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Abstract— This work presents a first-
order treatment of aberrations caused by
small feed displacements in classical axially-
symmetric dual-reflector antennas. A gen-
eral and closed-form analysis (based on ge-
ometrical optics principles) of the aberrated
aperture fleld is derived in terms of the re-
flector geometry and feed illumination. The
consequences to the aperture efficiency and
main-beam tilt are illustrated for axially-
displaced-ellipse configurations.

I

Recent developments on personal com-
munication services demand the use of high-
gain antennas with very compact geome-
tries (e.g., wireless internet access). A suit-
able configuration for such applications is
the axially-displaced-ellipse (ADE) reflec-
tor antenna, which yields high gain lev-
els with smaller lengths between sub- and
main-reflectors. The ADE is an axially-
symmetric dual-reflector configuration and
its classical (conic) generating curves are
depicted in Fig. 1. One of the first au-
thors to investigate the ADE was Yerukhi-
movich [1]. Since then, the ADE has been
used in many applications (e.g., [2]). Re-
cently, a closed-form and general design
procedure was derived for the four different
families of classical axially-displaced config-
urations, including the ADE [3]-[6]. The
formulation, based on geometrical optics
(GO), also provides closed-form expressions
for the field representation at the antenna
aperture, enabling the parameterization of
the output aperture ray in terms of the as-
sociated input feed ray.

The present work is concerned with
the aperture aberration provoked by small
feed displacements from the primary focus
of classical axially-symmetric dual-reflector
antennas. Such study is of great inter-
est in the design of single-fed reflectors
operating over a wide frequency range or
even in applications involving feed-arrays.
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Fig. 1. ADE generating-curve configuration.

A first-order treatment is derived, par-
tially based on previous works conducted
by Dragone [7]. The present investigation
is incited by the fact that Dragone’s for-
mulation can not be directly applied to the
present antennas due to the curvature dis-
continuity at the subreflector vertex.

II.

There are four different kinds of clas-
sical axially-symmetric dual-reflector an-
tennas: the axially-displaced Cassegrain
(ADC), Gregorian (ADG), ellipse (ADE)
and hyperbola (ADH) [3]-[6]. Their ge-
ometries are uniquely determined from five
input parameters: the main-reflector di-
ameter Dys, the subreflector diameter Dg,
the blockage diameter Dg, the subreflec-
tor edge-angle 8¢, and the constant path
length £, from the primary antenna focus
(at the origin) to the aperture plane (at the
plane z = 0). Some relevant parameters
are depicted in Fig. 1 for the ADE. The
classical Cassegrain and Gregorian config-
urations are obtained from the ADC and
ADG, respectively, by setting Dg = 0.

The phase of the aperture field is pro-
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portional to the path length (V) from the
feed phase center to the aperture (along the
corresponding ray path), which can be de-
scribed by means of a first-order treatment
based on {7]:
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where z,, y,, and 2, are the Cartesian
coordinates locating the feed phase center
and 8 and ¢ are the usual spherical co-
ordinates representing the feed-ray direc-
tion. Assuming small feed displacements,
the amplitude and polarization of the aper-
ture field can be assumed unaltered (i.e., as
if £, = Yo = 2o = 0) and are directly given
by the formulation in [4].

In order to define the aberration terms,
it is convenient to describe V in terms of
the aperture polar coordinates p4 and ¢a
(see Fig. 1). This is accomplished with
the help of the relation between 8r,¢F and
papa [l
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F is the focal length of the main-reflector
generating parabola, e and 2¢ are the eccen-
tricity and the inter-focal distance of the
subreflector generating ellipse/hyperbola,
respectively, and 3 is the angle between the
axes of the generating conics. All geomet-
rical parameters are uniquely determined
from the five input parameters [4]. Sub-
stituting (2) and (3) into (1) one obtains
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where € = 1 for the ADC and ADE and e =
—1 for the ADG and ADH. The coefficients
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By, and C, can be readily calculated with
the help of (3.6.22) in [8].

In order to minimize the aperture-
efficiency degradation caused by a certain
feed displacement one should attempt to
minimize the magnitude of the coefficients
B, and C,, in (8). It can be shown that
Ay Ay — Ar Ag
(A7 + Ayt
indicating [with the help of (4)—(7)] that
the aberration diminishes as |e] — 1. The
condition |e] = 1 is never met in practice,
as the subreflector generating conic tends
to a parabola and, consequently, 2¢ = oo.
However, le] — 1 as |[0g] — 0 [4]. Nev-
ertheless, it is interesting to note that the
present formulation is also applicable to the
classical Cassegrain and Gregorian anten-
nas, obtained from the ADC and ADG, re-
spectively, with Dg = 0. For such anten-
nas, 8 = 0 and, consequently, A, = Az = 0.
From (4)~(7) it can be shown that, under
these circumstances, B,, = 0 only for odd
values of n, whereas C,, = 0 only for even
n-values. In these cases, tilt (Cy), defocus
(Bg), coma (C3), and spherical (By) are
the only possible primary aberrations, as
expected [7].

It is important to note from (8) that the
classical axially-symmetric dual-reflector
antennas present aberration terms that are
not observed in the usual axially-symmetric
optical systems [9]. This is due to the dis-
continuity of the surface curvature at the
subreflector vertex (see Fig. 1), which trans-
forms the feed principal ray (¢ = 0) into
a cylindrical locus of output rays. So, the
one-to-one correspondence between input
feed rays and output aperture rays fails for
the principal ray. As a consequence, the bi-
linear transformation derived in [7] can not
be applied to the present antennas.

II1.

In the present section only axial feed dis-
placements (i.e., z, = y, = 0) are consid-
ered. The theory of Sect. II was employed
on a parametric investigation of the aper-
ture efficiency (7.p) decay with z, [6]. This
was accomplished by integrating the aber-
rated GO aperture field [with V directly
given by (1)] to obtain the antenna gain
(Go) and the corresponding efficiency:

Mlap = Go X3/ (m Dyr)?

B,,C, x forn>1, (9)
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where A, is the free-space wavelength.
Here, only the results for the ADE are pre-
sented. A detailed explanation of the anal-
ysis and the results for the other antenna
configurations are presented in [6].

Due to the adopted GO principles, sim-
ilar antennas (antennas with identical an-
gular dimensions) will have the same effi-
ciency 7jop provided that both the feed il-
lumination and z,/A, remain unchanged.
For this reason the parametric investiga-
tion was conducted with the antenna lin-
ear dimensions normalized to Dy and with
|zo| expressed in terms of A, (the results
are symmetric about z, = 0). The val-
ues of Ds = Dp = 0.1 Dy were speci-
fied, aiming highly efficient antennas [5]. A
linearly-polarized raised-cosine feed model
(RCF) was adopted as the excitation and
its exponent was adjusted for every single
configuration in order to provide the maxi-
mum possible efficiency with a focused feed
(zo = 0) [6]. The resulting 7., values are
shown in Fig. 2 in terms of |zo|/A., 6E,
and £,/Dps. From the results one observes
that 7ep decreases as |z,| increases, as ex-
pected. Also, the efficiency decay is less
pronounced for smaller values of 8¢, as dis-
cussed in Sect. II. Furthermore, the varia-
tion of £,/Dp has a small impact on 7jgp.

As GO does not account for diffraction
mechanisms, the absolute values of 7,, de-
picted in Fig. 2 are not expected to be met
but by reflector arrangements with very
large electrical dimensions. However, the
relative decay of 74, can be reasonably pre-
dicted. To demonstrate this, some repre-
sentative antenna configurations were ana-
lyzed by the moment-method (MoM) tech-
nique [6]. Only the results for two par-
ticular ADE antennas are presented here:
ADE 1 (with §g = 20° and ¢, = 50),) and
ADE 2 (85 = 30° and £, = 100),). Both
have Dy = 100\, and Dp = Dg = 10X,.
In order to attain a more realistic compari-
son, the main-reflector generating parabola
was extended toward the symmetry axis to
obtain a main-reflector without an undesir-
able opening at its surface (see Fig. 1). The
same RCF model was adopted, with expo-
nents equal to 36.136 (ADE 1) and 15.796
(ADE 2). For 2z, ~ 0, the present for-
mulation (GO plus aperture method) esti-
mates 75, & 91% for both geometries (see
Fig. 2), while the MoM gives 7., = 76%
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Fig. 2. ADE nap variation {values in percent) with
120]/ Ao and 0g: £,/ Dy = 0.5 (solid lines) and
1 (dashed lines).
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Fig. 3. Relative aperture efficiency decay for the
ADE 1 and ADE 2. Results obtained from the
MoM (solid lines) and the present formulation
(dashed lines).

and 80% for ADE 1 and ADE 2, respec-
tively. However, as demonstrated by the re-
sults of Fig. 3, the relative efficiency decay
calculated from the present theory agrees
reasonably well with the one obtained by
the MoM. The agreement is better for the
ADE 1, since the aberrations are less pro-
nounced for smaller ¢ angles. The agree-
ment deteriorates as z, increases, as the
feed approaches the subreflector and the
adopted first-order treatment of aberrations
is rapidly violated. Results for the other an-
tenna configurations are presented in [6].

IV. OFrF-Axis FEED DISPLACEMENTS

A similar analysis can be conducted for
off-axis feed displacements (2, = 0), which
can benefit applications where the present



antennas are fed by arrays. The formula-
tion not only permits parametric investiga-
tions of the aperture efficiency but also the
approximate determination of the direction
of maximum radiation, which is given by [7]

_ Tt J Yo
fo
where 8o and ¢ are the spherical coordi-
nates of the principal ray (maximum radia-
tion direction) leaving the aperture and f,
is the equivalent focal distance for the clas-
sical axially-symmetric dual-reflector an-

tennas, given by:

o0 n -1

[Z < () ] eE)
= 3+n 2

The previous equation was derived follow-
ing the procedure in [7], but assuming an
aperture field with a uniform amplitude
and that Dy > Dp > Dg. For the
classical Cassegrain and Gregorian anten-
nas, it can be shown that (12) reduces to
fo~ F|(e+1)/(e — 1)|, as expected.

The values of f,/Dp for several ADE
geometries are depicted in Fig. 4, which
shows that f, does not heavily depend
on Dg (assuming Dg = Dpg) nor on £,
(specially when £, > Dp). Similar re-
sults where observed for the other three
axially-displaced families. The present the-
ory (GO plus aperture method) was further
employed to investigate the main-beam tilt
caused by the variation of z, on the previ-
ously used ADE 2 geometry. The pattern
cuts (¢ = 0°) are shown in Fig. 5. From it,
the values of 8, are —0.26° and —0.44° for
z, = 1A, and 2),, respectively. From (12),
with n < 4, the 6, values are —0.24° and
~0.48°, respectively. One will find a better
agreement for the ADE 1 geometry, as it
presents a smaller 8z angle.
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