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Abstract

This work presents some important concepts for the temporal characterization of reflector antennas based on the determi-
nation of the transient antenna response together with a useful definition of the early-time antenna radiation pattern. The
concepts are useful in the analysis and design of reflector antennas intended for high resolution radars and for high capacity
digital, and UWB communication systems.
� 2008 Elsevier GmbH. All rights reserved.

Keywords: Reflector antennas; High-frequency asymptotic methods; Prompt response; Time-domain analysis; Early-time radiation patterns

1. Introduction

The continuous development of high capacity wireless
communication systems and high resolution radars has mo-
tivated the investigation of time-domain techniques for the
analysis and design of reflector antennas. High data rates em-
ployed in modern digital communication systems are gener-
ally achieved by modulation schemes associated with phase,
frequency, or amplitude keying, which can be distorted by
transient effects during the antenna radiation process. In the
case of high resolution radars, the analysis of ultra-short
pulse radiation based on traditional frequency-domain tech-
niques may be impractical due to the ultra broad operation
bandwidth. As a consequence, transient analysis of electro-
magnetic phenomena has been studied andmethods to obtain
the field scattered from conducting surfaces have been devel-
oped directly in time domain [1–8]. Fortunately, frequency-
domain asymptotic techniques such as physical optics (PO)
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corrected by fringe wave currents (FWCs) and ray tracing
methods, like the uniform theory of diffraction (UTD) and
the uniform asymptotic theory (UAT), can be transformed to
time domain, providing efficient, fast, physically transparent,
and very accurate tools to determine transient response of
reflector antennas [6–10]. However, it is important to notice
that the concepts of gain and radiation pattern as usually
proposed in frequency domain may have to be adapted for
time-domain analysis [11,12].

The definitions of gain and radiation pattern in time do-
main were introduced by Farr and Baum [11], based on the
concept of norms applied to temporal signals. Using such
norms, it is possible to compare the energy (or power) of
the radiated field with that of the antenna driving source. In
their work, Farr and Baum were interested in the radiation
parameters of ultra-short pulse transmitting antennas, whose
radiated fields were obtained by a formulation valid in
their principal planes only. Later, Shlivinski, Heyman, and
Kastner introduced integral operators for the time-domain
characterization of a transmitter–receiver short dipole [12].
In that study, energy norms were applied to the radiated field
and driving voltage waveforms, allowing the definition of a
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gain operator which can be expressed as an autocorrela-
tion function and used to determine the transmitting antenna
radiation pattern [12].
In the present work, some useful elements for the time-

domain characterization of reflector antennas are devel-
oped. In Section 2, the integral operators introduced by
Shlivinski, Heyman, and Kastner are extended to determine
the radiation pattern of reflector antennas. The formulation
for the transient radiated fields is obtained by applying a
time-domain version of the physical optics (TDPO) cor-
rected by FWCs (TDPO + FWCs), introduced by Rego,
Hasselmann, and Moreira [8,9]. The technique is derived
from a well-known high-frequency formulation [3,13–15]
by means of a Fourier inversion and, therefore, is accurate
for early times. The asymptotic nature of such technique
makes it suitable to obtain the so-called prompt response of
reflector antennas. Case studies concerning a reflector im-
pulse radiating antenna (IRA) and a front-fed paraboloidal
reflector illuminated by 4-PSK pulses are presented in Sec-
tion 3, in order to illustrate the applicability of the concepts
that appear herein. Finally, to demonstrate the validity of
the present asymptotic formulation, the radiation pattern
of a paraboloidal reflector fed by a continuous wave (CW)
source is calculated by the TDPO + FWCs technique and
compared with a frequency-domain full-wave method of
moments (MoM) solution.

2. Prompt response of reflector antennas: PO
and FWCs approach

2.1. Early-time radiated field

The electric far field radiated by electric and magnetic
current distributions can be expressed as a convolution inte-
gral [11,12]

E(r, t) = − �0
4�r

ht(r̂, t) ∗ f (t), (1)

where f (t) is the waveform of the driving source, �0 is the
free-space magnetic permeability, r = r r̂ locates the obser-
vation point, and ht(r̂, t) is the effective height of the trans-
mitting antenna [12]. For radiating sources bounded in a
volume V ′, we have

ht(r̂, t) = �

�t

∫
V ′

J�
⊥(r

′, t − �0)dV
′

+ �

�t

∫
V ′

1

Z0
M�(r′, t − �0) × r̂dV ′, (2)

where Z0 is the free-space intrinsic impedance, �0 is the
time spent between the electromagnetic field generation by
a source point at r′ and the arrival of the first wavefront at
the observation point

�0 = 1

c
(r − r̂ · r′), (3)

Fig. 1. Geometry for a reflector surface with the vectors and angles
employed in the TDPO + FWCs formulation.

and c is the free-space velocity of light. The vectors J�
⊥(r

′, t)
and M�(r′, t) are the source-related electric and magnetic
impulsive currents, respectively. In (2) we use a compact
notation (hereinafter denoted by the subscript ⊥) for the
vector components which are orthogonal to the direction of
propagation r̂:

J�
⊥(r

′, t) = J�(r′, t) − [J�(r′, t) · r̂]r̂. (4)

For reflector antennas, the TDPO+FWCs method can be
applied and the transmitting antenna effective height related
to the prompt (early-time) response is given by [8,9]

ht(r̂, t) = �

�t

∫
S′
J�
S⊥(r

′
S, t − �S)dS

′

+ �

�t

∫
C ′

I�FW⊥ (r
′
E , t − �E )d�

′

+ �

�t

∫
C ′

1

Z0
M�

FW (r′
E , t − �E ) × r̂d�′, (5)

where S′ and C ′ describe the reflector surface and rim, re-
spectively, whose points are located by the vectors r′

S and
r′
E (see Fig. 1), J�

S(r
′
S, t) represents the electric PO impul-

sive current over S′, and I�FW (r′
E , t) and M�

FW (r′
E , t) rep-

resent the electric and magnetic FWC impulsive currents at
C ′, respectively. The temporal variables �S and �E in (5) are
given by

�S = 1

c
(r − r̂ · r′

S), (6)

�E = 1

c
(r − r̂ · r′

E ), (7)

and denote the time delays related to the propagation from
the surface and FWCs to the observation point, respectively.
The currents J�

S(r
′
S, t), I

�
FW (r′

E , t), and M�
FW (r′

E , t) are ob-
tained from the field incident upon the reflector surface and
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are given by [8,9]

J�
S(r

′
S, t) = 2N̂ × H�

i (r
′
S, t), (8a)

I�FW (r′
E , t) = DI,FW

e (r′
S, r

′
E )

�0
t̂
∫ t

−∞
t̂ · E�

i (r
′
E , �)d�

+ cDI,FW
h (r′

S, r
′
E )t̂

∫ t

−∞
t̂ · H�

i (r
′
E , �)d�,

(8b)

M�
FW (r′

E , t) = DM,FW
h (r′

S, r
′
E )

�0
t̂
∫ t

−∞
t̂ · H�

i (r
′
E , �)d�, (8c)

whereE�
i (r, t) andH

�
i (r, t) are the impulse incident fields, �0

is the free-space permittivity, N̂ is the surface S′ unit normal
towards the source, and t̂ is the unit tangent to the reflector
rimC ′. The coefficients DI,FW

e (r′
S, r

′
E ), D

I,FW
h (r′

S, r
′
E ), and

DM,FW
h (r′

S, r
′
E ) are given by [8,9]

DI,FW
e (r′

S, r
′
E ) = sin(�′

0/2)

sin2�′
0

g(r′
S, r

′
E ), (9a)

DI,FW
h (r′

S, r
′
E ) =

{
cot �′

0[1 + 2 sin(	E/2) cos(�′
0/2)]

sin �′
0 sin(	E/2)

− cot �0 cos�0

sin �′
0 sin(	E/2)

}
g(r′

S, r
′
E ), (9b)

DM,FW
h (r′

S, r
′
E ) = sin�0

sin �0 sin �′
0 sin(	E/2)

g(r′
S, r

′
E ), (9c)

where

g(r′
S, r

′
E ) = 1

cos(�′
0/2) + sin(	E/2)

, (10)

	E = cos−1
[
sin �0 cos �0 + cot �′

0(cos �0 − cos �′
0)

sin �′
0

]
.

(11)

The angles �′
0, �0, � ′

0, and �0 which appear in (9a)–(11)
and are illustrated in Fig. 1 are unambiguously given by

cos �′
0 + j sin �′

0 = −r′
E · (N̂ × t̂ + jN̂)

|r′
E | sin �′

0
, (12a)

cos �0 + j sin �0 = − (r − r′
E ) · (N̂ × t̂ + jN̂)

|r − r′
E | sin �′

0
, (12b)

�′
0 = cos−1

(
r′
E

|r′
E | · t̂

)
, (12c)

�0 = cos−1
(

r − r′
E

|r − r′
E | · t̂

)
. (12d)

As in the usual frequency-domain analysis, the applica-
tion of a temporal version of the FWCs to complement the
TDPO surface currents improves the accuracy of the field

calculation in the antenna side lobe region. As a conse-
quence, the formulation presented here turns out to be an
efficient tool to calculate the time-domain radiated fields for
arbitrary aspects of observation [8,9].

2.2. Gain operator and radiation pattern for the
antenna transmitting mode

The gain operators for the calculation of transmitting
time-domain radiation patterns can be obtained from energy
norms of realistic signals. Under this perspective, it is pos-
sible to apply an autocorrelation function to calculate the
norm of a time-dependent driving signal f (t)

‖ f (t)‖2 = R f (0), (13)

where

R f (
) =
∫ ∞

−∞
f (t) f (t − 
)dt (14)

is the autocorrelation function of signal f (t). Using the norm
definition (13), Shlivinski, Heyman, and Kastner defined
the time-domain transmitting antenna gain operator gt(r̂, 
)
as [12]

1

Z0
RE(r, 
) = �g

4�r2
gt(r̂, 
) ∗ R f (
)

R f (0)
, (15)

where the operator ∗ represents a time convolution integral,
�g is the maximum energy available from the driving sources
and

RE(r, 
) = RE� (r, 
)ĥ+ RE� (r, 
)/̂ (16)

is the far-field autocorrelation vector composed of the au-
tocorrelation functions of the spherical components E� and
E� of the electric field. The definition of the gain operator in
(15) has the following frequency-domain counterpart [12]:

1

2Z0
|Ẽ(r, �)|2p̂ = 1

4�r2
g̃t(r̂, �)P̃in(�), (17)

where Ẽ(r, �) and g̃t(r̂, �) are the radiated electric far field
and the transmitting gain vector in frequency domain, re-
spectively, Pin(�) is the antenna input power, and the polar-
ization vector p̂ is defined by

p̂ = Ẽ(r, �)

|Ẽ(r, �)| . (18)

From (1) and (15), an explicit expression was derived for
the transmitting antenna gain operator [12]

gt(r̂, 
) = �20
4��g Z0

Rht (r̂, 
), (19)

whereRht (r̂, 
) is the autocorrelation vector of the transmit-
ting antenna effective height ht(r̂, t), which is given by (5)
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in the present work. The transmitting antenna may be pa-
rameterized in terms of a time-independent radiation pattern
or energy-gain parameter defined by [12]

G t(r̂) =
∣∣∣∣gt(r̂, 
) ∗ R f (
)

R f (0)

∣∣∣∣

=0

. (20)

For example, considering the particular case of a source
with a temporal sinusoidal behavior and infinity duration,
i.e.,

f (t) = Ac sin �ct , (21)

where Ac and �c are the source amplitude and angular fre-
quency, respectively, it is possible to employ the autocorre-
lation function

R f (
) = lim
T→∞

1

2T

∫ T

−T
f (t) f (t − 
)dt , (22)

and use the norm definition (13) to conclude that

‖ f (t)‖2 = R f (0) = A2
c

2
, (23)

as expected. As a consequence, one can show that the time-
domain radiation pattern (20) leads into its usual frequency-
domain counterpart [12].

3. Case studies

As already pointed out in the previous section, the deter-
mination of the antenna time-domain radiation pattern de-
pends on the time behavior of the transmitted signal f (t),
which, in turn, depends on the antenna application. In this
section, results determined from the time-domain effective
height, ht(r̂, t), are obtained for three case studies, all of
them involving a paraboloidal reflector antenna depicted in
Fig. 2. Co-polar and cross-polar time-independent energy-
gain patterns were obtained from ht(r̂, t) according to the
third definition of Ludwig [16].
In the first case, the prompt response of an IRA is de-

termined in several observation planes. In the second ex-
ample, a front-fed paraboloidal reflector antenna is excited

Fig. 2. Geometry of a front-fed paraboloidal reflector.

with a 4-PSK type signal and its temporal radiation pat-
tern is obtained. In the third case study, the formulation dis-
cussed in Section 2 is validated in the analysis of a front-fed
paraboloidal reflector illuminated by a CW source, where
the time-domain radiation pattern obtained by (20) is com-
pared with a frequency-domain radiation pattern calculated
from a full-wave analysis based on the MoM technique. In
all case studies, the incident field radiated by the reflector
antenna feed will be expressed by the vectors

Ei (rF , t) = f (t − rF/c)

rF
p(�F , �F ), (24)

Hi (rF , t) = r̂F
Z0

× Ei (rF , t), (25)

where f (t) represents the source (signal) temporal behavior
and the vector p(�F , �F ) describes its spatial distribution
and polarization.

3.1. A reflector IRA prompt response

IRAs generate electromagnetic energy in very short pe-
riods of time and have been proposed for different appli-
cations [17,18]. The results of this case study will allow
us to conclude that the formulation discussed in Section 2
can be employed to perform an intermediate analysis of a
reflector IRA. An idealized analysis using a time-domain
extension of the aperture method was made by Chou,
Pathak, and Rosseau [7]. A practical analysis based on
MoM and validated by measurements was recently made by
Manteghi and Rahmat-Samii [18]. The TDPO + FWCs
technique of Section 2 provides more accuracy than the
aperture method of [7], but it is not as accurate as the rigor-
ous MoM solution. However, as the formulation of Section
2 is intended to direct time-domain analysis, it leads to more
time-efficient computer algorithm than the usual frequency-
domain MoM with a Fourier inversion scheme as performed
in [18].
A reflector IRA comprises a paraboloidal reflector fed

by a TEM transmission line, which can be described as a
Huygen’s source [7], with

p(�F , �F ) = r̂F × r̂F × x̂F + ŷF × r̂F , (26)

where the unit vectors r̂F , x̂F , and ŷF correspond to the
feed coordinate system illustrated in Fig. 2. The temporal
function

f (t) = −4V0t

T 2 exp

(
−2t2

T 2

)
(27)

adopted here describes an input differentiated Gaussian
pulse [18], where V0 is a normalization constant and T is
related to the pulse width. In the present study T = 1ns.
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Fig. 3. Time-domain radiation patterns of a paraboloidal reflector IRA with D = 7.5m and F = 0.4D. (a) Co-polar patterns and (b) co-
and cross-polar patterns at plane � = 45◦.

Fig. 3 shows the time-domain energy gain pattern of a
paraboloidal reflector IRA with diameter D = 7.5m and fo-
cal distance F = 0.4D, observed at planes � = 0◦, 45◦, and
90◦ for elevation angles in the range 0◦ < � < 45◦. These
results, obtained from (20) with the help of (5)–(12) and
(19), show that the energy contained in the radiated pulse is
mainly directed toward boresight (�=0◦), as expected. How-
ever, the side lobe levels are greater than those generally ob-
served in a narrow band (i.e., frequency domain) operation.
Such behavior cannot be easily observed in a frequency-
domain analysis, where power radiation patterns are individ-
ually obtained for each frequency. This observation depicts
the usefulness and applicability of the formulation discussed
in Section 2.

The paraboloidal reflector IRA transient response at plane
� = 0◦ and for observation points close to and far from
boresight are shown in Fig. 4, where T0 is the time of ar-
rival of the first wavefront on the observation point (4000m
away from the antenna focus). From Fig. 4(a), it is possible
to observe the desired impulse-like behavior of the radiated
field near boresight. The high-frequency asymptotic nature
of the prompt response is evident in the results presented
in Fig. 4(a), because of the absence of pulse tails (i.e., late-
time field), related to source low-frequency components and
the reflector external natural resonances [19,20]. Diffraction
effects from the reflector rim are more pronounced at obser-
vation points in the side lobe region. Consequently, the scat-
tered pulses depicted in Fig. 4(b) present time dispersion.
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Fig. 4. Transient response of a reflector IRA at plane � = 0◦. (a) Boresight region and (b) side lobe region.

3.2. Radiation pattern of digital communication
reflector antennas

In this application, the feed of the front-fed paraboloidal
antenna is modeled as a x-polarized raised cosine [21]

p(�F , �F ) = cosn�F (cos �F ĥF − sin �F /̂F ), (28)

where n = 1 in the present work and the unit vectors ĥF
and /̂F are referred to the feed spherical coordinate system
depicted in Fig. 2. Considering the transmission of a 4-PSK
signal at rate Rb, it is possible to represent a M bit data
vector by

f (t) = Ac

M∑
n=0

{
sin

(
�ct − �n

�

4

)

× [U (t − nT b) −U (t − (n + 1)Tb)]
}
, (29)

where Ac is a constant amplitude, �c is the carrier angular
frequency, Tb is the bit duration (Tb = 1/Rb), U (t) is the
Heaviside unit step function, and

�n =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1 for each pair of bits 11,

3 for each pair of bits 01,

5 for each pair of bits 00,

7 for each pair of bits 10.

(30)

A paraboloidal reflector antenna with D = 100
c (where

c is the carrier wavelength) and F = 0.4D was analyzed.
The point source at the reflector focus radiates a field with
temporal behavior described by (24), (25) and (28)–(30), for
which the values M=4 and �n={1, 3, 5, 7} were used. Fig. 5
shows the energy gain pattern given by (20) at planes �=0◦
and 45◦ (where the cross-polar pattern reach its maximum)
for 4-PSK signals with two different bit rates: Tb = 5Tc
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Fig. 5. Time-domain radiation patterns of a paraboloidal reflector illuminated by a 4-PSK pulse. (a) Co-polar patterns at plane � = 0◦
and (b) co- and cross-polar patterns at plane � = 45◦.

and 10Tc, where Tc is the carrier period. For comparison
purposes, the radiation pattern for a CW signal (with the
same frequency of the 4-PSK carrier) is also shown. From
inspection of Fig. 5 one observes that the side lobe levels
corresponding to the pulsed 4-PSK signals (transmitted as
a time-limited data streams) are greater than those observed
for the CW signal, as already observed for the reflector IRA,
and increase with the bit rate Rb.
The temporal electric field for Tb=5Tc at the plane �=0◦

is illustrated in Fig. 6 for observations at �=0◦, 0.3◦, and 1◦.
For comparison purposes, the CW radiation is also shown. It
can be observed from Fig. 6(a) that there are no appreciable
transient effects at � = 0◦, as expected. As the observation
angle � increases, transitions between different PSK phases
are observed [22]. Comparing these results to those obtained
by a CW radiation, it is possible to observe from Fig. 6 the

distortion in the amplitude level caused by transient effects
with increasing �, which leads to greater side lobe levels
as observed in Fig. 5. In the same way as happened in the
previous case study, there is no pulse tails in the 4-PSK pulse
transient response, and, this fact shows the limitations of the
prompt response introduced here.

3.3. Validation: TDPO + FWCs compared with the
MoM

The formulation discussed in Section 2 was derived from
a frequency-domain asymptotic theory and is valid for early-
time analysis, in principle. In order to validate the theory
of Section 2, the time-domain radiation pattern (20) of a
front-fed paraboloidal reflector illuminated by a CW point
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Fig. 7. Validation: TDPO + FWCs and MoM comparison for a paraboloidal antenna excited by a CW source. (a) Co-polar patterns at
� = 0◦ and (b) co- and cross-polar patterns at plane � = 45◦.

source is compared to the radiation pattern obtained from
a frequency-domain full-wave MoM analysis. The antenna
feed is modeled as the raised cosine of (28) with n= 1. The
signal f (t) is given by (21). The paraboloidal reflector has
D=100
c and F=0.4D, where 
c is the carrier wavelength.
Fig. 7 depicts the co- and cross-polar radiation patterns at
planes �=0◦ and 45◦ obtained from the TDPO+FWCs and
MoM approaches, illustrating the accuracy of the TDPO +
FWC technique employed here.

4. Conclusions

A formulation based on time-domain physical optics
corrected by fringe wave currents (TDPO + FWCs) was
employed to extend the integral operators developed by

Shlivinski, Heyman and Kastner to the broad-band charac-
terization of reflector antennas. The high-frequency asymp-
totic nature of TDPO+FWCs provides the prompt response
and, consequently, the time-domain radiation pattern of re-
flector antennas, which are accurate for the so-called early
times. Such extension allows the analysis of transient re-
sponse of reflector antennas intended to UWB applications
and high-rate digital communication systems, taking into
account the distortion of the information-bearing signal
caused by diffraction effects.
The applicability and accuracy of the TDPO + FWCs

technique were verified by three case studies comprising the
analysis of an impulse response antenna (IRA), a commu-
nication systems paraboloidal reflector, and a continuous-
wave radiation by a front-fed paraboloidal reflector. For the
last case, the temporal radiation pattern obtained by the
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TDPO+FWCs was compared to a reference solution based
on the frequency-domain method of moments with very
good agreement between them.
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