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We argue that the diffusion-limited aggregation grown with a noise-reduction parameter (8)
exhibits three different regimes, according to the relative strength of the fluctuations and lattice-
induced anisotropy. A scaling law relating these regimes is proposed. In the intermediate regime
the fractal dimension is B dependent. The width of the intermediate regime remains practically
constant after a critical value B, of the noise-reduction parameter, indicating that, however small
the fluctuations, lattice anisotropy dominates the process only for scales greater than a screening
length.

Since the introduction by Witten and Sander' of a
model for diffusion-limited aggregation (DLA), a great
deal of work has been done (see Meakin and references
therein). This is probably due to both the experimental
relevance of the model and to the conceptual problems
raised by it.

In the original work of Witten and Sander, ' DLA clus-
ters were self-similar, homogeneous, and isotropic fractals
with a density-density correlation function showing
power-law decay with distance. The corresponding fractal
dimension was independent of the lattice structure. The
cluster thus shared the behavior of typical clusters in criti-
cal phenomena.

Recently, ho~ever, larger clusters obtained by im-
proved simulations seem to indicate some deviations from
the above picture. There was the suggestion by Meakin
and Vicsek that the DLA cluster is not homogeneous and
it shows some anisotropy induced by the underlying lat-
tice, and that the fractal dimension may also depend
on the lattice structure.

In order to reduce the noise in the simulation and thus
accelerate the asymptotic behavior, a change in the DLA
rules has been proposed so that each perimeter site be-
comes occupied only after being reached 8 times by
diffusion particles (8 1 corresponds to the ordinary
DLA).

Simulations of DLA clusters grown on a square lattice
using this noise-reduction technique (NRT) lead to a
star-shaped object (see Fig. 1, also see Ref. 2), even for a
relatively small number of particles (N-3x10 ). This
behavior characterizes a regime dominated by lattice an-
isotropy and is expected to occur only in very large clus-
ters grown without the use of the NRT.

Figure 2, from Fig. 5 of Ref. 2, is the starting point of
our analysis. It shows the existence of essentially three
different regimes. For a small number N of particles (re-
gion I) the aggregates are isotropic with a fractal dimen-
sion' DO=1.67. As % grows we eventually reach region
III of highly anisotropic clusters with fractal dimension
D =1.57. For intermediate values of N there is a tran-
sient behavior resulting from the competition of Auctua-
tions and lattice-induced anisotropy. In this region, which
decreases as 8 increases, the fractal dimension D is 8
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FIG. 1. DLA clusters grown with the noise-reduction param-
eter 8 1, 5, 10, and 15 (as indicated). As 8 increases, the clus-
ter tends to concentrate along the lattice axis. Each cluster has
N 3000.

dependent. It is mainly this region that we address below.
The initial regime (region I of Fig. 2) corresponds to very
small clusters and will not be considered further in this
work.

For the crossover II III we can de6ne a characteristic
length hatt such that for cluster sizes R»hatt(R «gtt) the
fractal dimension is D [Df(8)).

The cluster anisotropy at intermediate scales is also a
consequence of the existence of two different exponents v~~

and vt, governing the growth of the length and the thick-
ness of the cluster arms, respectively (R t —N" and
Ri-N ). At larger scales vt v~~= v 1/D

In the intermediate regime, defining an average radius
Df Df —l

by R I R&f R~~ allows us to relate Df, vit, and v&..
Df =1/v 1+ (1 —v~~)/vt (see also Ref. 10).
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FIG. 2. (a) This plot, which is taken from Fig. 5 of Ref. 2,
shows the the existence of three distinct regions during the
growth of a DLA cluster. Here ln(N ~ /R) is plotted against
lnN for 8 300. (b) Schematic representation of the same data
in a plot of lnN vs lnR. Now the three regions do not show up
clearly.

In Fig. 3 we plot A (cos48) vs Rfor, R (ga, as a
measure of the degree of anisotropy. The principal axis of
the lattice have 8 nm/2 with n running from I to 4, while
the diagonal ones have 8 (2m+1)x/4, nt 0 to 3. Thus,
the part of the cluster concentrated along the principal
axis contributes with 1 to A whereas that part concentrat-
ed along the diagonal axis contributes with —l. As a re-
sult, for an isotropic cluster we expect A 0. An aniso-
tropic aggregate will have A ~ I depending on the sys-
tem of axis along which the cluster tends to concentrate.
From Fig. 3 we conclude that the clusters evolve rapidly to
an asymmetric shape, though the limiting asymmetry
could not yet be achieved for that range of sizes.

From the definitions given above, it follows that
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with y -(v~~ —v)/v (v~~
—v&)(1 —v~~)/v&. Notice that

the knowledge of y and Df determines the two exponents
&II and &~.

It is clear from Fig. 3 that the approach to region II is
faster as 8 increases (for 8(8,; see below). Coming
from region I, where v[[ v~ I/Do, this corresponds to
an increase (decrease) in the difference vt —v&(DI). This
result is in accord with Meakin. z In his plot of
ln(N 3/R) vs lnN, the slope ( —,

' —I/DI) decreases as 8
increases as region II is reached.

Our plots suggest that after a critical value 8, the width
of the transition between the regions remains practically
constant. The same is true of the characteristic length gg.
We argue below that the very width of the transition re-
gion II (—(ii) saturates for 8~8,—20. Physically this
means that the lattice anisotropy, no matter how small the

FIG. 3. Plot of the average over the cluster of cos40 vs the
cluster size R for R ( (a as a measure of the lattice anisotropy.
The lattice principal axis has 8 m/2, m, 3z/2, and 2n. (a) 8 5,
(b) 8 10, and (c) 8 15. The approach to region II is faster
as 8 increases. (d) As predicted by Eq. (1), a plot of Iog~pA

against logioR gives a straight line. Here B 15.

residual fluctuations are, dominates the aggregation pro-
cess only after a "screening length" (z for 8 &8,. Prob-
ably gs and 8, as well are not universal quantities but de-
pend on the lattice.

We propose the following scaling law (all lengths are in
units of the lattice parameter)

N(R, 8)—g gR "fg(R/g g), (2)
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FIG. 4. Plot of ln(Ni~'/R) vs lnB. According to the scaling
law (3), for 8 & B„astraight line should be obtained, whereas
for 8 & 8„ ln(N'~'/R) tends to a constant. From this plot we

estimate p 0.27 and B, 16.
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FIG. 6. Plot of ln(N/R ) vs I —yq, which, according to
D (a)

(4) is a straight line for 8 & B„whose slope is Ines. Due to the
error bars we can only get a rough estimate ga, 120.

N(R, B)—8 ~R -, 8&8„
8, ~R -, 8&8,. (3)

"e
O. I 4-
0 7-
0.0-

where the scaling function fs(x) is such that
r

const for x » 1,
s x

x ' for x«1,
introducing an (8 dependent) exponent ys. As stated
above, our data and those of Meakins suggest that (s
saturates for large enough 8 and accordingly we define

'gs, , 8&8„
g (BIB) " 8&8

thereby introducing a new (8 independent) exponent p.
The scaling law (2) comprises four cases, according to

the values of x R/(q and 8/8, Typical p. lots are
shown in Figs. 4-6.

In the region x && 1 our scaling gives
r

Figure 4 shows the plot of ln(N /3/R) vs lnB (for com-
parison and use of the data of Ref. 2). For small values of
8, the slopes are independent of N (for N large enough) as
predicted by (3) and gives @=0.27. Between 8 10 and
8 20 the curves tend to a constant, from which we esti-
mate 8,"=2.1, thus giving 8,=16.

For x « 1 our scaling gives

gB '(8/8 )" "' R I 8 (8
N(RB) ', () (4)

where Df(B) -D + ys. From the first relation in (4) we
determine Df(B) and thus yq, which is plotted in Fig. 5
(because the transition region is large for small 8 the er-
ror bars —not shown in Fig. 5—are larger for 8 (5).

The second relation in (4) predicts that a plot of
ln(N/R ) vs (1 —yq) would give a straight line whoseD (a)

slope is 1ngq . Figure 6 shows that the data are compatible
with this scaling for 8& 20. A fitting allows us to get a
rough estimate of the "screening length" gs, = 120.

We have proposed a scaling law [Eq. (2)] and verified
that our simulations and those of Meakin are compatible
with it. One important aspect of this scaling is the predic-
tion of a critical value B„beyond which the width of the
intermediate region remains practically constant.

The growth of DLA clusters is rather complex. Howev-
er through the introduction of a scaling law, it seems to be
possible to capture the essential steps of the growth pro-
cess.
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FIG. 5. Plot of ys Df(B) —D as a function of lnB.
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