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Abstract—In this work, two different configurations of a
monopole mounted over a ground plane have their input ad-
mittance determined by a meshless numerical simulation. The
Meshless Local Petrov-Galerkin is used with shape functions
generated by Moving Least Squares. Boundary conditions are
imposed by a collocation scheme that avoids numerical in-
tegrations. The proposed axisymmetric analysis has a simple
implementation. The results are in agreement with theoretical
data and simulations found in the literature.

I. INTRODUCTION

Monopole antennas have been vastly used due to its simple
structure and attractive characteristics. Airborne and ground
based systems are some of the most common applications [1].
Several specific applications can also be listed, where the
antenna is partially submerged in non-homogeneous environ-
ments like oil and water [2], or involved by different mediums
as in the coated monopole antenna [3], [4]. Recently, different
material have been used in monopole [5] and others studies
involving monopole can be found in literature [6], [7].

In [4], the effects of cavities on monopoles are determined
using integral equations solved by the method of moments
(MoM), which also is used by [5] to validate its proposed
model. MoM is known to yield accurate results but with a
costly computational effort [2]. The finite element method
(FEM) was used in [3], [5], and [6]. FEM simulation produces
precise results, but this method needs a mesh with connectivity
between the elements, which sometimes demonstrates to be
a strong shortcoming. Modal expansion techniques are used
in [1], [2] and [7]. In these techniques, a perfectly conductor
plane is placed above the antenna and parallel to ground plane,
therefore the antenna analyses can be influenced by the waves
reflected by it. Precise results are found for particular charac-
teristics of monopole, generally input admittance. This antenna
has the main radiation in horizontal direction, minimizing the
reflected waves when modal expansion is used.

Meshless methods are a set of powerful numerical tech-
niques providing accurate approximation in mechanic, hy-
drodynamic, and recently, in electromagnetic area [8]-[16],
[18]. These methods can be classified in two main categories:
the methods based in strong form and the ones based in
weak form. In the Strong form methods, the governing partial
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differential equations (PDE) are directly discretized using col-
locations techniques. These methods have a simple algorithm
and are computationally efficient. The collocation techniques
are generally implemented using radial basis function [8], [9],
[10] or smoothed particle hydrodynamics for electromagnetic
(SPEM) formulations [11].

In weak form methods, the governing PDE are first trans-
formed in a weak form integral equations generally using the
weighted residual method. The weak forms are then used to
derive a set of linear equations through a numerical integration
process that can be preformed globally or locally in the
problem domain [12]. Element free Galerkin (EFG) method
uses a global weak form that requires a background mesh to
perform numerical integration, so it is not considered a truly
meshless method. This method has been successfully applied
in the solution of wave scattering problems [12]. The meshless
local Petrov-Galerkin (MLPG), used in this work, does not
require any mesh and the numerical integration is performed
locally in the domain. The weak form is satisfied in a small
portion of domain, resulting in sparse matrices and minimizing
the computational effort. MLPG has been used to solve wave
propagation[13], [14] and [15]. In [16], MLPG method also
has been used to solve 3D static problems.

The MLPG analysis proposed in this paper, differently from
[16], [13] and [14], uses axisymmetric formulations, as in [3],
generating a 2D formulation. Also, it is a weak form method
and has advantages when compared to collocation methods
in regard to the results precision and numerical stability [17].
The present work extends a previous research [18], where the
resonant frequencies and field distribution of axisymmetric
cavities were evaluated. Herein, two different configurations
of a monopole antenna over a perfectly electric ground plane
have their input admittance determined. The monopole 3D
perspective is presented in Fig. 1(a) and the axisymmetric
monopole model is shown in Fig. 1(b), which presents the
antenna length / and its radius r,. The inner and outer coaxial
radii are r, and 7y, respectively. Figure 1(b) also presents
the boundaries of the MPLG model, where 0f). denotes
the surface of perfectly electric conductor, 02y denotes the
symmetry axis (p = 0), 0€2. denotes the radiation boundary,
and 0}y denotes the feed region. The union of all these
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Fig. 1. Monopole over a PEC plane: (a) 3D perspective; (b) 2D monopole
model and MLPG boundaries.

boundaries is denoted by 0.

II. PROBLEM FORMULATION

The electromagnetic field in a source-free region with rela-
tive permittivity €, and permeability (i, must satisfy Helmholtz
equation, which is given by [19]

V x (}v X ﬁ) — k2uH =0, (1)
T
where ko = w?pig¢g is the free-space wavenumber.

In this work, the material proprieties have axial symmetry,
which means that €, and p, do not vary with the azimuthal
coordinate ¢ and the antenna excitation is also axisymmetric,
ensuring that the electromagnetic field varies only with p and
z coordinates. Specifically, Hy is the only nonzero magnetic
component of the excitation, which means that the magnetic
field is given by H = Hy(p,z)¢ and that the Helmholtz
equation can be expressed in the form

1 O0(pHy) 1 O0(pHy)

0 0 2

S e Vel 724 N i Vi 21 “Hy = 0.

dp [peT dp ]+8z [per 0z ]+k0u ¢+=0
2

Using the weighted residual method with test function
¥ (p, z) over the problem domain €2, one obtains the following
weak formulation [19]:

Y O(pHy)
o0 per On

1
dl—//ﬂ VU V(pH)dA
2 / / 1l GHNAA =0, (3)
Q P

where €2 is the problem domain in p — z semi-plane, in which
the infinitesimal area is given by dA = dpdz.

III. THE MLPG ANALYSIS

The MLPG analysis starts by building a set of nodes that
are scattered inside the problem domain (interior nodes) and
at its boundary 0f) (boundary nodes), as show in Fig. 2.
Theses nodes can be scattered in the domain using arbitrary
distributions and no connections are set between them. In
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Fig. 2. A computational domain 2 and its boundaries OS2. The horizontal
striped regions are the influence domains 2z, and g, of the nodes x; and
X2, respectively. The non-striped regions are test domains g, and (2g, of
the nodes x3 and x4, respectively. The vertical striped region is the support
domain 2« of a point x.

the proposed study, each node is expressed in cylindrical
coordinates as x; = [p, z]T.

In MLPG method, the weak formulation is satisfied in small
local subdomains associated to each node. Therefore, the weak
form is integrated over a local quadrature domain, or test
domain, which is independent of others node’s test domains.
This is possible due the Petrov-Galerkin formulation, in which
the test function can be chosen to be independent of shape
function, ¢ [20]. The shape functions are built with Moving
Least Square (MLS) and they are used to approximate the
unknown variables, in (3) given by pHy.

Additional techniques are required by MLPG to enforce
boundary conditions. In this work, a simple technique known
as the meshless collocation scheme is adopted [16] and [17].
In this scheme, the boundary nodes are employed to impose
boundary conditions. This strategy is permitted by the Petrov-
Galerkin formulation that establishes equations node by node,
making possible the MLPG linear system to be built with
different sets of equations for interior and boundary nodes
[17].

A. MLS Approximation

In MLPG procedure, every node has an associated MLS
shape function (;, which presents values different from zero
only in a small region near the node i. This region is known as
node’s i influence domains, 2z, (see Fig. 2). The local MLS
approximation of pH at a point x is given by

n
u(x) =Y ei(x)us @
i=1
where i = 1,...,n are the nodes whose influence domains

include point x (defined by x = [p,2]7), and u; are the
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Fig. 4. First derivative of MLS shape function with respect to p.

corresponding nodal values. The set of n nodes is known as the
support domain )y (see Fig. 2). The numerical construction
of MLS shape function ¢; and its derivative (needed to ap-
proximate the derivative of unknown variable) involves several
matrix manipulations, which are detailed in [17]. Figure 3
shows a MLS shape function for a node located at x = [0, 0]
obtained using 25 nodes uniformly spread in 2. Figure 4 shows
an example of the first order shape function derivative with

respect to p (9p/0p).

B. Local Weak Form

In MLPG, the test function ); associated to each node has
a compact support, which defines the node’s test domain g,
where integrations are evaluated. In this work, the adopted test
function is [16], [18]

5= In (2 if [x —xi <'si,
wi(x) _ )27 n (|X7X;|) 1 |X X | =S (5)
0 if |x —x;| > si,

where s; is the radius of the circular domain 2g,, chosen such
that 2g, does not intersect the global boundary 0f} (see Fig.
2) [16]. x; locates node i and x locates a (tested) point in Qg,.

The MLPG local weak form is then obtained from (3) by
replacing v by v; and pH 4 by u”, where the boundary integral
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vanishes as ¢; = 0 at the circular boundary of {2g,, resulting

mn:

.. h o h

/ Vi VUl 4 g2 // B9 4 — 0. (6)
Qs, PEr Qs P

This local formulation is versatile; it can be used to analyze a
medium with different layers of permittivities or permeabilities
(as evaluated in [2], [3] and [4]). In these cases it is necessary
to deal with the discontinuity present in the medium, which
can be done using the techniques described in [21]. The
proposed formulation also can be employed to analyze a
monopole placed over a non perfectly electric ground plane.
This analysis may be accomplished by using an impedance
boundary condition (IBC) when imposing boundary conditions
over the metallic surface.

C. Meshless Collocation Scheme

Boundary conditions in 0f2 are imposed through the boun-
dary nodes using the meshless collocation scheme that requires
no integration [16]. Boundary conditions are expressed in
general form as:

ou™(x;)
on

where ¢ = 1 and d = 0 if x; is at a Dirichlet boundary or
¢ =0and d = 1 if it is at a Neumann boundary. f is a
known imposed value (i.e. f(x;) = O for homogeneous or
f(x;) # 0 non-homogeneous case). In the monopole geometry
(see Fig. 2), the homogeneous Neumann condition must be
imposed along the perfect conducting boundary 0. and the
field must satisfy homogeneous Dirichlet condition along the
axis of symmetry (p = 0). In addition, we impose in 99,
a first-order radiation boundary condition adapted from [19],
which can be expressed by specifying ¢ = jkp~!, d = p~ 1,
and f = 0 in 7. The excitation at the coaxial waveguide
end-wall 0y is imposed by a non-homogeneous Dirichlet
condition, which can be imposed making ¢ =1, d = 0, and

c(xi)u" (x;) + d(x;) = f(xi), @)

E .
f=eh, ®)

where Ej is the electric field amplitude imposed at 92 ¢ (here
Ey =1 V/m) and 7 is the intrinsic impedance of the coaxial
waveguide dielectric (here, n ~ 1207(2).

D. Linear Set of Equations

The numerical solution of the problem is obtained trans-
forming (6) and (7) into a set of linear equations, which results
in the following matrix equation:

[P] [w] = [F], )

where, for interior nodes, the matrix elements are

Py :/ VUi Vi gy k2 // P ips dA, (10)
Qs Qs; P

PEr
F;i =0, (In



and, for boundary nodes, they are

Ip;(xi)
on '

(12)
13)

By = c(xi)pj(xi) + d(xi)
F = f(xi).

It can be observed that the P matrix is sparse but asymmetric.
The non-zero columns in the ‘i’ line of the P matrix depend
upon all nodes ‘j° whose influence domains include the node
> (if ‘1’ is a boundary node) or the tested points used to
perform numerical integration of {2g, (if ‘i’ is a interior node).

The nodal values u; can be obtained solving the linear
system (9), and afterward they are used to determine pHg,
at a point X in the domain, as follows:

N

PHy(x) = 3 oi(x)us

i=1

(14)

IV. NUMERICAL RESULTS

The monopole geometry and main parameters (e.g., length
h and radius r,) are depicted in Fig. 1(b). The inner and
outer coaxial radii are r, and r;, respectively. Following the
investigations conducted in [3] and [2], the monopole is placed
over an infinite PEC plane. Figure 1(b) also illustrates the
boundaries of the MPLG numerical model. d§2. represents
PEC surfaces where Neumann conditions (9(pHgy)/0n = 0)
are imposed. 0f)y represents the symmetry axis where a
Dirichlet condition is imposed (p = 0). OS2, represents the
hemisphere where a first order radiation boundary condition
(RBC) is defined [19]. Oy represents the end-wall of the
coaxial waveguide where sources of the TEM mode are
impressed with pHy = (Eq/n)e %% and 1 ~ 1207Q).

The input admittances of two different monopole configu-
rations are determined. The first one was previously simulated
by FEM in [3], where r, = 0.0254\ and 7, = 0.0302A\.
The second monopole was analyzed by a modal expansion
in [2], where r, = 0.0095\ and r, = 0.0219\. For both
configurations, J§2; are placed 0.1\ below the PEC plane and
the admittances are obtained dividing the total electric current
at z = 0 (ground level) by the interelectrode voltage at the
same level. The current is derived from the obtained field pH
along the antenna surface and the boundary conditions for a
perfect conductor (n X H= fg). The interelectrode voltage is
evaluated by the following field integration:

L[ 10y

Wey€o p  Op

Tb
V:/ E-pdp=3j dp. (15)

Figure 5 shows the input admittance of the first configu-
ration as a function of the monopole length h. Results are
in agreement with the FEM simulation of [3] and also with
measured data presented in [22]. Figure 6 presents the input
admittances of the second antenna configuration, simulated by
the present MLPG method and by a modal expansion [2],
which are compared with measured data [22].
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Fig. 6. Input admittance versus antenna length for a monopole over an

infinite PEC plane: second antenna configuration [2].

V. CONCLUSIONS

This work discussed the numerical analysis of a monopole
antenna mounted over an infinite PEC plane by a MLPG
method. The axisymmetric weak formulation is simple and
versatile, does not require a background mesh (or grid), and
produces sparse matrices. The proposed MLPG simulation
uses collocation method to impose boundary conditions, sim-
plifying the numerical algorithm. The input admittances of
two monopole configurations were analyzed. The results are in
agreement with measured data [22] and simulations conducted
by other numerical methods [2],[3]. The model is easily
adaptable to different axially symmetric geometries and can
be used to analyze axisymmetric coated monopoles.
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