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In this paper, we apply a meshless method based on local boundary integral equations (LBIEs) to solve electromagnetic problems. The
discretization process is carried out through the use of special basis functions that, unlike the Finite Element Method, are not confined
to an element and do not require the support of an underlying mesh. The approach herein developed can be applied to general three-
dimensional scalar boundary value problems arising in electromagnetism.

Index Terms—Electromagnetic field computation, local boundary integral equations (LBIEs), moving least squares.

I. INTRODUCTION AND OVERVIEW

M ESHLESS (or meshfree) methods are intended to be an
alternative to the widespread Finite Element Method

(FEM). Although these techniques retain some basic features
shared with FEM (e.g., the discretization of weak forms and
global sparse matrices), a seminal difference exists between
these two methods. While FEM relies on an underlying mesh
in which the elements are confined, in meshfree methods both
concepts are absent: there are neither meshes nor elements.
These characteristics make the use of meshless methods attrac-
tive for the solution of 3-D problems, particularly for problems
with boundaries varying in time (e.g., melting bodies), thus
rendering re-meshing procedures unnecessary. Because mesh-
free techniques are relatively new, with their first applications
reported in the past decade, many challenging problems still
remain to be solved [1].

Meshless methods comprise a family, in which each member
has a particular feature that can be explored when applied to
a given problem. They have been successfully applied in me-
chanics, mainly in elasticity and hydrodynamics [1]. In elec-
tromagnetism, otherwise, their use is incipient [2]–[4]. In these
works, a method called Element-Free Galerkin (EFG) has been
employed. EFG is not truly a meshless method, because a back-
ground mesh is necessary when performing numerical integra-
tions [1]. Another kind of meshfree method, called Meshless
Local Petrov–Galerkin (MLPG) method, was devised by Atluri
[5]. MLPG methods are truly meshless. There are reports on the
application of MLPG to solve 2-D electrostatic problems [6] and
the authors have applied MLPG4 (also known as LBIE method)
to solve 2-D electromagnetic wave scattering problems [7]. The
method proved to be a reliable one and the authors were even
able to successfully blend it with an integral formulation [8]. In
the present work, we extend the technique to 3-D electrostatic
problems described by Poisson’s equation.

II. MESHLESS APPROACH

Meshless methods share the same philosophy, herein de-
scribed. First, nodes are spread across the domain of the problem
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Fig. 1. Nodal influence domains and test domains.

(in this case, a region in space). The nodal distribution need
not be uniform (random distributions are commonly used). A
common practice employed to achieve better results is to in-
crease the nodal density where the solution is expected to vary
rapidly or near sharp edges. Second, a special function (shape
function) is associated to each node. These functions lack analyt-
ical expressions, requiring a numerical scheme to be constructed
(as addressed in Section III). Usually, a shape function associ-
ated to a node depends on the relative positions of neighboring
nodes. Furthermore, shape functions are compactly supported,
i.e., they are different from zero only at a small region (called
influence domain) surrounding the node. It is this very feature
that renders the stiffness matrix sparse. Third, shape functions
are the elemental blocks wherewith an approximation for a
function is built, i.e., given a point in space (Fig. 1)

(1)

where the index runs through all nodes whose influence do-
mains include point (depicted inside a circle surrounding in
Fig. 1), is the shape function of node (located at ) evalu-
ated at , and is the nodal parameter to be determined. One
constraint must be satisfied: the union of the influence domains
from all nodes must cover the whole domain, i.e., no holes can
be left behind, so to ensure the approximation of everywhere
inside the domain. The size of the influence domains can be ad-
justed, but should not be set too large, lest many nodes extend
their influence domains onto , what could lead to more pop-
ulated stiffness matrices. Overlapping of influence domains is
freely allowed.

III. SHAPE FUNCTIONS: THE MLS APPROXIMATION

Here we have assumed all influence domains to be spheres
with the same radius . That is not mandatory; one is free to
choose whatever form and size, albeit simpler ones are easier
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to deal with. The construction of the shape functions has been
carried out through the Moving Least Squares (MLS) approxi-
mation [1]. In the MLS, at a point is expressed as

(2)

where is a monomial basis with terms (e.g., )
and is a vector of coefficients which are functions of . A
slightly different approximation is then built by requiring the
monomial basis to be calculated at each influencing node :

(3)

The next step is to define a weighted functional , which is
a sum of the squared differences between the approximations

and the nodal parameter , multiplied by a window
(or weight) function centered at :

(4)

where is the radius of the influence domain associated to node
(equal to ) and is (for other choices, see [1])

otherwise.

Solving for the coefficients that minimize , we impose
(i.e., for each ). After some extensive matrix

manipulations [1], one arrives at

(5)

where

(6)

(7)

which are given in terms of and

...
. . .

... (8)

...
. . .

... (9)

The shape functions are obtained by equating (1) to (2)

(10)

They are smooth, thanks to . Their first derivatives are con-
tinuous; high-order monomials in lead to smoother higher
order derivatives. The first derivatives are given by [1]

(11)

where the subscript represents a partial derivative with respect
to or . The vector in (11) is found through the
relation .

Fig. 2. Global domain � and a test domain � associated to a boundary node
�. Sub-problems: region��� � region��� � �.

IV. LOCAL BOUNDARY INTEGRAL EQUATION METHOD

A. Original Development

LBIE is a MLPG method, i.e., the expansion (shape) and the
test functions belong to different spaces. The problem to be
solved is stated in a region of space, whose global boundary is

(Fig. 1). To each node at , in addition to the shape func-
tion , a test function is associated. This test function acts in
a specific region surrounding the node, called test domain and
represented by (see Fig. 2). In LBIE, the test domain is re-
quired to be a sphere centered at the node. Other requirements
that must be satisfied by are as follows:

• (a Dirac delta at );
• at the test domain boundary .

A function satisfying the above requirements, and centered
at a node is therefore given by

(12)

where is the radius of . For nodes located at the interior of
, i.e., nodes for which there is no possibility for to intersect

, the test and influence domains’ radii coincide (i.e., ,
as illustrated for nodes K and L in Fig. 1). If the nodes are close
to , there are two alternatives, as follows.

• The equality still holds, but the effective test do-
main will no longer be a sphere. It will be the intersec-
tion between the sphere and the region , . The
boundary of the test domain becomes quite complicated:

.
• One makes and the boundary of the test domain

just touches the global boundary (depicted as the inte-
rior circles for nodes J and M in Fig. 1). This is suggested
in [5].

In earlier works, the authors employed the first alternative,
which required finding the intersections between 2-D domains
([7] and [8]), but for 3-D geometries this would be rather cum-
bersome. So, in the present investigation the second alternative
is adopted. Regarding the nodes lying exactly at the global
boundary , one usually takes and the intersection
between and remains to be found (node N in Fig. 1 and
domain in Fig. 2). The approach to boundary nodes adopted
here is different from that employed in [7] and [8], as explained
in Section IV-B.

To get a local weak form for node , Poisson’s equation

(13)
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is integrated in the test domain . This can be carried out
through two formulations. The first employs the weighted
residual method, multiplying the residual of (13) by a test
function and integrating in . Let the most complex case
of a node lying at the global boundary to be illustrated first.
(From now on, means ). The volume integration is carried
out in and the surface integration is carried out in

. After the application of the divergence
theorem

(14)

As the test function is zero at , the first surface integral in
(14) vanishes. at is the boundary condition on the
normal derivative. If it is known, the second surface integral
goes to the right side of the equation. If a Robin condition of
the type is employed, then may be
substituted by . Then, for a simple problem that could
admit at most a Neumann condition , the local weak
form reads

(15)

For interior nodes , the integrations are carried
out in spherical test domains and the surface integral in (15) is
not evaluated. In this procedure, there are no means to impose
the Dirichlet conditions directly into the formulation and special
methods (Lagrange multipliers, penalty factors, etc.) must be
devised to enforce them.

The second formulation works only for homogeneous media.
In this case, goes to the right side of (13) and figures in
the left side. Green’s second identity is then applied to and .
For the most complex case of a node lying on

(16)

where arises out from the integration of a Dirac delta in
, being equal to 1 for interior nodes and 0.5 for nodes lying

on , provided the surface is smooth [5]. The third surface
integral in (16) is zero because is zero at . The second
surface integral carries information on at (Dirichlet con-
dition) while the last one carries information on at
(Neumann or Robin). Rewriting (16) one gets

(17)

Equation (17) is a LBIE because it is stated at local domains cen-
tered at the nodes. An advantage of (17) is that Dirichlet condi-
tions are incorporated directly into the local integral equations,

thus sparing any procedure to enforce them. There is a lot of
flexibility concerning the enforcement of (17) at nodes. For in-
terior nodes, the two last integrals in (17) are not evaluated. If a
node lies at a portion of where Dirichlet conditions are im-
posed, the first term goes to the right side and the last surface
integral goes to the left side. If a surface node lies where Neu-
mann conditions are imposed, then the first surface integral goes
to the left side.

V. IMPOSITION OF BOUNDARY CONDITIONS

In the previous section, it became clear that the intersection
between and [together with local boundary

] must be found in order to enforce (15) or (17) for
nodes at , but this procedure is quite cumbersome for 3-D
problems. In order to avoid dealing with boundary nodes, a
simple scheme, which does not require any integration, was de-
vised [9]. It is a collocation scheme, based on the meshless ap-
proximation described by (1). Consequently, no test domains are
assigned to boundary nodes. Let us suppose that a node lies at
a Dirichlet (or Neumann) boundary, whose prescribed condition
is a known value (or ). Then

(18)

where runs through all nodes whose influence domains in-
clude (depicted inside the local domain in Fig. 2). Robin con-
ditions are imposed likewise. This meshless collocation renders
the whole procedure elegant and makes the use of LBIE method
fairly simple. The integral equations (local weak forms) are en-
forced only at interior nodes, whose test domains are simple
spheres (test domains at nodes close to the global boundary just
touches ).

VI. HANDLING MATERIAL DISCONTINUITIES

Care must be taken when dealing with problems where some
material property (e.g., ) is discontinuous across an interface.
This is so because a shape function is smooth (i.e., the func-
tion itself and its derivatives are continuous). Shape functions
inherit the order of continuity from the window function (in this
work, a function, being the nodal influence domain).
In an electrostatic problem, at the interface between two dif-
ferent dielectric media the normal derivative of the electric po-
tential is discontinuous. Consequently, the shape functions will
not be able to approximate the potential accurately (usually, one
observes that the numerical solution smoothens near the “knee”
of the curve describing the potential, along with some oscilla-
tions). We have solved this problem as addressed in [9].

Let us assume that the problem in question is characterized
by a permittivity which is piecewise homogeneous (refer to
Fig. 2). The problem is broken up into two sub-problems, in
each one of which is constant. Nodes from one region do not
influence the other, even if their influence domains extend over
there (in Fig. 2, node P lies in region 2; so, nodes from region 1
lying inside the dashed curve are disregarded).

Moreover, the test domains assigned to interior nodes from
one region just touches the interface (interior circle associated
to node P). The nodes lying at the interface are doubled, i.e.,
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Fig. 3. First problem, solving Laplace’s equation in a sphere. Analytical solu-
tion is ������ � ������ � ������� ������ � �� ������.

each interface node is considered equivalent to two nodes, one
belonging to region 1 and the other to 2 (nodes and ). A
meshless collocation method is then enforced at each dual in-
terface node, one dealing with interface conditions on the func-
tion and the other with conditions on the normal derivative. In
electrostatics, if is the electric potential, then must be con-
tinuous: , or

(19)

while is discontinuous:
( is the surface charge density at the interface), or

(20)

where runs through all nodes of region 1 (2) which influence
.

VII. LBIE DISCRETIZATION AND NUMERICAL RESULTS

The potential is represented by an expansion in MLS shape
functions like (1). The local weak form (15) or (17) (without
the surface integrals depending on ) is enforced at all in-
terior nodes. In the numerical evaluation of the integrals, care
must be taken when spreading Gaussian points across the test
domains, lest one of them coincides with the singularity of test
function . The boundary conditions are imposed at nodes lying
on through meshless collocation (18). Nodes at interfaces are
treated as described by (19) and (20).

The first problem analyzed is that of a homogeneous dielec-
tric sphere with unit radius and no charge
density inside , subject to the Dirichlet condition

on . Fig. 3 shows the potential along a
path C defined in spherical coordinates as m;

; .
The second problem investigated takes a non-homogeneous

unit cube, whose relative permittivity is 1.5 in the inferior half
and 15 in the superior half (inset in Fig. 4). A charge density
is present in the inferior half V/m and a surface
charge density C/m at the interface.

Homogeneous Neumann conditions were im-
posed at lateral faces, while Dirichlet conditions V and

Fig. 4. Second problem, electric potential for a non-homogeneous unit cube.

were imposed at top and bottom faces, respectively.
Fig. 4 shows the potential along a path defined as m;

m; m. For both problems, an excellent agree-
ment between numerical and analytical solutions is observed.

VIII. CONCLUSION

This paper investigated the application of a meshless LBIE
method to three-dimensional electrostatic problems. Similarly
to FEM, this method produces sparse stiffness matrices. But a
significant advantage of LBIE over FEM is that it does not re-
quire absolutely any kind of mesh, which is an important fea-
ture when solving 3-D problems. Furthermore, the treatment of
boundary and interface nodes through a collocation procedure
allows one to enforce the local weak forms only at the interior
nodes. So, the fact of being entirely meshless together with per-
forming the integrations only at simple spherical domains make
LBIE an interesting alternative to FEM in what concerns elec-
trostatic scalar problems.
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