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A B S T R A C T

This paper presents the analysis of spherical–rectangular patches using both cavity method and method of
moments. A detailed procedure of cavity method is presented, including the field distribution inside the cavity,
equivalent magnetic current distributions, radiation fields, effective loss tangent, and input impedance. A new
fringing field correction is proposed taking into account the curvature of the patch, resulting in accurate
resonance frequency.
1. Introduction

Microstrip antennas have been widely used due to their low cost,
electrical properties, as well as their ability to connect to microwave
circuits. In many applications the microstrip antennas need to adjust to
non planar surfaces, as in satellites, rockets, airplanes, or for wearable
antennas. These conformal geometries, like cylindrical [1,2], spheri-
cal [3,4] or conical [5,6], also allow different radiation and electrical
properties, and are used accordingly. Spherical microstrip antennas are
those printed onto a spherically shaped dielectric layer that covers a
spherical conductor. Usual shapes of the spherical antennas include the
circular, annular-ring, and rectangular (or quasi-rectangular) patches.

Nonplanar microstrip antennas have been described, for different
antenna shapes, arrays, and analysis methods [7,8]. Particularly, spher-
ical microstrip antennas have been studied using several techniques,
including cavity method [9–14], electric surface current method [15],
Generalized Transmission Line Model (GTLM) [16,17], and Method
of Moments (MoM) [18–26]. Although cavity method is among the
simplest ones, it provides invaluable physical insight about the field
distribution and current excitation on the patch. It assumes the fields
in the dielectric to be bounded in the volume between the antenna and
the spherical conductor, where they are determined from expansion
in cavity eigenmodes. Radiation properties are obtained from equiv-
alent magnetic surface currents on the cavity side walls, neglecting
the presence of the dielectric layer. Despite its simplicity the method
results in accurate radiation patterns. Additionally, evaluation of in-
put impedances requires the determination of equivalent loss tangent,
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including dielectric, radiation and conductor losses, and a correction
on the resonant length of the antenna is required to account for
fringe fields. Previous contributions using cavity method for spherical
microstrip antenna include obtaining the radiation efficiency [9] and
radiation patterns [10] for spherical–rectangular microstrip antennas,
and for circular disk and annular ring [11–13]. In [14] a Mathemat-
ica based CAD was presented using cavity method to obtain input
impedances and radiation patterns of spherical annular and circular
microstrip antennas. On the other hand, the electric surface current
method assumes the electric current on the surfaces of the patches to be
known, either from cavity method or any other source, and computes
the radiation fields and input impedance using the proper Green’s
functions, including the presence of the dielectric layer. It was used
in [15] for determining the radiation patterns of microstrip spherical
circular disk antennas. The input impedance can also be obtained from
GTLM, by modeling the antenna as a transmission line loaded with
wall admittances, as in [16] for spherical circular, and in [17] for
spherical annular antennas. The MoM is a full-wave method in which
the electric current distribution on the patches are expanded into a
set of known functions. The expansion coefficients are determined by
imposing the boundary conditions on the patch surface. Appropriate
symmetric products by a set of weighting functions transform the
boundary condition equations into a linear system, from which the
expansion coefficients are determined. MoM was used in [19–21] to ob-
tain resonances, radiation patterns, and input impedances of spherical
circular and annular microstrip antennas. It was also used in [22–25]
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Fig. 1. Geometry of the spherical–rectangular microstrip patch.

to analyze spherical–rectangular microstrip antennas and arrays, and
in [26,27] to analyze spherical–trapezoidal microstrip antennas and
arrays. Procedures for evaluation of Green’s functions in spherically
layered media were presented in [28–30]. And results for circular and
quasi-rectangular microstrip antennas for multilayered spherical media
were shown in [31,32]. Curvilinear Rao–Wilton–Glisson triangular ba-
sis functions were used in [33,34] for modeling antennas in spherically
layered media.

This paper presents the application of cavity method to spherical–
rectangular patches, and introduces a new fringing field correction to
take into account the patch curvature. Section 2 describes the geometry
of the spherical microstrip patches. Section 3 shows the application of
cavity method to these antennas. Section 4 describes the application
of MoM to spherical microstrip antennas. Section 5 describes how the
fringing field corrections used for planar microstrip antennas can be
modified to account for the curvature of spherical patches. Results are
presented in Section 6 comparing the solutions.

2. Geometry of the antennas

Fig. 1 shows the geometry of the spherical–rectangular microstrip
patch. A metallic sphere of radius 𝑟1 is covered by a dielectric layer
of thickness ℎ (𝑟2 = 𝑟1 + ℎ), relative permittivity 𝜀𝑟, and loss tangent
tan 𝛿𝑑 . The patch is printed onto the dielectric surface at 𝑟 = 𝑟2, limited
by angles 𝜃1, 𝜃2, 𝜙1, and 𝜙2, in spherical coordinates. And fed by coaxial
cables centered at 𝜃𝑓 and 𝜙𝑓 . For simplicity the inner conductor of
the coaxial cable feeding the patch is modeled as a strip [35] at 𝜃𝑓 ,
𝑟1 < 𝑟 < 𝑟2, and 𝜙1𝑓 < 𝜙 < 𝜙2𝑓 , as presented in Fig. 2.

3. Application of cavity method

The cavity method assumes the fields in the dielectric layer to be
confined within the region below the patch, i.e., in a cavity formed by
the patch, the metallic sphere, and perfect magnetic conductors on the
side walls [9–14].
2

Fig. 2. Feeding strip representing the coaxial cable.

3.1. Cavity fields

Usually the thickness of the dielectric layer is small compared to
the wavelength, and the fields in the cavity are almost independent of
𝑟. Assuming no radial variation (𝜕∕𝜕𝑟 = 0), only TM𝑟 fields are excited
in the cavity, and the radial electric field is the solution of:

1
𝑟212 sin 𝜃

𝜕
𝜕𝜃

(

sin 𝜃
𝜕𝐸𝑟
𝜕𝜃

)

+ 1
𝑟212 sin

2 𝜃

𝜕2𝐸𝑟

𝜕𝜙2
+ 𝑘2𝑑𝐸𝑟 = 𝑗𝑤𝜇𝐽𝑓 (1)

where 𝑟12 = (𝑟1 + 𝑟2)∕2, 𝑘𝑑 = 𝑤
√

𝜇𝜀𝑑 is the wave number in the dielec-
tric, 𝜀𝑑 = 𝜀𝑜𝜀𝑟

(

1 − 𝑗 tan 𝛿𝑑
)

is the complex permittivity of the dielectric,
and 𝐽𝑓 is the volume density of the feed current in radial direction. The
electric field in the cavity can be expanded into TM𝑟 modes, already
satisfying the boundary conditions on the patch, metallic sphere and
perfect magnetic walls:

𝐸𝑟(𝜃, 𝜙) =
∑

𝑢

∑

𝑙
𝑒𝑙𝑢 𝐸𝑟,𝑙𝑢(𝜃, 𝜙) (2)

where 𝑒𝑙𝑢 are the coefficients of the expansion, and the eigenmodes 𝐸𝑟,𝑙𝑢
are solution of the source-free problem:

1
𝑟212 sin 𝜃

𝜕
𝜕𝜃

(

sin 𝜃
𝜕𝐸𝑟,𝑙𝑢

𝜕𝜃

)

+ 1
𝑟212 sin

2 𝜃

𝜕2𝐸𝑟,𝑙𝑢

𝜕𝜙2
+ 𝑘2𝑙𝑢𝐸𝑟,𝑙𝑢 = 0 (3)

hese modes are obtained by imposing the boundary conditions on the
avity walls 𝜃 = 𝜃1, 𝜙 = 𝜙1, 𝜙 = 𝜙2, and are given by:

𝐸𝑟,𝑙𝑢 =
[

𝑃 𝑢
𝑙 (cos 𝜃)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃1) −

𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃1)𝑄

𝑢
𝑙 (cos 𝜃)

]

cos
(

𝑢(𝜙 − 𝜙1)
)

(4)

here 𝑃 𝑢
𝑙 (⋅) and 𝑄𝑢

𝑙 (⋅) are associated Legendre functions, 𝑢 = 𝑝𝜋
𝛥𝜙 , 𝑝 =

0, 1, 2,…, and 𝛥𝜙 = 𝜙2 − 𝜙1. The values of eigenvalue 𝑙, for a given 𝑢,
are obtained from the transcendental equation below, that ensures the
boundary condition on the side wall 𝜃 = 𝜃2:
𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃2)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃1) −

𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃1)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃2) = 0 (5)

and

𝑘𝑙𝑢 =

√

𝑙(𝑙 + 1)
(6)
𝑟12
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While the modal electric field has only 𝑟-component (4), the mag-
etic field has 𝜃 and 𝜙-components given by [36]:

𝜃,𝑙𝑢 = −1
𝑗𝑤𝜇𝑟12 sin 𝜃

𝜕𝐸𝑟,𝑙𝑢

𝜕𝜙

= 𝑢
𝑗𝑤𝜇 𝑟12 sin 𝜃

[

𝑃 𝑢
𝑙 (cos 𝜃)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃1) −

𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃1)𝑄

𝑢
𝑙 (cos 𝜃)

]

× sin
(

𝑢(𝜙 − 𝜙1)
)

(7)

𝜙,𝑙𝑢 = 1
𝑗𝑤𝜇𝑟12

𝜕𝐸𝑟,𝑙𝑢

𝜕𝜃

= 1
𝑗𝑤𝜇 𝑟12

[ 𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃1) −

𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃1)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃)

]

× cos
(

𝑢(𝜙 − 𝜙1)
)

(8)

Assuming the feed current to be uniform across the strip, see Fig. 2,
ts volume distribution, corresponding to a total current 𝐼𝑜, is given by:

𝐽𝑓 (𝑟, 𝜃, 𝜙) =
𝐼𝑜

𝑟212 sin(𝜃𝑓 )𝛥𝜙𝑓
𝛿(𝜃 − 𝜃𝑓 ) (9)

for 𝑟1 < 𝑟 < 𝑟2 and 𝜙1𝑓 < 𝜙 < 𝜙2𝑓 , where 𝛥𝜙𝑓 = 𝜙2𝑓 −𝜙1𝑓 . Substituting
the eigenmode expansion (2) in (1) and using (4):
∑

𝑢

∑

𝑙
𝑒𝑙𝑢

(

𝑘2𝑑 − 𝑘2𝑙𝑢
)

𝐸𝑟,𝑙𝑢(𝜃, 𝜙) = 𝑗𝑤𝜇𝐽𝑓 (10)

Using the orthogonality of the eigenmodes 𝐸𝑟,𝑙𝑢, the expansion coeffi-
cients 𝑒𝑙𝑢 are given by:

𝑒𝑙𝑢 =
𝑗𝑤𝜇

𝑘2𝑑 − 𝑘2𝑙𝑢

⟨𝐽𝑓 , 𝐸𝑟,𝑙𝑢⟩

‖

‖

𝐸𝑟,𝑙𝑢
‖

‖

2
(11)

where the inner product is defined as:

⟨𝑓, 𝑔⟩ = ∫

𝜋

0 ∫

𝜋

−𝜋
𝑓 (𝜃, 𝜙)𝑔∗(𝜃, 𝜙) sin 𝜃 𝑑𝜙 𝑑𝜃 (12)

Substituting the expansion coefficients 𝑒𝑙𝑢 (11) in (2), the electric
field in the cavity is given by:

𝐸𝑟(𝜃, 𝜙) =
∑

𝑢

∑

𝑙

𝑗𝑤𝜇
𝑘2𝑑 − 𝑘2𝑙𝑢

⟨𝐽𝑓 , 𝐸𝑟,𝑙𝑢⟩

‖

‖

𝐸𝑟,𝑙𝑢
‖

‖

2
𝐸𝑟,𝑙𝑢(𝜃, 𝜙) (13)

where the inner product ⟨𝐽𝑓 , 𝐸𝑟,𝑙𝑢⟩ is given by:

⟨𝐽𝑓 , 𝐸𝑟,𝑙𝑢⟩ =
𝐼𝑜
𝑟212

[

𝑃 𝑢
𝑙 (cos 𝜃𝑓 )

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃1) −

𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃1)𝑄

𝑢
𝑙 (cos 𝜃𝑓 )

]

×

sinc
( 𝑢𝛥𝜙𝑓

2𝜋

)

cos
(

𝑢(𝜙𝑓 − 𝜙1)
)

(14)

where sinc(𝑥) = sin(𝜋𝑥)∕(𝜋𝑥). And the squared norm of 𝐸𝑟,𝑙𝑢 is given by:

‖

‖

𝐸𝑟,𝑙𝑢
‖

‖

2 =
𝛥𝜙
𝜏𝑢 ∫

𝜃2

𝜃1

[

𝑃 𝑢
𝑙 (cos 𝜃)

𝑑
𝑑𝜃

𝑄𝑢
𝑙 (cos 𝜃1) −

𝑑
𝑑𝜃

𝑃 𝑢
𝑙 (cos 𝜃1)𝑄

𝑢
𝑙 (cos 𝜃)

]2

× sin 𝜃 𝑑𝜃 (15)

here 𝜏𝑢 = 1 if 𝑢 = 0, and 𝜏𝑢 = 2 if 𝑢 ≠ 0.

.2. External fields

The fields external to the cavity can be obtained with the aid of
he equivalence principle [36]. Equivalent magnetic current surface
ensities are obtained from the electric fields at the four side walls of
he cavity. Due to the small thickness of the dielectric, these surface
urrent densities can be concentrated as surface current distributions
n the metallic sphere (𝑟 = 𝑟1):

̄ 𝑠1(𝜃, 𝜙) = −𝐸𝑟(𝜃1, 𝜙)
ℎ
𝑟1
𝛿(𝜃 − 𝜃1)𝑎̂𝜙 𝜙1 < 𝜙 < 𝜙2 (16)

𝑀̄𝑠2(𝜃, 𝜙) = 𝐸𝑟(𝜃2, 𝜙)
ℎ
𝑟1
𝛿(𝜃 − 𝜃2)𝑎̂𝜙 𝜙1 < 𝜙 < 𝜙2 (17)

𝑀̄𝑠3(𝜃, 𝜙) = 𝐸𝑟(𝜃, 𝜙1)
ℎ 𝛿(𝜙 − 𝜙1)𝑎̂𝜃 𝜃1 < 𝜃 < 𝜃2 (18)
3

𝑟1 sin 𝜃
𝑀̄𝑠4(𝜃, 𝜙) = −𝐸𝑟(𝜃, 𝜙2)
ℎ

𝑟1 sin 𝜃
𝛿(𝜙 − 𝜙2)𝑎̂𝜃 𝜃1 < 𝜃 < 𝜃2 (19)

he external fields generated by the magnetic sources (16)–(19), ig-
oring the presence of the dielectric layer, can be obtained using field
xpansion in TM𝑟

𝑚𝑛 and TE𝑟
𝑚𝑛 external modes, obtained using the vector

otentials:

𝐴𝑜
𝑟 (𝑟, 𝜃, 𝜙) =

∞
∑

𝑛=1

𝑛
∑

𝑚=−𝑛
𝑒𝑛𝑚𝐻̂

(2)
𝑛 (𝑘𝑜 𝑟)𝑃 |𝑚|

𝑛 (cos 𝜃)𝑒𝑗𝑚𝜙 (20)

𝑜
𝑟 (𝑟, 𝜃, 𝜙) =

∞
∑

𝑛=1

𝑛
∑

𝑚=−𝑛
𝑓𝑛𝑚𝐻̂

(2)
𝑛 (𝑘𝑜 𝑟)𝑃 |𝑚|

𝑛 (cos 𝜃)𝑒𝑗𝑚𝜙 (21)

here 𝐻̂ (2)
𝑛 (.) is the Schelkunoff Hankel function of second kind, 𝑃 |𝑚|

𝑛 (.)
s the normalized associated Legendre function, as defined in (78),
uperscript }}𝑜′′ in 𝐴𝑜

𝑟 and 𝐹 𝑜
𝑟 stands for free space, and 𝑘𝑜 = 𝑤

√

𝜇𝜀𝑜 is
he wave number in free space. The electric field can be obtained from
he vector potentials [36]:

𝐸𝑟 = 1
𝑗𝑤𝜀

(

𝜕2

𝜕𝑟2
+ 𝑘2

)

𝐴𝑟 (22)

𝐸𝜃 = −1
𝑟 sin 𝜃

𝜕𝐹𝑟
𝜕𝜙

+ 1
𝑗𝑤𝜀 𝑟

𝜕2𝐴𝑟
𝜕𝑟 𝜕𝜃

(23)

𝐸𝜙 = 1
𝑟
𝜕𝐹𝑟
𝜕𝜃

+ 1
𝑗𝑤𝜀 𝑟 sin 𝜃

𝜕2𝐴𝑟
𝜕𝑟 𝜕𝜙

(24)

𝐻𝑟 = 1
𝑗𝑤𝜇

(

𝜕2

𝜕𝑟2
+ 𝑘2

)

𝐹𝑟 (25)

𝐻𝜃 = 1
𝑟 sin 𝜃

𝜕𝐴𝑟
𝜕𝜙

+ 1
𝑗𝑤𝜇 𝑟

𝜕2𝐹𝑟
𝜕𝑟 𝜕𝜃

(26)

𝐻𝜙 = −1
𝑟

𝜕𝐴𝑟
𝜕𝜃

+ 1
𝑗𝑤𝜇 𝑟 sin 𝜃

𝜕2𝐹𝑟
𝜕𝑟 𝜕𝜙

(27)

The radiated power associated to each external 𝑚𝑛-mode (of unitary
amplitude) is given by:

𝑃𝑟,𝑚𝑛 =
1
2 ∫

𝜋

0 ∫

2𝜋

0
ℜ

[

𝐸̄𝑚𝑛 × 𝐻̄∗
𝑚𝑛
]

⋅ 𝑎̂𝑟 𝑟
2 sin 𝜃 𝑑𝜙 𝑑𝜃 (28)

which results in:

𝑃 𝑇𝑀
𝑟,𝑚𝑛 =

𝜂𝑜
2
𝑆(𝑛) (29)

𝑃 𝑇𝐸
𝑟,𝑚𝑛 = 1

2𝜂𝑜
𝑆(𝑛) (30)

where 𝜂𝑜 =
√

𝜇∕𝜀𝑜 is the intrinsic impedance of free space and 𝑆(𝑛) is
iven by (77).

In the normalized vector Legendre domain, see Appendix:

̃ 𝑜(𝑟, 𝑛, 𝑚) =

[

𝐸𝑜
𝑢 (𝑟, 𝑛, 𝑚)

𝐸𝑜
𝑑 (𝑟, 𝑛, 𝑚)

]

=

[

−𝑗𝜂𝑜
√

𝑆(𝑛)𝐻̂ (2)′
𝑛 (𝑘𝑜𝑟) 𝑒𝑛𝑚∕𝑟

√

𝑆(𝑛)𝐻̂ (2)
𝑛 (𝑘𝑜𝑟) 𝑓𝑛𝑚∕𝑟

]

(31)

𝐻̃𝑜(𝑟, 𝑛, 𝑚) =

[

𝐻𝑜
𝑢 (𝑟, 𝑛, 𝑚)

𝐻𝑜
𝑑 (𝑟, 𝑛, 𝑚)

]

=

[

−𝑗
√

𝑆(𝑛)𝐻̂ (2)′
𝑛 (𝑘𝑜𝑟) 𝑓𝑛𝑚∕(𝜂𝑜𝑟)

−
√

𝑆(𝑛)𝐻̂ (2)
𝑛 (𝑘𝑜𝑟) 𝑒𝑛𝑚∕𝑟

]

(32)

The coefficients 𝑒𝑛𝑚 and 𝑓𝑛𝑚 are determined from the boundary condi-
tions at 𝑟 = 𝑟1 interface:

𝑀̄𝑠(𝜃, 𝜙) = −𝑎̂𝑟 × 𝐸̄(𝑟1, 𝜃, 𝜙) (33)

which can also be written in the normalized vector Legendre domain,
as:
[

𝑀𝑢(𝑛, 𝑚)
𝑀𝑑 (𝑛, 𝑚)

]

=
[

0 1
−1 0

] [

𝐸𝑢(𝑟1, 𝑛, 𝑚)
𝐸𝑑 (𝑟1, 𝑛, 𝑚)

]

(34)

Substituting (31) into (34), the coefficients 𝑒𝑛𝑚 and 𝑓𝑛𝑚 are given by:

𝑒𝑛𝑚 =
𝑟1

𝑗𝜂𝑜
√

𝑆(𝑛)𝐻̂ (2)′
𝑛 (𝑘𝑜𝑟1)

𝑀𝑑 (𝑛, 𝑚) (35)

𝑓𝑛𝑚 =
𝑟1

√

𝑆(𝑛)𝐻̂ (2)
𝑛 (𝑘𝑜𝑟1)

𝑀𝑢(𝑛, 𝑚) (36)

where 𝑀𝑢(𝑛, 𝑚) and 𝑀𝑑 (𝑛, 𝑚) are obtained from substituting (16)–(19)
into (75).
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3.3. Input impedance

The input impedance at the probe is given by the variational expres-
sion [36]:

𝑍𝑖𝑛 = − 1
𝐼2𝑜 ∫ ∫𝑆

𝐸̄(𝐽𝑓 ) ⋅ 𝐽𝑓𝑑𝑠 (37)

ubstituting (9) and (13) results:

𝑖𝑛 = − ℎ
𝐼2𝑜

∑

𝑢

∑

𝑙

𝑗𝑤𝜇
𝑘2𝑑 − 𝑘2𝑙𝑢

⟨𝐽𝑓 , 𝐸𝑟,𝑙𝑢⟩
2

‖

‖

𝐸𝑟,𝑙𝑢
‖

‖

2
(38)

𝑍𝑖𝑛 shown above already includes the effects of dielectric losses, as
𝑘2𝑑 = 𝑤2𝜇 𝜀𝑑 = 𝑤2𝜇 𝜀𝑟𝜀𝑜(1 − 𝑗 tan 𝛿𝑑 ). Additionally, the conductor and
radiation losses can be taken into account by substituting tan 𝛿𝑑 by an
effective loss tangent (tan 𝛿𝑒𝑓𝑓 ) that includes all losses in the dielectric
(tan 𝛿𝑑), in the conductor (tan 𝛿𝑐), and also radiation losses (tan 𝛿𝑟), i.e.:

tan 𝛿𝑒𝑓𝑓 = tan 𝛿𝑑 + tan 𝛿𝑐 + tan 𝛿𝑟 (39)

The loss tangent due to conductor loss is given by [14]:

tan 𝛿𝑐 =
𝑃𝑐

𝑤(𝑊𝑒 +𝑊𝑚)
(40)

where 𝑃𝑐 is the power loss in the conductor, and 𝑊𝑒 and 𝑊𝑚 are
he average electric and magnetic energy stored in the cavity region,
alculated at the resonance frequency of each mode (where 𝑊𝑒 = 𝑊𝑚),
nd given by:

𝑃𝑐,𝑙𝑢 =
𝑅𝑠
2 ∫ ∫𝑆

|

|

𝐻̄𝑙𝑢
|

|

2 𝑑𝑠 (41)

𝑒,𝑙𝑢 = 1
4
𝜀𝑜𝜀𝑟 ∫ ∫ ∫𝑉

|

|

𝐸̄𝑙𝑢
|

|

2 𝑑𝑣 (42)

where 𝑅𝑠 is the surface resistance of the conductor, 𝑆 is the internal
cavity surface, 𝑉 is the cavity volume, and the components of electrical
and magnetic fields of 𝑙𝑢 mode are given by (4), (7) and (8). Similarly
the loss tangent due to radiation is given by:

tan 𝛿𝑟 =
𝑃𝑟

𝑤(𝑊𝑒 +𝑊𝑚)
(43)

where 𝑃𝑟 is the power loss due to radiation, obtained at the mode res-
onance. It can be obtained from the coefficients of the external modes
(35) and (36) and their radiating powers (29) and (30) when the equiv-
alent magnetic currents in (35) and (36) are due only to cavity mode 𝑙𝑢:

𝑟,𝑙𝑢 =
∞
∑

𝑛=1

𝑛
∑

𝑚=−𝑛

[

|

|

𝑒𝑛𝑚||
2 𝑃 𝑇𝑀

𝑟,𝑚𝑛 + |

|

𝑓𝑛𝑚||
2 𝑃 𝑇𝐸

𝑟,𝑚𝑛

]

(44)

Substituting tan 𝛿𝑑 by tan 𝛿𝑒𝑓𝑓 in (38):

𝑖𝑛 = − ℎ
𝐼2𝑜

∑

𝑢

∑

𝑙

𝑗𝑤𝜇
𝑘2𝑒𝑓𝑓 − 𝑘2𝑙𝑢

⟨𝐽𝑓 , 𝐸𝑟,𝑙𝑢⟩
2

‖

‖

𝐸𝑟,𝑙𝑢
‖

‖

2
(45)

where 𝑘2𝑒𝑓𝑓 = 𝑤2𝜇 𝜀𝑟𝜀𝑜(1 − 𝑗 tan 𝛿𝑒𝑓𝑓 ).

4. Application of method of moments

We will now briefly discuss the application of MoM to the same
geometry presented in Fig. 1. Detailed description can be found in [27].
The spherical patches are also fed as shown in Fig. 2. As mentioned
earlier the MoM seeks to determine the distribution of electric currents
on the patches that satisfies the boundary condition [18]. And the
radiation properties follow from the current distribution [36].

Let the surface electrical current on the patches be expanded into a
set of functions, known as basis functions, as follows:

𝐽𝜃(𝜃) =
𝑄𝜃
∑

𝑞=1
𝑎𝑞𝐽𝜃𝑞(𝜃) (46)

𝐽𝜙(𝜙) =
𝑃𝜙
∑

𝑏𝑝𝐽𝜙𝑝(𝜙) (47)
4

𝑝=1 f
where 𝑎𝑞 and 𝑏𝑝 are the expansion coefficients that will be determined
using MoM. The basis functions are given by

𝐽𝜃𝑞(𝜃) =
sin

(

𝑞𝜋
𝛥𝜃 (𝜃 − 𝜃1)

)

sin 𝜃
(48)

𝐽𝜙𝑝(𝜙) = sin
(

𝑝𝜋
𝛥𝜙

(𝜙 − 𝜙1)
)

(49)

here 𝛥𝜃 = 𝜃2−𝜃1. These basis functions present a sinusoidal variation
cross the patch.

The tangential components of the electric field in spectral domain
re related to the surface electric current on the patches through the
yadic Green’s functions [27]:

𝐸̃𝑜
𝑡 (𝑟, 𝑛, 𝑚) = 𝐺𝐸𝑜

𝑡 (𝑟, 𝑛)𝐽 (𝑛, 𝑚) (50)

𝐸̃𝑑
𝑡 (𝑟, 𝑛, 𝑚) = 𝐺𝐸𝑑

𝑡 (𝑟, 𝑛)𝐽 (𝑛, 𝑚) (51)

The surface current distribution on the patches are determined
from imposing the boundary condition of zero tangential component of
electric field on the patch surface. The MoM will transform the resulting
integral equations into a linear system where the unknowns are the
coefficients (𝑎𝑞 and 𝑏𝑝) of the surface electrical currents. The boundary
conditions on the patches are:

𝐸𝜃(𝐽𝜃) + 𝐸𝜃(𝐽𝜙) + 𝐸𝜃(𝐽𝑓 ) = 0 (52)

𝐸𝜙(𝐽𝜃) + 𝐸𝜙(𝐽𝜙) + 𝐸𝜙(𝐽𝑓 ) = 0 (53)

Expanding the surface electrical currents on the patch as in (46)–
(47) leads to:
𝑄𝜃
∑

𝑞=1
𝑎𝑞𝐸𝜃(𝐽𝜃𝑞) +

𝑃𝜙
∑

𝑝=1
𝑏𝑝𝐸𝜃(𝐽𝜙𝑝) = −𝐸𝜃(𝐽𝑓 ) (54)

𝑄𝜃
∑

𝑞=1
𝑎𝑞𝐸𝜙(𝐽𝜃𝑞) +

𝑃𝜙
∑

𝑝=1
𝑏𝑝𝐸𝜙(𝐽𝜙𝑝) = −𝐸𝜙(𝐽𝑓 ) (55)

Defining the symmetric product:

⟨𝑓, 𝑔⟩𝑠 = ∫

𝜋

0 ∫

𝜋

−𝜋
𝑓 (𝜃, 𝜙)𝑔(𝜃, 𝜙)𝑟22 sin 𝜃 𝑑𝜙 𝑑𝜃 (56)

and taking these products of (54) and (55) by a set of testing functions,
which are chosen the same as the basis functions, results in a Galerkin
method. The resulting linear system ([𝑍][𝐼] = [𝑉 ]) can be written
as [27]:

⎡

⎢

⎢

⎣

[

𝑍𝜃𝜃] [

𝑍𝜃𝜙]

[

𝑍𝜙𝜃] [

𝑍𝜙𝜙]

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

[𝑎]

[𝑏]

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

[

𝑉 𝜃]

[

𝑉 𝜙]

⎤

⎥

⎥

⎦

(57)

where the elements of matrix [Z] are of the following form:

𝑍𝑡𝑒𝑠𝑡,𝑏𝑎𝑠𝑖𝑠 = ⟨𝐸̄(𝐽𝑏𝑎𝑠𝑖𝑠), 𝐽𝑡𝑒𝑠𝑡⟩𝑠 = 𝑟22

∞
∑

𝑚=−∞

∞
∑

𝑛=|𝑚|

[

𝐽𝑡𝑒𝑠𝑡(𝑛,−𝑚)
]𝑡 𝐺𝐸𝑜

𝑡 (𝑟2, 𝑛)

×
[

𝐽𝑏𝑎𝑠𝑖𝑠(𝑛, 𝑚)
]

(58)

here 𝑡𝑒𝑠𝑡 and 𝑏𝑎𝑠𝑖𝑠 refer to either 𝜃 or 𝜙. In (57) [a] and [b] are
olumn matrices with the unknown coefficients. The elements of the
atrix [V], with the aid of reciprocity theorem, can be obtained from:

𝑡𝑒𝑠𝑡 = −⟨𝐸̄(𝐽𝑓 ), 𝐽𝑡𝑒𝑠𝑡⟩𝑠 = −
𝑟2

𝑗𝑤𝜀𝑑

∞
∑

𝑚=−∞

∞
∑

𝑛=|𝑚|

√

𝑆(𝑛) 𝐽𝑢(𝑛, 𝑚)
𝐷1(𝑛, 𝑟1, 𝑟2)

×

(

𝜂𝑑
𝜂𝑜

𝐻̂ (2)
𝑛 (𝑘𝑜𝑟2)

𝐻̂ (2)′
𝑛 (𝑘𝑜𝑟2)

−
𝐷3(𝑛, 𝑟1, 𝑟2)
𝐷1(𝑛, 𝑟1, 𝑟2)

)−1

∫

𝑟2

𝑟1
𝐷3(𝑛, 𝑟1, 𝑟)

× 𝐽𝑓 (𝑟, 𝑛,−𝑚)𝑑𝑟 (59)

he coefficients of the currents on the patches, 𝑎𝑞 and 𝑏𝑝, are obtained

rom solving the MoM linear system.
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Fig. 3. (a) Planar patch with fringing fields. (b) Top view with fringing field
corrections.

The input impedance is given by the variational expression [36]:

𝑍𝑖𝑛 = − 1
𝐼2𝑜 ∫ ∫𝑆

𝐸̄(𝐽 ) ⋅ 𝐽𝑓𝑑𝑠 (60)

Expanding the surface current distribution on the patch 𝐽 in basis
functions, and using (59) together with reciprocity theorem, results:

𝑍𝑖𝑛 =
1
𝐼2𝑜

⎡

⎢

⎢

⎣

𝑄𝜃
∑

𝑞=1
𝑎𝑞𝑉

𝜃
𝑞 +

𝑃𝜙
∑

𝑝=1
𝑏𝑝𝑉

𝜙
𝑝

⎤

⎥

⎥

⎦

(61)

5. Fringing field correction

Despite the simplicity of the formulation, the cavity method presents
accurate results for radiation pattern, as it will be shown in Section 6.
The biggest limitation results from considering that the fields in the di-
electric layer exist only below the patch, while in fact the fields extend
beyond the patch limits, as shown in Fig. 3a for a planar microstrip
antenna. This supposition results in inaccurate resonance frequency.
To compensate for this drawback a correction of the dimensions of the
planar patch is used for simulation purposes, including fringing field
corrections (or extensions) 𝛥𝐿∞. The cavity method is now applied as
if the patch had dimension 𝐿+2𝛥𝐿∞, and the fields were concentrated
below it, as shown in Fig. 3b. A possible correction proposed in [37] is
used for planar microstrip patch of resonant length 𝐿 and width 𝑊 .

𝛥𝐿∞ = 0.412 ℎ

(

𝜀𝑒𝑓𝑓 + 0.3
)

(𝑊 ∕ℎ + 0.264)
(

𝜀𝑒𝑓𝑓 − 0.258
)

(𝑊 ∕ℎ + 0.8)
(62)

where 𝜀𝑒𝑓𝑓 stands for an effective dielectric constant given by:

𝜀𝑒𝑓𝑓 =
𝜀𝑟 + 1
2

+
(𝜀𝑟 − 1)

2
√

1 + 10 ℎ∕𝑊
(63)

The planar correction 𝛥𝐿∞ shown above has taken into account the
effects of the dielectric thickness (ℎ), dielectric constant (𝜀𝑟), and the
width of the patch (𝑊 ). Unfortunately 𝛥𝐿∞ is not a good approx-
imation for fringing fields of spherical microstrip patches, and the
resonance frequency of spherical patches obtained from cavity method
with planar correction 𝛥𝐿∞ is usually shifted from measurement data
or results from more accurate methods.

This section describes how the planar correction 𝛥𝐿∞ can be mod-
ified to take into account the curvature of the spherical patch. Results
5

from method of moments procedure presented in Section 4 will be
treated as references, as it is a full-wave solution already validated [27].
Therefore we should seek for an spherical correction (𝛥𝐿𝑟) such that
the application of cavity method (Section 3) will result in the same
resonance frequencies provided by the method of moments. It should
also be understood that the curvature effects on fringing fields are
different for different dielectric constants.

In the following procedure 𝐿 is the resonant length of the spherical–
rectangular microstrip antenna, which can be either in 𝜃 or 𝜙 directions.
Application of cavity method with planar fringing field correction leads
to a resonance frequency 𝑓𝑐𝑎𝑣(𝑟2, 𝜀𝑟) for a resonance length of (𝐿 +
2 𝛥𝐿∞) = 𝜆𝑐𝑎𝑣∕2, where 𝜆𝑐𝑎𝑣 is the wavelength at 𝑓𝑐𝑎𝑣. Therefore the
phase velocity values 𝑣𝑝 = 𝑓𝑐𝑎𝑣 𝜆𝑐𝑎𝑣 = 𝑓𝑐𝑎𝑣 2(𝐿 + 2 𝛥𝐿∞). It is wanted
to determine the right spherical correction 𝛥𝐿𝑟 such that application
of cavity method for a length (𝐿 + 2 𝛥𝐿𝑟) would result in the correct
resonance frequency 𝑓𝑀𝑜𝑀 (𝑟2, 𝜀𝑟), as the method of moments is been
used as a reference. Assuming that the antenna will present the same
effective dielectric constant with either fringing field corrections, 𝑣𝑝 =
𝑓𝑀𝑜𝑀 2(𝐿 + 2 𝛥𝐿𝑟). Therefore 𝛥𝐿𝑟 should be such that:
(

𝐿 + 2 𝛥𝐿𝑟
)

𝑓𝑀𝑜𝑀 (𝑟2, 𝜀𝑟) =
(

𝐿 + 2 𝛥𝐿∞
)

𝑓𝑐𝑎𝑣(𝑟2, 𝜀𝑟) (64)

Therefore:

𝛥𝐿𝑟 =
1
2

[

𝑓𝑐𝑎𝑣(𝑟2, 𝜀𝑟)
𝑓𝑀𝑜𝑀 (𝑟2, 𝜀𝑟)

(

𝐿 + 2 𝛥𝐿∞
)

− 𝐿
]

(65)

The spherical fringing field correction 𝛥𝐿𝑟 shown above is valid
only for the first TM mode (first resonance in the given direction), as
the field distribution changes for different modes, leading to different
fringing field effects. The spherical correction 𝛥𝐿𝑟 could be easily
obtained if the function 𝑓𝑐𝑎𝑣∕𝑓𝑀𝑜𝑀 were readily available for any given
radius 𝑟2 and any dielectric constant 𝜀𝑟. A simple model for 𝑓𝑐𝑎𝑣∕𝑓𝑀𝑜𝑀
is obtained in the least squares sense as follows:

1. The function 𝑓𝑐𝑎𝑣∕𝑓𝑀𝑜𝑀 is modeled as:
𝑓𝑐𝑎𝑣(𝑟2, 𝜀𝑟)
𝑓𝑀𝑜𝑀 (𝑟2, 𝜀𝑟)

= 𝐴(𝜀𝑟)
𝑟2
𝐿

+ 𝐵(𝜀𝑟) + 𝐶(𝜀𝑟)
𝐿
𝑟2

(66)

where

𝐴(𝜀𝑟) = 𝑎1 +
𝑎2
𝜀𝑟

(67)

𝐵(𝜀𝑟) = 𝑏1 +
𝑏2
𝜀𝑟

(68)

𝐶(𝜀𝑟) = 𝑐1 +
𝑐2
𝜀𝑟

(69)

2. The values of 𝑓𝑀𝑜𝑀 and 𝑓𝑐𝑎𝑣 are obtained for several values of
radius 𝑟2 and dielectric constant (𝜀𝑟) using method of moments
(Section 4) and cavity method (Section 3) using planar correc-
tion 𝛥𝐿∞, respectively. The values of the radius 𝑟2 ranged from
𝜆𝑑∕5 to 2 𝜆𝑑 , where 𝜆𝑑 is the dielectric wavelength. And the
dielectric constant ranged from 1 to 10.

3. For each combination of 𝑟2 and 𝜀𝑟 (66) represents a line of a
linear system with unknowns 𝑎1, 𝑎2, 𝑏1, 𝑏2, 𝑐1, and 𝑐2:
𝑟2
𝐿
𝑎1 +

𝑟2
𝜀𝑟𝐿

𝑎2 + 𝑏1 +
1
𝜀𝑟

𝑏2 +
𝐿
𝑟2
𝑐1 +

𝐿
𝜀𝑟𝑟2

𝑐2 =
𝑓𝑐𝑎𝑣(𝑟2, 𝜀𝑟)
𝑓𝑀𝑜𝑀 (𝑟2, 𝜀𝑟)

(70)

4. As there are many more lines (combinations of 𝑟2 and 𝜀𝑟) than
unknowns, the linear system is overdetermined, and solved in
the least squares sense, resulting in:

𝐴(𝜀𝑟) = 0.00357 − 0.00089
𝜀𝑟

(71)

𝐵(𝜀𝑟) = 0.9695 + 0.0450
𝜀𝑟

(72)

𝐶(𝜀𝑟) = 0.0081 + 0.0067
𝜀𝑟

(73)

Therefore the spherical fringing field correction 𝛥𝐿𝑟 is given by
(65) where 𝑓𝑐𝑎𝑣∕𝑓𝑀𝑜𝑀 is given by (66), with coefficients 𝐴(𝜀𝑟), 𝐵(𝜀𝑟),
and 𝐶(𝜀𝑟) given by (71)–(73), and planar fringing field correction 𝛥𝐿∞
given by (62).



AEUE - International Journal of Electronics and Communications 127 (2020) 153447C.A. Diniz et al.

p
𝑊

6

s
f
i
a
t
m
r
t
b
c
F
f
m
a
t

o
a
a
(
f
q
t
i
i

b
s
m
o
c
c
c
a
t

r
s
c

o
l

Fig. 4. Normalized radiation patterns of a spherical–rectangular patch at E-plane (𝑥𝑦
lane) and H-plane (𝜙 = 0◦ plane). 𝜃𝑐 = 90◦, 𝜙𝑐 = 0◦, 𝑟1 = 18.5 cm, ℎ = 4.5 mm, 𝜀𝑟 = 1,
𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and 𝑊𝑓 = 6.5 mm.

. Results and comments

Consider the spherical–rectangular patch, as shown in Fig. 1. A
pherical conductor of radius 𝑟1 = 18.5 cm is covered by a layer of
oam (𝜀𝑟 = 1) of thickness ℎ = 4.5 mm. A patch of width 𝑊𝜃 = 20 cm
n 𝜃-direction, and 𝑊𝜙 = 20 cm in 𝜙-direction, is centered at 𝜃𝑐 = 90◦

nd 𝜙𝑐 = 0◦. The patch is fed at 𝜃𝑓 = 90◦, at a point 𝑑𝜙 = 8 cm from
he patch center, and the probe is modeled as a strip of width 𝑊𝑓 = 6.5
m. As a result the patch is 𝜙-polarized. Fig. 4 shows the normalized

adiation patterns using the cavity method and MoM. Fig. 4a shows
he radiation in E-plane (𝑥𝑦 plane), as a function of angle 𝜙. It can
e observed a maximum radiation in the direction of the antenna
enter, and that both methods present almost indistinguishable results.
ig. 4b shows the radiation pattern in the H-plane (𝜙 = 0◦ plane), as a
unction of 𝜃. Again the results for both methods are very close, and the
aximum radiation happens in front of the antenna (𝜃 = 90◦). It can

lso be observed a backlobe with maximum at 𝜃 = −90◦, which means
he opposite direction to the maximum radiation.

Figs. 5 and 6 show the input impedance (resistance and reactance)
f the same spherical–rectangular patch. Results presented are from
pplication of method of moments, from measurements [25], and from
pplication of cavity method with planar fringing field corrections
𝛥𝐿∞). An excellent agreement can be observed between the results
rom method of moments and the measurements, with a small fre-
uency shift at resonance. On the other hand it can be observed that
he application of cavity method with planar correction does not take
nto account the fringing fields accurately, as the resonance frequency
s significantly apart from previous results.

In order to correct the resonance frequency of the patch predicted
y cavity method, the planar fringing field correction (𝛥𝐿∞) is now
ubstituted by the spherical one (𝛥𝐿𝑟). The new results of cavity
ethod with spherical correction are compared to those from method

f moments in Fig. 7. It can be observed that the use of spherical
orrection has brought the resonance frequency of cavity method very
lose to results from MoM. This shows that, despite its simplicity, the
avity method with the aid of the spherical correction is able to provide
ccurate results for spherical microstrip patches, taking into account
he fringing fields.

Additional examples are presented in Figs. 8 and 9, comparing
esults using method of moments and those using cavity method with
pherical correction. Fig. 8 presents the results for a new dielectric
onstant equal to 2.2. Fig. 9 presents the results for two different radii
6

Fig. 5. Input Resistance of a spherical–rectangular patch. 𝜃𝑐 = 90◦, 𝜙𝑐 = 0◦, 𝑟1 = 18.5
cm, ℎ = 4.5 mm, 𝜀𝑟 = 1, 𝑊𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and 𝑊𝑓 = 6.5 mm.

Fig. 6. Input Reactance of a spherical–rectangular patch. 𝜃𝑐 = 90◦, 𝜙𝑐 = 0◦, 𝑟1 = 18.5
cm, ℎ = 4.5 mm, 𝜀𝑟 = 1, 𝑊𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and 𝑊𝑓 = 6.5 mm.

Fig. 7. Input Impedance of a spherical–rectangular patch. 𝜃𝑐 = 90◦, 𝜙𝑐 = 0◦, 𝑟1 = 18.5
cm, ℎ = 4.5 mm, 𝜀𝑟 = 1, 𝑊𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and 𝑊𝑓 = 6.5 mm.

f the sphere. In both cases the cavity method with spherical correction
ed to accurate results.

The spherical fringing field correction 𝛥𝐿𝑟, given by (65), takes into
account variations of the dielectric thickness ℎ through the planar cor-
rection 𝛥𝐿 (62), but it was not part of the least square optimization.
∞
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Fig. 8. Input Impedance of a spherical–rectangular patch with 𝜀𝑟 = 2.2, 𝜃𝑐 = 90◦,
𝜙𝑐 = 0◦, 𝑟1 = 18.5 cm, ℎ = 4.5 mm, 𝑊𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and 𝑊𝑓 = 6.5

m.

Fig. 9. Input Impedance of a spherical–rectangular patch with 𝑟1 = 30 cm and 𝑟1 = 45
cm, 𝜃𝑐 = 90◦, 𝜙𝑐 = 0◦, ℎ = 4.5 mm, 𝜀𝑟 = 1, 𝑊𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and
𝑊𝑓 = 6.5 mm.

In order to evaluate results for different dielectric thickness Fig. 10
shows a comparison of input impedance using method of moments,
cavity method with planar correction, and cavity method with spherical
correction, for ℎ = 3 mm, keeping 𝑟2 = 189.5 mm. It can be observed
hat the use spherical correction led to more accurate results when
ompared to those using planar correction. In this case the shift of
esonance frequency when using spherical correction is equal to 6 MHz.
or different dielectric thicknesses a shift of resonance frequency of
bout 10 MHz should be expected.

Some final comments on the computational resources demanded by
he cavity method and MoM. MoM does not require as much memory as
ifferential methods, like Finite Element Method. But when compared
o cavity method, it does require more space for storing the linear
ystem, as well as to store results of some integrals that happen many
imes. Comparing the computational time, it was observed that MoM
ook over 100 times more time than cavity method, which needed a
raction of a second per frequency point.

. Conclusions

This paper presented a new approximate model for fringing field
orrection for spherical–rectangular microstrip antennas. The patch
as analyzed using both cavity method and method of moments. It
as shown that both methods are equivalent regarding the radiation
7

Fig. 10. Input Impedance of a spherical–rectangular patch with ℎ = 3 mm, 𝜃𝑐 = 90◦,
𝜙𝑐 = 0◦, 𝑟1 = 18.65 cm, 𝜀𝑟 = 1, 𝑊𝜃 = 𝑊𝜙 = 20 cm, 𝑑𝜃 = 0, 𝑑𝜙 = 8 cm, and 𝑊𝑓 = 6.5 mm.

diagrams. And that the use of spherical fringing field correction can
make cavity method results to be comparable to those from method of
moments, in a fraction of the computational time required.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

Appendix. Normalized vector Legendre series

A normalized vector Legendre series of a two-dimensional field
̄(𝜃, 𝜙) is given by [15,22]:

̄(𝜃, 𝜙) =
[

𝐽𝜃(𝜃, 𝜙)
𝐽𝜙(𝜃, 𝜙)

]

=
∞
∑

𝑚=−∞

∞
∑

𝑛=|𝑚|

1
√

𝑆(𝑛)
𝐿(𝑛, 𝑚, 𝜃)𝐽 (𝑛, 𝑚)𝑒𝑗𝑚𝜙 (74)

where

𝐽 (𝑛, 𝑚) =
[

𝐽𝑢(𝑛, 𝑚)
𝐽𝑑 (𝑛, 𝑚)

]

= 1
√

𝑆(𝑛) ∫

𝜋

0 ∫

𝜋

−𝜋
𝐿(𝑛, 𝑚, 𝜃)𝐽 (𝜃, 𝜙) 𝑒−𝑗𝑚𝜙 sin 𝜃 𝑑𝜃 𝑑𝜙

(75)

nd

𝐿(𝑛, 𝑚, 𝜃) =
⎡

⎢

⎢

⎣

𝜕
𝜕𝜃 𝑃

|𝑚|
𝑛 (cos 𝜃) −𝑗𝑚 𝑃 |𝑚|

𝑛 (cos 𝜃)
sin 𝜃

𝑗𝑚 𝑃 |𝑚|
𝑛 (cos 𝜃)
sin 𝜃

𝜕
𝜕𝜃 𝑃

|𝑚|
𝑛 (cos 𝜃)

⎤

⎥

⎥

⎦

(76)

𝑆(𝑛) = 4𝜋
𝑛(𝑛 + 1)
2𝑛 + 1

(77)

he normalized associated Legendre functions 𝑃𝑚
𝑛 (.) relates to the

ssociated Legendre functions 𝑃𝑚
𝑛 (.) by:

̄𝑚
𝑛 (cos 𝜃) =

√

(𝑛 − 𝑚)!
(𝑛 + 𝑚)!

𝑃𝑚
𝑛 (cos 𝜃) (78)
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