arrays presented in Figs. 9
and 10 are now asymmetrically excited. The magnitude of the feed
currents are the same, two of the elements are excited in-phase
(Io(1) = Io(2) = 1 mA), and the remaining ones are excited
out-of-phase (Io(3) = Io(4) = -1 mA). In this case while the patches
are moved to smaller values of θc, the directions of maximum
radiation move to the z-axis, as shown in Fig. 11. The input
impedances of the elements of this array are also equal and
presented at Fig. 12. It is again observed an increase in bandwidth
and frequency shift of the resonant frequency as θc diminishes.
Fig. 11 Radiation patterns of asymmetrical 4-element arrays of
quasi-trapezoidal patches, f = 0°, and θc = 90°, 45°, and 30°. r1 = 18.5
cm, h = 3.8 mm, ɛr = 1, Wθ=Wf= 10 cm, fc(1) = 0°, fc(2) = 90°, fc(3) =
180°, and fc(4) = 270°, dθ= 0, df= 4 cm, Io(1) = Io(2) = 1 mA, Io(3) =
Io(4) = − 1 mA, and Wf = 6.5 mm

IET Microw. Antennas Propag., 2016, Vol. 10, Iss. 1, pp. 53–60
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Comparing the results for symmetrical arrays in Fig. 10 to those
for asymmetrical arrays in Fig. 12 we can observe little difference
when the patches are centred at θc = 90°, but significant ones for
θc = 45° and θc = 30°. It can be understood as θc diminishes the
elements of the arrays are closer to each other, which increases the
coupling effect on the input impedance.
7 Conclusions

This paper presented a method of moment analysis of
quasi-trapezoidal spherical patches using full-domain basis
functions. A procedure was presented that avoids numerical
problems for evaluating combinations of Schelkunoff Bessel
Functions on the MoM matrix elements. The analysis included the
input impedance of a single patch, mutual impedance, radiation
pattern and input impedance of an array element. A frequency
shift of resonance and bandwidth increase were observed when the
shape of the patch moves away from the quasi-rectangular, toward
a quasi-trapezoidal one, that is, as the patch is moved closer to the
z-axis.
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10 Appendix: Normalised vector Legendre series

A two-dimensional field �J (u, f) can be written in a normalised
vector Legendre series [10, 16] as:

�J (u, f) = Ju(u, f)

Jf(u, f)

[ ]

=
∑1

m=−1

∑1
n=|m|

1�����
S(n)

√ L(n, m, u)J̃ (n, m) ejmf
(66)

where

J̃ (n, m) = Ju(n, m)

Jd(n, m)
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= 1�����
S(n)

√
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L(n, m, u)�J (u, f) e−jmf sin u du df
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L(n, m, u) =
∂
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n ( cos u) −jm
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⎡
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S(n) = 4p
n(n+ 1)

2n+ 1
(69)

and the normalised associated Legendre functions �P
m
n (.) relates to the

associated Legendre functions Pm
n (.) by:
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m
n ( cos u) =
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(n− m)!
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