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A modified meshless local Petrov–Galerkin for an electromagnetic axisymmetric problem is presented in this paper. The method
uses the shape functions generated by the radial point interpolation method with a modified T-scheme to select the support nodes,
and also a new and malleable strategy to determine the test domains. The convergence of the method is evaluated using a coaxial
cavity problem and it is compared with the finite-element method for two different meshes: one with a good quality mesh and
another partially composed to bad quality elements. The total execution time using both methods is also compared.

Index Terms— Axisymmetric problems, convergence of numerical methods, meshless local Petrov–Galerkin (MLPG), meshless
methods, radial point interpolation method (PIM).

I. INTRODUCTION

SEVERAL meshless methods are reported in the litera-
ture. Among them are the element-free Galerkin [1], the

meshless local Petrov–Galerkin (MLPG) [2], [3], and the point
interpolation methods (PIMs) [4]–[6]. Meshless methods use
a procedure to build their shape functions such as the moving
least squares and the PIM [7].

In this paper, the formulation is based on the MLPG
method, which has a local weak formulation, resulting in
sparse matrices and minimization of the numerical effort.
The radial PIM with Polynomials (RPIMp) is used to gen-
erate the shape functions. In RPIMp, radial basis functions
(RBFs) and polynomials are added to the base, providing
high accuracy and ensuring consistency of the shape func-
tions [7]. RPIMp shape functions have the Kronecker delta
property, and thus essential boundary conditions are naturally
enforced.

The MLPG does not require any mesh or grid. However,
a special data structure (generally a k-d tree) is used to
determine the support and test domains [7], [8]. To improve
the MLPG performance, a modified T6-scheme [7] and a new
T8-scheme are used to select the support nodes, which
generate the shape functions. Using mesh information to
determine the test domain, the local weak form integration
procedure is simplified and a better numerical precision can
be obtained. Therefore, we propose an MLPG method that
depends on a mesh. The advantage of the proposed method
is that it is less sensitive to bad quality meshes than the
FEM. To demonstrate this, the eigenvalues of a cylindrical
coaxial cavity are computed for two different meshes: a good
quality one and another partially composed of bad quality
elements.
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II. MATHEMATICAL FORMULATIONS

A. Global Weak Form

In this paper, an electromagnetic problem with axial sym-
metry is solved. A 2-D analysis (on the ρ − z semiplane) is
proposed, where the magnetic field only has the Hφ compo-
nent and ∂Hφ/∂φ = 0. Applying these assumptions in the
Helmholtz vector equation, one obtains the following strong
form [9]:
∂
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where εr and μr are the relative permittivity and permeability,
respectively, and k is the free-space wavenumber.

Applying the weighted residual method and the divergence
theorem in (1), we obtain the global weak form in the problem
domain � [9]∫

�

ψ

ρεr

∂(ρHφ)

∂n
d� −

∫∫
�

1

ρεr
∇ψ · ∇(ρHφ)d�

+ k2
∫∫

�

μrψ

ρ
(ρHφ)d� = 0 (2)

where � is the boundary of the problem domain and ψ is the
test function.

B. RPIMp Approximation

Meshless methods use a set of nodes inside � (interior
nodes) and at its boundary � (boundary nodes) to build
approximations in a point x of �. The meshless approximation
uh can be obtained using [7]

uh(x) =
∑
i∈S

ϕi (x)ui = 
(x)US (3)

where S is the set of nodes in the neighborhood of point x (i.e.,
the support domain of x), ϕi is the shape function of the i th
node (built using all nodes of S), and ui is the field variable at
the i th node. Vectors 
 and US collect all the shape functions
and field variables in the support domain, respectively.
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In this paper, the shape functions are generated using
RPIMp, combining RBFs with polynomials. An RPIMp shape
function has interesting properties. It is generated by an
arbitrary node distribution, which provides a description of the
unknown field with a consistency defined by the polynomial
terms of the base, and has the Kronecker delta property, which
simplifies the treatment of essential boundary conditions [7].
Using RPIMp, uh is given by

uh(x) =
l∑

i=1

Ri (x)ai +
m∑

j=1

p j (x)b j = Rt (x)a + pt (x)b (4)

where ai is the coefficient of the RBFs Ri , b j is the coefficient
of the monomial p j in the polynomial base, l is the number
of nodes included in the support domain of x, and m is the
number of monomials in the polynomial base. Vectors R and
p collect the RBF and polynomial terms, respectively. The
coefficient vectors a and b can be determined by satisfying (4)
at the nodes of the support domain and imposing constraints on
the polynomial basis functions to guarantee a single solution
[7]

b = SbUS, Sb =
[
Pt

mR−1
Q Pm

]−1
Pt

mR−1
Q (5)

a = SaUS, Sa = R−1
Q − R−1

Q PmSb (6)

where RQ and Pm are the moment matrices associated with
R(x) and p(x), respectively, both evaluated at all l nodes.

From (4)–(6), the shape functions and their derivatives with
respect to normal direction n̂ in the semiplane ρ − z are,
respectively, given by


(x) = Rt (x)Sa + pt (x)Sb (7)

n̂ · ∇
(x) = ∂
(x)
∂n

= ∂Rt (x)
∂n

Sa + ∂pt (x)
∂n

Sb. (8)

III. MODIFIED MLPG

The MLPG solution of (2) is achieved by approximating
ρHφ by uh of (4). The RPIMp shape functions are built
using a modified T-scheme for node selection in the support
domain. T-schemes are based on background triangular cells
and ensure more efficiency in the computation of the shape
functions [8]. There are two kinds of T-schemes: a cell-based
and an edge-based T-scheme, for x located inside or at the
edge of a triangular cell, respectively [8].

For the cell-based scheme, a modified T6-scheme is
adopted. If the triangular cell is in the interior of �, the
usual T6-scheme is applied with the six nodes given by the
three triangle vertices plus the opposite vertices of the three
neighboring triangles. If the triangular cell is at the boundary
of �, then only five nodes are specified as there are two
neighboring triangles. For the new edge-based T-scheme, the
nodes are defined by the four vertices of the triangles, which
share the corresponding edge plus the opposite vertices of the
neighboring triangles around, as shown in Fig. 1(a). When the
edge is located on an element at the boundary, fewer nodes are
selected, as shown in Fig. 1(b), where six nodes were selected.
Both cell and edge-based schemes do not use a search structure
to add a node to boundary cells, which is simpler and more

Fig. 1. Proposed edge-based T-scheme with (a) eight nodes and (b) six
nodes.

Fig. 2. Test domains of nodes i , j , and k.

efficient when compared with standard T-schemes, and also
provide fast convergence, as will be shown in Section IV.

For a given node i , its test function ψi has a compact support
where ψi �= 0, which defines the node’s test domain �i where
weak-form integrations are evaluated. We propose to use the
mesh to determine �i , which is composed of all triangular
cells that have the node i as one of its vertices. Fig. 2 shows
three test domains (�i , � j , and �k) and their boundaries
(�i , � j , and �k) for three different node locations (i , j , and k).
The adopted test function is a Heaviside step, which has a unit
value inside the corresponding test domain and its boundary.
The use of a Heaviside step function provides solutions with
accuracy and fast convergence [10].

The MLPG local weak form is then obtained from (2) by
replacing ψ by 1 and ρHφ by its RPIMp approximation (4).
In (2), the second integral vanishes, as ∇ψ = 0 inside the
test domain �i . The boundary integral of (2) is evaluated
only for �i inside �. For �i on �, assumed to be a perfect
electric conductor wall, the boundary integral is used to impose
the Neumann boundary condition ∂(ρHφ)/∂n = 0. Applying
those assumptions in (2), one obtains the following system:

k2C + D = 0 (9)

where

Ci j =
∫∫

�i

μrϕ j

ρ
d� and Di j =

∫
�i

1

ρεr

∂ϕ j

∂n
d�.

IV. NUMERICAL RESULTS

Numerical results are presented for the resonant modes of an
axially symmetric coaxial cavity [11]. The analyzed cavity has
an internal radius of 1 m, an external radius of 2 m, a height
equals to 1 m, and vacuum in its interior (εr = 1 and μr = 1).
Only the first five modes with Eφ = 0 and ∂Hφ/∂φ = 0 are
considered. MLPG convergence is determined and compared
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Fig. 3. Used meshes. (a) Mesh A with high-quality elements, 41 nodes.
(b) Mesh B partially built with bad quality elements, 122 nodes.

Fig. 4. MLPG and FEM convergence using meshes A and B for the second
mode of the coaxial cavity as a function of the number of nodes.

with FEM. The convergence for both methods is determined
by the relative error as a function of the maximum spacing
between the nodes of each mesh. The relative error given for
each mesh is determined by

R.E. = |kNum
y − kExact

y |
kExact

y
· 100% (10)

where kNum
y and kExact

y are the numerical and exact solutions
of the yth eigenvalue (i.e., ky = ωy

√
μ0ε0 and ωy is the

resonance frequency of the yth mode of the cavity).
Two different meshes are used: the first one (mesh A) has

only high-quality elements [Fig. 3(a)] and the second one
(mesh B) is partially built with bad quality elements with
one internal angle close to 180◦ [Fig. 3(b)]. Fig. 4 shows the
convergence for the second mode k2 of the coaxial cavity. The
MLPG convergence results are better than the FEM results
for both meshes. The MLPG convergence rates (i.e., measure
of how fast the numerical results converge to the analytical
solution when space between nodes decreases) are 2.2015 and
1.3876 and the FEM ones are 1.9327 and 1.2595 for meshes
A and B, respectively. Fig. 4 also shows the parameter δ j

that defines the logarithmic level difference between FEM
and MLPG errors at each point j of the curves. The average
logarithmic level difference δav is computed using all δ j with
the same number of mesh nodes. In Fig. 4, δav = 0.6062 and
δav = 1.2118 for meshes A and B, respectively. From Fig. 4,
one observes that δav increases from mesh A to B, suggesting
a lower sensitivity of the MLPG to mesh distortion.

The convergence rates of the eigenvalues for the first five
modes are shown in Table I, which presents the results for
FEM using meshes A and B (FEM-A and FEM-B) and for

TABLE I

MLPG AND FEM CONVERGENCE RATES

TABLE II

AVERAGE LOGARITHMIC LEVEL DIFFERENCE

TABLE III

TOTAL TIME TO SOLVE THE PROBLEM (SECONDS) × NUMBER OF NODES

MLPG using the same meshes (MLPG-A and MLPG-B). For
the regular mesh A, MLPG has higher convergence rates than
FEM for modes k2, k3, and k5, and FEM has better results for
k1 and k4. The convergence rates are quite similar, showing
that FEM and MLPG have similar performance for the regular
mesh A. However, regarding the bad quality mesh B, MLPG
has higher convergence rates than FEM for modes k1, k2, k3,
and k5 while FEM has a slightly larger rate only for mode k4,
showing that MLPG generally achieves better performances
than FEM for this mesh.

The average logarithmic level difference for MLPG and
FEM error curves is shown in Table II for the first five modes
of the cavity. δav are presented for the two meshes A and B
(δav-A and δav-B). For mesh A, the MLPG has better results
for the modes k2, k3, and k5, which are below the FEM error
curves by 0.6062, 0.0789, and 0.5741, respectively. FEM has
better results for modes k1 and k4, which are below the MLPG
curves by 0.1571 and 0.1937, respectively. For mesh B, MLPG
does not provide better results only for mode k4. This may be
related to the field distribution of that particular mode, which
is the TM mode with n = q = 0 and p = 3 according to
[11, Ch. 5]. This mode does not vary with z and has a small
variation with ρ for ρ ≈ 1.5, in which case mesh B may not
be as bad as it is for the other four modes.

The MLPG time to solve a problem is always bigger than
FEM for the same mesh, as shown in Table III. However,
a fairer comparison between the methods can be done using
the obtained error as a function of the computational time.
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Fig. 5. MLPG and FEM convergence using meshes A and B for the second
mode of the coaxial cavity with respect to time.

TABLE IV

AVERAGE LOGARITHMIC LEVEL DIFFERENCE WITH RESPECT TO TIME

This is shown in Fig. 5 for the second mode (k2) and for both
meshes, A and B. These results were obtained using a personal
computer (Intel Core i7, quad core processor at 2 GHz). The
better performance of MLPG over FEM is evident in this figure
for the mesh B. For mesh A, the performances of both methods
are very similar.

Convergence comparisons for modes k1, k3, k4, and k5
are conducted using a new parameter 
 j , which shows the
logarithmic level error difference between MLPG-B j and a
point in the FEM-B curve obtained by a linear interpolation
(see Fig. 5). 
 j is used to compute the average logarithmic
level difference 
av-A and 
av-B, which are shown in the
Table IV for modes k1 − k5. For mesh A, the FEM has better
results with respect to time for modes k1, k3, and k4, which are
below the MLPG error curves by 0.7858, 0.5341, and 0.8321,
respectively. MLPG and FEM have close results for the modes
k2 and k5, but here also the FEM results are below the MLPG
curves by 0.0341 and 0.039, respectively. For mesh B, MLPG
does not provide a better result for modes k1 and k4. For mode
k3, close results between both methods are found and MLPG
shows better results for modes k2 and k5. The 
av results
provide evidence for the similar performance with respect to
time between the proposed MLPG and FEM using mesh B.

V. CONCLUSION

In this paper, new edge-based and modified cell-based
T schemes have been proposed to determine the support
domains of the MLPG numerical simulations. They are simpler
and more efficient when compared with the standard ones,
and also provide high convergence rates. A new strategy to
determine the test domains was presented, which is more easily
adaptable to the problem geometry.

The proposed MLPG was used to calculate the eigenvalues
of an axisymmetric cavity. The numerical results suggest a bet-
ter performance of the proposed MLPG than FEM in problems
with meshes with badly shaped elements, in which MLPG
generally presents better convergence rates for most of the
cavity modes. The results also suggest that the accuracy of the
proposed method and FEM depends on the field distribution
of the analyzed mode, the mesh shape and position of the
bad elements, but further work has to be done to explain the
reasons for this.

The MLPG spent more time to solve the problems than
FEM, but its errors, using the same mesh, were smaller than
those of FEM for most of the cavity modes analyzed. When
time and error measures were simultaneously considered, FEM
showed better performances than MLPG for good-quality
meshes and both methods showed similar performances for
bad-quality ones. These results encourage the application of
the proposed MLPG in 3-D problems, where badly shaped
meshes may frequently occur.
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