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Métodos Numéricos para EDOs

Introdução

Equações Diferenciais Ordinárias

Queremos resolver numericamente a equação

ẋ(t) = f (t, x(t)), x(t0) = x0, t ≥ t0
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Introdução

Existência de Solução

Teorema

Suponha que f satisfaz a condição de Lipschitz

‖f (t, x)− f (t, y)‖ ≤ L‖x − y‖

em D = {(x , t) : ‖x − x0‖ < b, |t − t0| < a} e que ‖f (t, x)‖ ≤ B
em D. Então, a equação diferencial

ẋ(t) = f (t, x(t)), x(t0) = x0, t ≥ t0

possui uma única solução no intervalo |t − t0| < min(a, b/B).
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Introdução

Exemplo 1 - O que pode dar errado?

ẋ =
√

x , x(0) = 0

√
x não é Lipschitz em x = 0.

Solução não é única: x = t2

4 ou x = 0.
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Introdução

Exemplo 2 - O que pode dar errado?

ẋ = x2, x(0) = 1

x2 não é Lipschitz em (−∞,∞).

Solução não existe para todos os tempos: x(t) = 1
1−t .

x →∞ quando t → 1
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Métodos de Euler e do Trapézio

Método de Euler

Podemos reescrever a EDO

ẋ(t) = f (t, x(t)), x(t0) = x0, t ≥ t0

como

x(t) = x0 +

∫ t

t0

f (s, x(s)) ds, t ≥ t0
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Métodos de Euler e do Trapézio

Método de Euler

Aproximamos a integral pela área do retângulo:
Métodos de Integração: Retangular de avanço
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Métodos de Euler e do Trapézio

Método de Euler

Encrevendo x(kh) = xk e tk = kh, obtemos a iteração
correspondente ao método de Euler:

xk+1 = xk + hf (tk , xk )
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Métodos de Euler e do Trapézio

Método do Trapézio

Aproximamos a integral pela área do trapézio:Métodos de Integração: Retangular trapezoidal
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∫ t+h

t
f (s, x(s))ds ≈ h

2
[f (t, x(t)) + f (t + h, x(t + h))]
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Método do Trapézio

Obtemos a seguinte iteração:

xk+1 = xk +
h

2
[f (tk , xk ) + f (tk+1, xk+1)]

Note que xk+1 aparece em ambos os lados da equação. Por isso,
precisamos resolver a equação não-linear impĺıcita para obter xk+1

(o que exige calcular f em diversos pontos).

O método de Euler é um exemplo de método expĺıcito.

O método do trapézio é um exemplo de método impĺıcito.
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Métodos de Runge-Kutta

Métodos de Runge-Kutta

Método clássico:

xk+1 = xk +
h

6
(k1 + 2k2 + 2k3 + k4)

k1 = f (tk , xk )

k2 = f (tk + h/2, xk + hk1/2)

k3 = f (tk + h/2, xk + hk2/2)

k4 = f (tk + h, xk + hk3)
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Métodos de Runge-Kutta

Erro de truncamento

Em geral, métodos expĺıcitos podem ser escritos na forma

xk+1 = xk + hΦ(tk , xk ; h)

Definimos o erro de truncamento

Tk =
x(tk+1)− x(tk )

h
− Φ(tk , xk ; h)
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Métodos de Runge-Kutta

Erro de truncamento

Tk =
x(tk+1)− x(tk )

h
− Φ(tk , xk ; h)

Usando a série de Taylor:

x(tk+1) = x(tk ) + hx ′(tk ) +
h2

2
x ′′(tk ) + . . .

obtemos

Tk = x ′(tk ) +
h

2
x ′′(tk ) + . . .− Φ(tk , xk ; h)



Métodos Numéricos para EDOs

Métodos de Runge-Kutta

Erro de truncamento

Tk = x ′(tk ) +
h

2
x ′′(tk ) + . . .− Φ(tk , xk ; h)

Para o método de Euler, como Φ = x ′, temos que

Tk =
h

2
x ′′(tk ) +

h2

6
x ′′′(tk ) . . . = O(h)
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Métodos de Runge-Kutta

Erro Global

Se Tk = O(hp), então também o erro acumulado pelo método
numérico é O(hp), isto é,

‖x(tk )− xk‖ = O(hp), ∀tk ≤ tfinal

Neste caso, dizemos que o método de integração é de ordem p.
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Métodos de Runge-Kutta

Métodos de Runge-Kutta

Em geral, métodos de Runge-Kutta são quaisquer métodos que
podem ser escritos na forma:

xk+1 = xk + h
m∑

i=1

γi ki

ki = f


tk + αi h, xk + h

i−1∑

j=1

βj kj


 , i = 1, . . . ,m

Note: o método acima requer m avaliações da função f .
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Métodos de Runge-Kutta

Métodos de Runge-Kutta

O método de Euler é de ordem 1 e tem m = 1.

Para p ≤ 4, um método de Runge-Kutta de ordem p requer
m = p .

Contudo, um método de Runge-Kutta de ordem 5 requer
m = 6 (ou seja, o método torna-se menos vantajoso para
p > 4).
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Métodos de Passo Variável

Métodos de Passo Variável

É posśıvel que x(t) varie muito rapidamente em certos intervalos de
tempo de forma que é desejável que h seja pequeno.

Por outro lado, pode haver intervalos de tempo em que x(t) varie
muito lentamente, sendo desejável que h seja grande.

Tipicamente, desejamos que

errok = ‖xk − x(tk )‖ ≤ TOL

Como errok ≈ Chp+1, o passo h ótimo será tal que

Chp+1
OPT ≈ TOL

Assim, obtemos

hOPT = h

(
TOL

errok

)1/p+1
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Métodos de Passo Variável

Método de Dormand-Prince (ode45)

O método de Dormand-Prince é um método de Runge-Kutta de 4a

ordem com passo variável.

Para ajustar o passo, usa-se um método de 5a ordem para avaliar o
erro de integração.

hk+1 = hk min

(
2,max

(
0.5, 0.8

(
TOL

errok

)1/5
))

errok = ‖xordem 4
k − xordem 5

k ‖

Este método é implementado no Matlab sob o nome de ode45.
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Representação em Espaço de Estados

Equações Diferenciais de Ordem Superior

Até agora, vimos como resolver equações de 1a ordem
numericamente. Mas como resolver equações de ordem superior
como a que descreve o movimento de um pêndulo?

θ̈ +
g

l
senθ = 0

A chave está em converter a equação acima em uma equação de
primeira ordem mas com múltiplas variáveis.
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Representação em Espaço de Estados

Equações Diferenciais de Ordem Superior

Até agora, vimos como resolver equações de 1a ordem
numericamente. Mas como resolver equações de ordem superior
como a que descreve o movimento de um pêndulo?

θ̈ +
g

l
senθ = 0

A chave está em converter a equação acima em uma equação de
primeira ordem mas com múltiplas variáveis.
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Representação em Espaço de Estados

Equações Diferenciais de Ordem Superior

De fato, nossos métodos numéricos de integração permitem
resolver

ẋ = f (t, x)

mesmo quando x é um vetor em Rn.

A expressão para o método de Euler, por exemplo, permanece a
mesma para xk ∈ Rn:

xk+1 = xk + hf (tk , xk ).
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Representação em Espaço de Estados

Equações Diferenciais de Ordem Superior

De fato, nossos métodos numéricos de integração permitem
resolver

ẋ = f (t, x)

mesmo quando x é um vetor em Rn.
A expressão para o método de Euler, por exemplo, permanece a
mesma para xk ∈ Rn:

xk+1 = xk + hf (tk , xk ).
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Representação em Espaço de Estados

Equações Diferenciais de Ordem Superior

Para o exemplo do pêndulo

θ̈ +
g

l
senθ = 0

definimos x1 = θ e x2 = θ̇. Dessa forma, temos

ẋ1 = x2

ẋ2 = −g

l
senx1
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Representação em Espaço de Estados

Equações Diferenciais de Ordem Superior

ẋ1 = x2

ẋ2 = −g

l
senx1

Definindo

x =

[
x1
x2

]
e f (x) =

[
x2

−g
l senx1

]
,

obtemos a EDO de primeira ordem

ẋ = f (x)
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Representação em Espaço de Estados

ẋ = f (x)

x =

[
x1
x2

]
e f (x) =

[
x2

−g
l senx1

]

Dizemos que a forma acima é uma representação em espaço
de estados para a EDO do pêndulo.

Dizemos que x1, o ângulo do pêndulo, e x2, a velocidade
angular do pêndulo, são os estados do sistema dinâmico.

Praticamente todo sistema dinâmico possui uma
representação em espaço de estados (que não é única).
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Representação em Espaço de Estados

Representação em Espaço de Estados

ẋ = f (x)
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Praticamente todo sistema dinâmico possui uma
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Representação em Espaço de Estados

Exerćıcio

Obter a representação em espaço de estados para o sistema
massa-mola-amortecedor.

F = mẍ = −cẋ − kx

x1 = x , x2 = ẋ

d

dt

[
x1
x2

]
=

[
x2

−kx1/m − cx2/m

]
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Representação em Espaço de Estados

Exerćıcio

Obter a representação em espaço de estados para o sistema
massa-mola-amortecedor.

F = mẍ = −cẋ − kx

x1 = x , x2 = ẋ

d

dt

[
x1
x2

]
=

[
x2

−kx1/m − cx2/m

]
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Representação em Espaço de Estados

Exerćıcio

Obter a representação em espaço de estados para a EDO que
descreve o circuito RLC abaixo.

V = RI + Lİ + VC

I = C V̇C
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Obter a representação em espaço de estados para a EDO que
descreve o circuito RLC abaixo.
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Representação em Espaço de Estados

Exerćıcio

Obter a representação em espaço de estados para a EDO que
descreve o circuito RLC abaixo.

V = RI + Lİ + VC

I = C V̇C

d

dt

[
VC

I

]
=

[
I/C

(V − VC − RI )/L

]
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Representação em Espaço de Estados

Exerćıcio

Obter a representação em espaço de estados para a EDO que
descreve o circuito RLC abaixo.

V = RI + Lİ + VC

I = C V̇C

d

dt

[
VC

I

]
=

[
0 1/C
−1/L −R/L

] [
VC

I

]
+

[
0

V /L

]
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Estabilidade

Estabilidade

Considere o problema de resolver numericamente a equação

ẋ = λx , λ ∈ C.

Sabemos que a solução exata é dada por

x(t) = x0eλt

e que x(t)→ 0 quando t →∞ se Re{λ} < 0.
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Estabilidade

Estabilidade

ẋ = λx , λ ∈ C.

Usando o método de Euler, obtemos a seguinte iteração

xk+1 = xk + hλxk = (1 + λh)xk ,

o que leva a
xk = (1 + λh)k x0.

Temos que xk → 0 quando k →∞ se |1 + λh| < 1.
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Estabilidade

Estabilidade

Dizemos que a integração numérica de x(t) é estável se x(t)→ 0
implica xk → 0.

Uma consequência prática da propriedade de estabilidade é que o
efeito de erros numéricos diminui à medida que o tempo passa.

Definimos a região de estabilidade como o conjunto de valores λ
para os quais a integração é estável.

No caso do método de Euler, a região de estabilidade é dada por

{λ : |1 + λh| < 1}

que é caracterizada pelo interior do ćırculo de centro −1/h e raio
1/h.
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Estabilidade

Regiões de Estabilidade

60 CHAPTER 10. STABILITY OF RUNGE-KUTTA METHODS

10.3.2 Stability regions, A-stability and L-stability

Evidently the key issue for understanding the long-term dynamics of Runge-Kutta methods near
fixed points concerns the region where R̂(µ) = |R(µ)| ≤ 1. This is what we call the stability region
of the numerical method. Let us examine a few stability functions and regions:

Euler’s Method:
R̂(µ) = |1 + µ|

The stability region is the set of points such that R̂(µ) ≤ 1. The condition

|1 + µ| ≤ 1

means µ lies inside of a disc of radius 1, centred at the point −1.
Trapezoidal rule: the stability region is the region where:

R̂(µ) =

����
1 + µ/2

1 − µ/2

���� ≤ 1.

This occurs when
|1 + µ/2| ≤ |1 − µ/2|,

or, when µ/2 is closer to −1 than to 1, which is just the entire left complex half-plane.
Another popular method: Implicit Euler,

xn+1 = xn + hλxn+1

R̂(µ) = |1 − µ|−1.

which means the stability region is the exterior of the disk of radius 1 centred at 1 in the complex
plane. These are some simple examples. All three of these are graphed in Figure 10.3.

a) b) c)

Figure 10.3: Stability Regions: (a) Euler’s method, (b) trapezoidal rule, (c) implicit Euler

For the fourth-order Runge-Kutta method (8.4), the stability function is found to be:

R(µ) = 1 + µ +
1

2
µ2 +

1

6
µ3 +

1

24
µ4.

Note that as we would expect, R(hλ) agrees with the Taylor Series expansion of exp(hλ) through
fourth order; the latter gives the exact flow map for dx/dt = λx. To graph R we could use the
following trick. For each value of µ, R is a complex number. The boundary of the stability region
is the set of all µ such that R(µ) is on the unit circle. That means

R(µ) = eiθ,

for some θ ∈ [0, 2π]. One way to proceed is to solve the equation R(µ) = eiθ for various values of
θ and plot the points. There are four roots of this quartic polynomial equation, and in theory we
can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(a) Região de estabili-
dade para método de Eu-
ler
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can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(b) Região de estabili-
dade para método do
trapézio

Para |λ| grande, temos que fazer h muito pequeno para
manter a estabilidade do método de Euler.

Por outro lado, o método do trapézio é sempre estável.

Em geral, métodos impĺıcitos apresentam região de estabilidade
muito maior que métodos expĺıcitos.
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can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(d) Região de estabili-
dade para método do
trapézio

Para |λ| grande, temos que fazer h muito pequeno para
manter a estabilidade do método de Euler.

Por outro lado, o método do trapézio é sempre estável.

Em geral, métodos impĺıcitos apresentam região de estabilidade
muito maior que métodos expĺıcitos.
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10.3.2 Stability regions, A-stability and L-stability

Evidently the key issue for understanding the long-term dynamics of Runge-Kutta methods near
fixed points concerns the region where R̂(µ) = |R(µ)| ≤ 1. This is what we call the stability region
of the numerical method. Let us examine a few stability functions and regions:

Euler’s Method:
R̂(µ) = |1 + µ|

The stability region is the set of points such that R̂(µ) ≤ 1. The condition

|1 + µ| ≤ 1

means µ lies inside of a disc of radius 1, centred at the point −1.
Trapezoidal rule: the stability region is the region where:

R̂(µ) =

����
1 + µ/2

1 − µ/2

���� ≤ 1.

This occurs when
|1 + µ/2| ≤ |1 − µ/2|,

or, when µ/2 is closer to −1 than to 1, which is just the entire left complex half-plane.
Another popular method: Implicit Euler,

xn+1 = xn + hλxn+1

R̂(µ) = |1 − µ|−1.

which means the stability region is the exterior of the disk of radius 1 centred at 1 in the complex
plane. These are some simple examples. All three of these are graphed in Figure 10.3.

a) b) c)

Figure 10.3: Stability Regions: (a) Euler’s method, (b) trapezoidal rule, (c) implicit Euler

For the fourth-order Runge-Kutta method (8.4), the stability function is found to be:

R(µ) = 1 + µ +
1

2
µ2 +

1

6
µ3 +

1

24
µ4.

Note that as we would expect, R(hλ) agrees with the Taylor Series expansion of exp(hλ) through
fourth order; the latter gives the exact flow map for dx/dt = λx. To graph R we could use the
following trick. For each value of µ, R is a complex number. The boundary of the stability region
is the set of all µ such that R(µ) is on the unit circle. That means

R(µ) = eiθ,

for some θ ∈ [0, 2π]. One way to proceed is to solve the equation R(µ) = eiθ for various values of
θ and plot the points. There are four roots of this quartic polynomial equation, and in theory we
can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(e) Região de estabili-
dade para método de Eu-
ler

60 CHAPTER 10. STABILITY OF RUNGE-KUTTA METHODS

10.3.2 Stability regions, A-stability and L-stability

Evidently the key issue for understanding the long-term dynamics of Runge-Kutta methods near
fixed points concerns the region where R̂(µ) = |R(µ)| ≤ 1. This is what we call the stability region
of the numerical method. Let us examine a few stability functions and regions:

Euler’s Method:
R̂(µ) = |1 + µ|

The stability region is the set of points such that R̂(µ) ≤ 1. The condition

|1 + µ| ≤ 1

means µ lies inside of a disc of radius 1, centred at the point −1.
Trapezoidal rule: the stability region is the region where:

R̂(µ) =

����
1 + µ/2

1 − µ/2

���� ≤ 1.

This occurs when
|1 + µ/2| ≤ |1 − µ/2|,

or, when µ/2 is closer to −1 than to 1, which is just the entire left complex half-plane.
Another popular method: Implicit Euler,

xn+1 = xn + hλxn+1

R̂(µ) = |1 − µ|−1.

which means the stability region is the exterior of the disk of radius 1 centred at 1 in the complex
plane. These are some simple examples. All three of these are graphed in Figure 10.3.

a) b) c)

Figure 10.3: Stability Regions: (a) Euler’s method, (b) trapezoidal rule, (c) implicit Euler

For the fourth-order Runge-Kutta method (8.4), the stability function is found to be:

R(µ) = 1 + µ +
1

2
µ2 +

1

6
µ3 +

1

24
µ4.

Note that as we would expect, R(hλ) agrees with the Taylor Series expansion of exp(hλ) through
fourth order; the latter gives the exact flow map for dx/dt = λx. To graph R we could use the
following trick. For each value of µ, R is a complex number. The boundary of the stability region
is the set of all µ such that R(µ) is on the unit circle. That means

R(µ) = eiθ,

for some θ ∈ [0, 2π]. One way to proceed is to solve the equation R(µ) = eiθ for various values of
θ and plot the points. There are four roots of this quartic polynomial equation, and in theory we
can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(f) Região de estabili-
dade para método do
trapézio

Se tivermos um processador muito rápido, qual o problema de fazer
h muito pequeno e assim tornar o método de Euler estável?

maiores erros (relativos) de arredondamento;

mais erros de arredondamento são acumulados.
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10.3.2 Stability regions, A-stability and L-stability

Evidently the key issue for understanding the long-term dynamics of Runge-Kutta methods near
fixed points concerns the region where R̂(µ) = |R(µ)| ≤ 1. This is what we call the stability region
of the numerical method. Let us examine a few stability functions and regions:

Euler’s Method:
R̂(µ) = |1 + µ|

The stability region is the set of points such that R̂(µ) ≤ 1. The condition

|1 + µ| ≤ 1

means µ lies inside of a disc of radius 1, centred at the point −1.
Trapezoidal rule: the stability region is the region where:

R̂(µ) =

����
1 + µ/2

1 − µ/2

���� ≤ 1.

This occurs when
|1 + µ/2| ≤ |1 − µ/2|,

or, when µ/2 is closer to −1 than to 1, which is just the entire left complex half-plane.
Another popular method: Implicit Euler,

xn+1 = xn + hλxn+1

R̂(µ) = |1 − µ|−1.

which means the stability region is the exterior of the disk of radius 1 centred at 1 in the complex
plane. These are some simple examples. All three of these are graphed in Figure 10.3.

a) b) c)

Figure 10.3: Stability Regions: (a) Euler’s method, (b) trapezoidal rule, (c) implicit Euler

For the fourth-order Runge-Kutta method (8.4), the stability function is found to be:

R(µ) = 1 + µ +
1

2
µ2 +

1

6
µ3 +

1

24
µ4.

Note that as we would expect, R(hλ) agrees with the Taylor Series expansion of exp(hλ) through
fourth order; the latter gives the exact flow map for dx/dt = λx. To graph R we could use the
following trick. For each value of µ, R is a complex number. The boundary of the stability region
is the set of all µ such that R(µ) is on the unit circle. That means

R(µ) = eiθ,

for some θ ∈ [0, 2π]. One way to proceed is to solve the equation R(µ) = eiθ for various values of
θ and plot the points. There are four roots of this quartic polynomial equation, and in theory we
can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(g) Região de estabili-
dade para método de Eu-
ler
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10.3.2 Stability regions, A-stability and L-stability

Evidently the key issue for understanding the long-term dynamics of Runge-Kutta methods near
fixed points concerns the region where R̂(µ) = |R(µ)| ≤ 1. This is what we call the stability region
of the numerical method. Let us examine a few stability functions and regions:

Euler’s Method:
R̂(µ) = |1 + µ|

The stability region is the set of points such that R̂(µ) ≤ 1. The condition

|1 + µ| ≤ 1

means µ lies inside of a disc of radius 1, centred at the point −1.
Trapezoidal rule: the stability region is the region where:

R̂(µ) =

����
1 + µ/2

1 − µ/2

���� ≤ 1.

This occurs when
|1 + µ/2| ≤ |1 − µ/2|,

or, when µ/2 is closer to −1 than to 1, which is just the entire left complex half-plane.
Another popular method: Implicit Euler,

xn+1 = xn + hλxn+1

R̂(µ) = |1 − µ|−1.

which means the stability region is the exterior of the disk of radius 1 centred at 1 in the complex
plane. These are some simple examples. All three of these are graphed in Figure 10.3.

a) b) c)

Figure 10.3: Stability Regions: (a) Euler’s method, (b) trapezoidal rule, (c) implicit Euler

For the fourth-order Runge-Kutta method (8.4), the stability function is found to be:

R(µ) = 1 + µ +
1

2
µ2 +

1

6
µ3 +

1

24
µ4.

Note that as we would expect, R(hλ) agrees with the Taylor Series expansion of exp(hλ) through
fourth order; the latter gives the exact flow map for dx/dt = λx. To graph R we could use the
following trick. For each value of µ, R is a complex number. The boundary of the stability region
is the set of all µ such that R(µ) is on the unit circle. That means

R(µ) = eiθ,

for some θ ∈ [0, 2π]. One way to proceed is to solve the equation R(µ) = eiθ for various values of
θ and plot the points. There are four roots of this quartic polynomial equation, and in theory we
can obtain them in a closed form expression. Unfortunately they are a bit tedious to work out in
practice. Certainly we will need some help from Maple.

(h) Região de estabili-
dade para método do
trapézio

Se tivermos um processador muito rápido, qual o problema de fazer
h muito pequeno e assim tornar o método de Euler estável?

maiores erros (relativos) de arredondamento;

mais erros de arredondamento são acumulados.
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A second approach, more suited to MATLAB than Maple, is to just plot some level curves of
R̂ viewed as a function of x and y, the real and imaginary parts of µ. In fact, the single level
curve R̂ = 1 is just precisely the boundary of the stability region! It is useful to have the nearby
ones for a range of values near 1. In Matlab, we can achieve this as follows:

>> clear i;

>> [X,Y] = meshgrid(-5:0.01:5,-5:0.01:5);

>> Mu = X+i*Y;

>> R = 1 + Mu + .5*Mu.^2 + (1/6)*Mu.^3 + (1/24)*Mu.^4;

>> Rhat = abs(R);

>> contourplot(X,Y,Rhat,[1]);

Figure 10.4 shows stability regions for some Runge-Kutta methods up to order 4. The shading
in the figure indicates the magnitude |R(z)| within the stability region.
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Figure 10.4: Explicit Runge-Kutta Stability Regions

What is the meaning of these funny diagrams? They tell us a huge amount. Consider first a
scalar differential equation dx/dt = λx, with possibly complex λ. We know that for the differential
equation, the origin is stable for λ lying in the left half plane, or, if we think of the map Φh = ehλ

as defining a discrete dynamics, the origin is stable independent of h if λ is in the left half plane.

(i) Região de estabilidade para
Runge-Kutta de ordem 1

10.3. STABILITY OF NUMERICAL METHODS: LINEAR CASE 61

A second approach, more suited to MATLAB than Maple, is to just plot some level curves of
R̂ viewed as a function of x and y, the real and imaginary parts of µ. In fact, the single level
curve R̂ = 1 is just precisely the boundary of the stability region! It is useful to have the nearby
ones for a range of values near 1. In Matlab, we can achieve this as follows:

>> clear i;

>> [X,Y] = meshgrid(-5:0.01:5,-5:0.01:5);

>> Mu = X+i*Y;

>> R = 1 + Mu + .5*Mu.^2 + (1/6)*Mu.^3 + (1/24)*Mu.^4;

>> Rhat = abs(R);

>> contourplot(X,Y,Rhat,[1]);

Figure 10.4 shows stability regions for some Runge-Kutta methods up to order 4. The shading
in the figure indicates the magnitude |R(z)| within the stability region.
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Figure 10.4: Explicit Runge-Kutta Stability Regions

What is the meaning of these funny diagrams? They tell us a huge amount. Consider first a
scalar differential equation dx/dt = λx, with possibly complex λ. We know that for the differential
equation, the origin is stable for λ lying in the left half plane, or, if we think of the map Φh = ehλ

as defining a discrete dynamics, the origin is stable independent of h if λ is in the left half plane.

(j) Região de estabilidade para
Runge-Kutta de ordem 2
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10.3. STABILITY OF NUMERICAL METHODS: LINEAR CASE 61

A second approach, more suited to MATLAB than Maple, is to just plot some level curves of
R̂ viewed as a function of x and y, the real and imaginary parts of µ. In fact, the single level
curve R̂ = 1 is just precisely the boundary of the stability region! It is useful to have the nearby
ones for a range of values near 1. In Matlab, we can achieve this as follows:

>> clear i;

>> [X,Y] = meshgrid(-5:0.01:5,-5:0.01:5);

>> Mu = X+i*Y;

>> R = 1 + Mu + .5*Mu.^2 + (1/6)*Mu.^3 + (1/24)*Mu.^4;

>> Rhat = abs(R);

>> contourplot(X,Y,Rhat,[1]);

Figure 10.4 shows stability regions for some Runge-Kutta methods up to order 4. The shading
in the figure indicates the magnitude |R(z)| within the stability region.
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Figure 10.4: Explicit Runge-Kutta Stability Regions

What is the meaning of these funny diagrams? They tell us a huge amount. Consider first a
scalar differential equation dx/dt = λx, with possibly complex λ. We know that for the differential
equation, the origin is stable for λ lying in the left half plane, or, if we think of the map Φh = ehλ

as defining a discrete dynamics, the origin is stable independent of h if λ is in the left half plane.

(k) Região de estabilidade para
Runge-Kutta de ordem 3

10.3. STABILITY OF NUMERICAL METHODS: LINEAR CASE 61

A second approach, more suited to MATLAB than Maple, is to just plot some level curves of
R̂ viewed as a function of x and y, the real and imaginary parts of µ. In fact, the single level
curve R̂ = 1 is just precisely the boundary of the stability region! It is useful to have the nearby
ones for a range of values near 1. In Matlab, we can achieve this as follows:

>> clear i;

>> [X,Y] = meshgrid(-5:0.01:5,-5:0.01:5);

>> Mu = X+i*Y;

>> R = 1 + Mu + .5*Mu.^2 + (1/6)*Mu.^3 + (1/24)*Mu.^4;

>> Rhat = abs(R);

>> contourplot(X,Y,Rhat,[1]);

Figure 10.4 shows stability regions for some Runge-Kutta methods up to order 4. The shading
in the figure indicates the magnitude |R(z)| within the stability region.
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Figure 10.4: Explicit Runge-Kutta Stability Regions

What is the meaning of these funny diagrams? They tell us a huge amount. Consider first a
scalar differential equation dx/dt = λx, with possibly complex λ. We know that for the differential
equation, the origin is stable for λ lying in the left half plane, or, if we think of the map Φh = ehλ

as defining a discrete dynamics, the origin is stable independent of h if λ is in the left half plane.

(l) Região de estabilidade para
Runge-Kutta de ordem 4
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EDOs do Tipo Stiff

Suponha que queiramos resolver a seguinte EDO numericamente:

d

dt

[
x1
x2

]
=

[
−1 0
0 −1000

] [
x1
x2

]

A solução exata é dada por x1(t) = e−t e x2(t) = e−1000t .
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EDOs do Tipo Stiff

Se usarmos o método de Euler, a integração será estável se

|1− h| < 1 e |1− 1000h| < 1.

A primeira condição resulta em h < 2.

Já a segunda resulta em h < 0.002.

Para ter estabilidade, devemos escolher h < 0.002.
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EDOs do Tipo Stiff

Dizemos que uma EDO é stiff se ela apresenta modos com
escalas de tempo separadas por diversas ordens de magnitude.

Para esse tipo de EDO, é mais vantajoso usar métodos de
integração impĺıcitos pois

regiões de estabilidade são em geral muito maiores que a dos
métodos expĺıcitos
permitindo maiores passos de integração.

No Matlab: ode15s, ode23s
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Método Classificação Acurácia Uso
ode45 expĺıcito média primeiro método a se

tentar
ode23 expĺıcito baixa maiores tolerâncias

ou problemas mode-
radamente stiff

ode15s impĺıcito baixa a média se ode45 é lento de-
vido a stiffness

ode23s impĺıcito baixa problemas stiff com
altas tolerâncias.
mais estável que
ode15s

ode113 expĺıcito
(múltiplos
passos)

alta baixas tolerâncias
ou problemas com-
putacionalmente
intensos
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